TIME-PERIODIC SOLUTIONS OF THE
VLASOV-POISSON-FOKKER-PLANCK SYSTEM
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ABSTRACT. In this note it is shown that the Vlasov-Poisson-Fokker-Planck sys-
tem in the three-dimensional whole space driven by a time-periodic background
profile near a positive constant state admits a time-periodic small-amplitude
solution with the same period. The proof follows by the Serrin’s method on
the basis of the exponential time-decay property of the linearized system in
the case of the constant background profile.

Dedicated to Professor Tai-Ping Liu on his 70th birthday

1. INTRODUCTION

Consider the Vlasov-Poisson-Fokker-Planck (VPFP for short) system
8tF+£~VzF+Vm<I>~VEF = Vg . (VgFJrfF),

AP = / Fd¢ — p(t,x).
R3

Here F(t,z,£) > 0 denotes the density distribution function of particles with po-
sition x = (21, 72,73) € R and velocity & = (£1,£2,&3) € R? at time t € R, and
® = ®(¢t,x) is the self-consistent potential function satisfying the Poisson equation
with boundary condition
lim ®(t,z) =0
|z|—o00

for all ¢. The background profile p(t, z) is a given function which is periodic in time
with the period T' > 0. Recall that the VPFP system is one of kinetic models in
plasma physics for describing the motion of charged particles (e.g., electrons and
ions) under the influence of the self-consistent electrostatic force and when collisions
are governed by the Fokker-Planck operator; see [19] and reference therein.

In the paper we are concerned with the existence of time-periodic solutions with
the same period T for the VPFP system whenever p(t, z) is smooth and sufficiently
close to a positive constant state. With loss of generality we assume that p(¢,x) is
around the unit constant. Define

o(t,x) = (—=Ay)  (p(t,z) — 1).
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The above VPFP system can be also written as

HF + & Vol + V(@ +¢) Vel = Ve - (VeF +EF), (1.1)
A= [ Fde—1, 1.2
IR (12)

where for brevity we still have used the same notion ® to denote the potential func-
tion. Define M = (2r)~3/2 exp{—|€|?/2}, and set the perturbation f = f(t,x,¢&)
by F = M + M'/2f. The system is further reformulated as

V@) M V(@) =Lf,  (13)

A®= [ MY2fde. (1.4)
R3

Here L is the Fokker-Planck operator in the self-adjoint form given by

f
We introduce the function space

X ={f=f(z,8 € LZ(H) : |flx < oo, M+M"2f >0,

/ /R LMY€ dsda = 0)

with the norm || - ||x defined by
1% = 1122 2y + 192 ® 1

Here and in the sequel, for given f(t,,&), ®f = &/ (¢, 2) denotes

M'V2f(t,y,€)
2/ // Ty KW

The main result of the paper is stated as follows.

Theorem 1.1. Assume that ¢(t,x) is time-periodic with period T > 0. There are
e >0, C > 0 such that if

sup [|Voo(t)|lms < e (1.5)
0<t<T

then the reformulated VPFP system (1.3), (1.4) admits a unique time-periodic so-
lution f(t,z,£) € X with the same period T and

