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ABSTRACT. In the paper, we first use the energy method to establish the local
well-posedness as well as blow-up criteria for the Cauchy problem on the two-
component Euler-Poincaré equations in multi-dimensional space. In the case
of dimensions 2 and 3, we show that for a large class of smooth initial data
with some concentration property, the corresponding solutions blow up in finite
time by using Constantin-Escher Lemma and Littlewood-Paley decomposition
theory. Then for the one-component case, a more precise blow-up estimate and
a global existence result are also established by using similar methods. Next,
we investigate the zero density limit and the zero dispersion limit. At the end,
we also briefly demonstrate a Liouville type theorem for the stationary weak

solution.
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In this paper, we consider the Cauchy problem on the following two-component
Euler-Poincaré equations in multi-dimensional space R (N > 2):

me+u - Vm + (Vu)Tm +mV -u = —pVp, in RY x (0,7T),
pt+ V- (pu) =0, in RN x (0,7), (1.1)
m=(1—a?A)u, in RN x (0,7), ‘
m(l‘70) = mO(x)7 p(I,O) = po(.’E), in RNa

where u = (uq, us, -+ ,un) represents the velocity of fluid, m = (my, ma, -+ ,my)

denotes the momentum, and the scalar function p stands for the density or the total
depth. The notation (Vu)” denotes the transpose of the matrix Vu. The constant
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a > 0 corresponds to the length scale and is called the dispersion parameter. Equa-
tions (1.1) were presented by [22, 25] as a framework for modeling and analyzing
fluid dynamics, particularly for nonlinear shallow water waves, geophysical flu-
ids and turbulence modeling, or recasting the geodesic flow on the diffeomorphism
groups. In the case of & = 0, equations (1.1) is called zero-dispersive Euler-Poincaré
equations and can be written as

ug +u - Vu+ (Vu)Tu+uV - u= —pVp, in RY x (0,7),
pt+V - (pu) =0, in RN x(0,7), (1.2)
u(z,0) =ug(x), p(x,0) = po(z), in RY,

which is a symmetric hyperbolic system of conservation laws (see (2.5) below).

To motivate our study, we recall some related progresses on equations (1.1).
When the system is decoupled (i.e., formally, p = 0), equations (1.1) reduce to the
classical mathematical model