sup [I[f(®)llx <C sup [[Vad(t)|ms- (1.6)
0<t<T 0<t<T

In what follows we give some remarks on Theorem 1.1 related to its motivations.
If ¢ = 0 corresponding to the case when the background profile p is identical to a
constant, the global Maxwellian M is a trivial solution to the VPFP system (1.1),
(1.2), and the global existence and the exponential time-decay of classical solu-
tions near global Maxwellians have been established in [21] by the energy method
(cf. [18]); see also [6, 12, 13, 17] for the study of similar problems with the Fokker-
Planck operator. It is natural to ask what happens if the background profile depends
on t and .
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When p is a function of the only variable x far from vacuum, one basic problem
is to consider the existence and stability of the non-vacuum stationary solution.
For the Vlasov-Poisson-Boltzmann system, it was studied in [16] provided that
p is smooth and sufficiently close to the positive constant state. Note that the
Boltzmann collision operator is more degenerate than the Fokker-Planck and only
the polynomial time-decay rate can be expected in the case of the whole space,
cf. [14]. When p depends on both ¢ and z, it is generally hard to obtain the
global existence of classical solutions to the Vlasov-Poisson-type kinetic systems
with collisions if p(t,z) is only assumed to be bounded in all time, for instance,
time-periodic in particular. This is because after linearization the time-dependent
force must induce some inhomogeneous source terms which generally do not decay
in time. However, in the case with small time-periodic driving forces, as long as
the linear dynamics enjoys fast enough time-decay properties, it is still possible to
obtain the existence and stability of time-periodic solutions with small amplitude.
For the Boltzmann equation, it was studied in [26, 27] for the case with time-
periodic sources and in [15] for the case with given time-periodic forces. Note that
it was additionally required in [15] that space dimensions have to be greater than
or equal to five, and the physical case in dimensions three so far has remained open.

Motivated by those works mentioned above, we expect to consider the exis-
tence and stability of time-periodic solutions when collisions are replaced by the
Fokker-Planck operator with stronger dissipation property. Indeed, the exponen-
tial time-decay property of the linearised VPFP system corresponding to constant
background profiles plays a key role. To show Theorem 1.1, different from [15],

we would use the Serrin’s approach [25] (also cf. [22]), as it is more convenient to
study the velocity-diffusive Fokker-Planck operator through pure energy estimates
than using the Ukai’s method in [26] in terms of the contraction mapping princi-

ple. It should be pointed out that the time-exponential stability of the obtained
time-periodic solution under small perturbation can also be established as in [20],
and its proof is omitted for brevity. Besides, it could be interesting to study the
current problem but for the case of possibly large-amplitude background profiles,
that is to remove the smallness assumption (1.5).

On the other hand, we mention that there have been a lot of works for the study
of the VPFP system, for instance, both hypoelliptic [1, 3, 20] and hypocoercive
[4, 9, 10, 11, 20, 28] properties, and the existence and large-time behaviour of
solutions in different settings [2, 5, 7, 8, 23, 24, 29, 30].

Notations. Through the paper C denotes a positive (generally large) constant and A
a positive (generally small) constant, where both C' and A may take different values
in different places. A ~ B means AMA < B < %A for a generic constant A > 0.
We use || - || to denote L* norm over L2 or L7 . if no confusion arises, and use (-, -)
to denote the inner product over Lié. For a multiple index o = (o, a2, a3), we
denote 0% = 03 = 091052052, The length of a is |a] = a1 + as + as.

2. THE CAUCHY PROBLEM

In this section we study the Cauchy problem on the reformulated VPFP system
(1.3), (1.4) on t > 0, supplemented with initial data

f(O,.’I?,g) = f0($7£) (2'1)

The main result is stated as follows.
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Theorem 2.1. Assume that fo € X, V¢ € C(0,00; H2) with
[ follx +sup Voo (t)| a2
>0

sufficiently small. Then the Cauchy problem on the VPFP system (1.3), (1.4), (2.1)
admits a unique solution f(t,z,€) € X with

sup |(0)]lx < C (Ilfox + sup ||vr¢><t>||Hg) . (2.2)
>0 >0

The proof of Theorem 2.1 is based on the standard energy method with the help
of the exponential time-decay property of the linearised system in the case when
the background potential function ¢ is vanishing.

Let (&) =1+ |¢[%. Denote |- |, by

2= [ Vet +o(IF] de £ = fc)

Moreover, for f = f(z,€), || f||? stands for the spatial integration of |f(z,-)|? over
R3. Recall (cf. [12], for instance) that the operator L satisfies that there is A\g > 0
such that

~ [ sLrde= T Pops (23
-
where Pof = af M2, and af (t,2) = [s MY/2f(t,2,€) d§. We also introduce the
velocity orthogonal projection P : L7 — span{ M2 ¢M'/?} by P = Py @ P, with
Pif=bl - &MY? and b/ (t,2) = [ou EM'2 [ (1,2, €) dE.
Zero-order estimate: From (1.3) and (1.4), it is straightforward to obtain as in

[14, 21]

ST + IV I) 4 (f, L) = (56 Val® +6), 1)+ (M Voo, )

It then follows from (2.3) that

1d
5 = (IFIP + V2@ [%) + Mol HI = Po} £

1
< (58 Va(® +0), 1) + (EMV2 - Vi, f)
< Csup{| V., [Vag HIFIZ + nllb I* + Cy V0]
< Cn -+ sup{IVa @], [Voo I 7 + Coll V|, (24)

where 77 > 0 is a constant to be chosen later on.

Higher-order estimate: Similarly as in the zero-order case, from (1.3) and (1.4), one
has

1d

sa 2 (0°fIP +10°Va@l|P) + D7 (0°f,~Lo"f)
1<|e|<3 1<|a|<3

= 3 @@ 4 0) Vel Y (06 V@ 4+ 6)1],0%)
1<|a|<3 1<|o| <3

+ ) (M2 0°V,0,0%f).

1<[al<3
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Let us introduce an equivalent energy functional
ECF) ~ I ) + IV @ g (2.5)

to be explicitly defined later on. Then the above estimate immediately gives

d
LS (oI 100V )+ a0 ST {T - Po}or £

2 dt
1<|a|<3 1<|a<3
<Cl+VER) + IVadllus) Y (10°FI1% +110° V2T |?)
la|<3
G192l (2.6)

Dissipation of af and V,®': As in [12], applying P to (1.3), it follows together
with (1.4) that

oal +V, v =0, (2.7)

o +Veal +V, TH{I=P}f) = =0/ + (1 +a/ )V, (9 +9),

A0 =al,

where I' = (T';;)1<; j<3 is the moment functional defined by

Polh) = [ (66 - DM e

Let |a| < 3. Applying 0* to (2.8), taking the inner product of the resulting equation
with 92V, ®7 over R? and using (2.9), we obtain

[0°V. @/ ||* + [|0%a|?
— [ 04 0oV, 0! da +/ V. - T({I—P}O°f) - 0°V, 0 da
R3 R3

+ [ 0% 0oV, 0 de — | 0%[a! V(B 4 ¢)]- 97V, dz.  (2.10)
R3 R3
Denote the right-hand terms by I; (1 <1 < 4). For I, it is given by
d
L=— [ 0 -0V, de — | 0°V -0°V,0,®/ da,
dt R3 R3
where one can use (2.7) to further compute
— | o 0°V,0,8) dx = [ 0°V, - b 0°A 0a) da
R3 R3

= —/ OV, - b A0V, - b dx
]RS
= [ |V.A;10°V, - b/ |2 de.
R3

As the operator VA1V, is bounded from L to LP (1 < p < o), it then follows
that

VLAV, - b |2 de < Cllo%b |2,
R3

and hence

I < A gayr -0V & dx + C)|0°b7 |2
dt Jgrs
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For I, from taking integration by part, using (2.9) and noticing again the bound-
edness of 8,,0,,A;" on L?, one has

= Z/ 00, Ui ({1 — P}O* )90, @7 dr
i YR

_Z/ Ly ({I— P} £)0%0,,0.,A; al dzx
i YR
< 9|00, 00, A aT P + Cy LI — P} )12
< Cnl|o%a?|? + Cy {1 - Py f |12
For the rest two terms, it is straightforward to obtain
I < n]|0°V, @7 ||? + Cy | 067 ||?,

and

I=— [ 8!V (9 +¢)] 0V, dx
R3

< Clla? |3 IVa @7 |12 + 1Vl s lla | s [ Vo @7 | s

< (la s + [IVaollrs)(la’ s + (Vo @|I0).
Plugging the above estimates into (2.10), using |[0%b| < C|{I — PO}GafHLg and
then taking the sum over |a| < 3, it holds that

d
— i 2 o T dr AV s + o )
lo| <3

< CI{T=Po} Il (sz) + Cllal s + [Vadllis) (la’ s + [ Va®[[F). (211)
This completes the estimate on the dissipation of af and V,®/.

‘We now define

&0 = W By + 1907y = 30 [ 00 -00V,00 do (212)

|| <3

with the constant £ > 0 small enough. Note that £(f) satisfies (2.5) as long as
k > 0 is small enough. By taking x > 0 to be further small enough, it follows from
(2.4), (2.6) and (2.11) that

d
TEE) + A D IHT=Po}d” FI15 + AUV @7 [I7s + [la” [7s)
la]<3
<O+ VER) +IVabllme) D (10°fI7 +[10°Va27 |)

lor| <3
+CylIVadllza.  (2.13)
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Notice that E(f) ~ || f||% and
£ < CU sy + 19297 )
<C Y (10°F112 + 110° Va2 |1?)
lal<3
<C Y I{I=Po}a* f2 + C(IV2® |35 + lla” |310)-
lal<3

Fix n > 0 to be a small constant. Therefore, by the standard continuity argument,
whenever ||fol|x and sup, [|[V,¢(¢)| g3 are sufficiently small, it follows from (2.13)
that

SE) A < IV

which by Gronwall’s inequality implies

t
E(F(1) < E(fo)e M + C / N9 V() |2 ds
< E(fo)e M + C(iglg Vo) ms)?,  (2.14)

and hence
17(®)x < CClfollx + 50 V601,

for all ¢ > 0. This closes the a priori estimate as || fo||x and sup, |V.¢(t)||gs are
chosen to be small enough. The proof for the local existence of solutions in X is
omitted for brevity; see [6], for instance. Therefore, Theorem 2.1 is proved.

3. TIME-PERIODIC SOLUTIONS

In this section we shall use the Serrin’s approach (cf. [22, 25]) to prove Theorem
1.1. To the end, we assume that ¢(t, z) is periodic in time with period T > 0, and

dp := sup [|[Vzo(t)| gs
0<t<T

is sufficiently small.
Step 1: Find the special initial data. Let f(t,-,-) € X (¢t > 0) be the solution ob-
tained in Theorem 2.1 by solving the Cauchy problem (1.3) and (1.4) corresponding
to initial data fo(z,§) with || follx < do with dp > 0 small enough. Take integers
m >k > 1, and define
As ¢(t, x) is time-periodic with period T, it is direct to see that g(¢, x, &) solves the
Cauchy problem on the same VPFP system

atg + 5 . ng + vz(q)g + ¢) . Vig

755 : vm(@g + d’)g - €M1/2 . Vm(q)g + ¢) = Lga

A9 = [ M'Y2%gde,
]RS

with initial data ¢(0,z,£) = f((m — k)T, z,&). We define
hit,z,€) = g(t.2.&) — f(t,2,6), "(t,x) = ®(t,2) —  (t,2). (3.2)
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After taking the difference of two systems of g and f, h(t,z, &) satisfies
Oth + & - Voh + Vi (" + ¢) - Veh
—%§~VI(<I>h+¢)h—§M1/2-V$<I>h = Lh+ R, (3.3)
A" = /R M*Y2h, de, (3.4)
where R is denoted by
R= %g "V, h -V, Veh+ %g V0" f — V0"V f

Notice that h satisfies the same system as f except that the remaining term R linear
in h appears and the time-periodic driving inhomogeneous source term EM/2.V ¢
is vanishing. Based on this observation, one can repeat the similar energy estimates
as done for the Cauchy problem on f in the past section. First of all, we claim that

D (9°R,0%h) < C(6o +5)( D 0%5 + [ Va®"[Fa). (3.5)
la| <3 || <3
Indeed, for each o with || < 3,
(0“R,0%h)

= (0756 Va@Th = Vo - Veh), 0h) + (07 (36 - V@' ), 0%h)
+HO(V,@" f),0°Veh)
< OIVa® (s D N0°RIE + Cllf 2y (D 10*RIIE + 1V @ |[Fs),

lal<3 lal<3

where we have taken the integration by part in £ variable in the last term of R.
Recall that from Theorem 2.1,

1122 a2y + V@ s = || fllx < C(| follx + sup [V2p()|lmz) < C(do + 6)-

Therefore (3.5) holds true. Then, by modifying the proof of (2.4) and (2.6), one
can obtain

1d
§a(llhll2 + [IV2@"[*) + Ao l{I — Po}h|2
< Csup{|V.®"|, [V [} |R]|2 + (R, )
< C(Go+36)( D> 10°R)1Z + [V@"][3s), (3.6)
la|<3
and
1d
s S0 (10hIP + 07T, 2 + 0 0 (T Po}ohl
1<]a|<3 1<]a|<3
< C(WVEM) +IVadlms) > (10°hI2 +110°VL®"[*) + > (9“R,0h)

la|<3 1<]al<3

< C(80+05)( Y [0hIIZ + 1 Va®"[|s).  (3.7)
la|<3
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As before, to obtain the dissipation of a” and V,®", we deduce from the system
of h (3.3) and (3.4) that
da" +V, b =0,
b + V,a" +V, - T({TI - P}h)
= 0"+ V, 0" +d"V, b+ "V, DI 4+ oV, D",
AP =

By repeating the similar computations as for obtaining (2.11), one has

d

_dt(gg:g g

b - 9oV, 0" dx + M(|| VL@ 1% + |la”]%s)

< CI{T = Po}hllZzaz) + C 0o+ 0s)(la" s + V2@ 7). (3.8)
Then, recall (2.12), and by combing (3.6), (3.7) and (3.8) and using smallness of d
and d4, it holds that
%5(@ FAE(R) <0

which implies

Ih(®)|x < CEA(?)) < CEMRO0))e ™ < Clh(0)|xe™™, (3.9)
for all t > 0. Recall (3.1) and (3.2). Using (2.2), the above inequality yields

1t + (m — )T) — F(B)lx < ClLF((m — W)T) — F(O) e

(
< C(If((m = k)T)llx + [1£(0)]|x )e ™
< C(lF0)x +sup||V S(t)mz)e ™

< C(6o + 64)e>
Taking ¢t = kT, one has
1f(mT) = f(RT)|x < C(o + dg)e M,
for all integers m > k > 1. Ase T — 0as k — oo, it shows that {f(kT, -, ) }x>1 C

X is a Cauchy sequence with respect to the norm || - || x, and its limit function is
denoted by f§ = fi(z,€) € X which satisfies
1follx < C (8o + dg)- (3.10)

Step 2: Solve the Cauchy problem with initial data f5. As both dp and 4 are
small enough, so is || f§]|x due to (3.10). Thus, applying Theorem 2.1, one can find
f*(t,x, &) which is the solution to the Cauchy problem (1.3), (1.4) with initial data
given by fi(z,&) € X. For an integer n > 1, we define
h(t,z,€) = f(t+nT 2,6 — [*(t,2,8),

where f(t,x,&) is the solution used for obtaining f§ (z,€) in the previous step. By
applying the same estimate as h in (3.9) to h(t, z,£), it holds that

1f(t+nT) = f*(@)|lx < ClIf (nT) = f*(0)] xe™™,
for all ¢ > 0. Letting t = T in the above inequality, one has

1f((n+DT) = f*(T)lx < ClIf(nT) = follx,
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which by further taking n — oo, implies || f§ — f*(T)||x = 0, namely

1£7(0) = f*(T)[x = 0.

Therefore it shows that f*(¢,x,€) € X is periodic in time with the period T.
Notice that f*(t,z,£) satisfies the system (1.3), (1.4) on all ¢ > 0, particularly on
0 <t <T. It remains to prove (1.6). In fact, as for obtaining (2.14), it holds that

E(f (1) < CE(fg)e ™ + 0(31;13 IV ()] rr2)?,

that is,
1F*®llx <Clf5llxe™ +C sup [[Vo()]|us,
0<t<T

for all £ > 0. Then, for 0 <t < T,
IF*@®llx = 1£*E+nD)lx < Cllfgllxe™ T + CoiltlgT Vo)l =

Hence (1.6) follows by taking n — oco. The proof of Theorem 1.1 is complete.
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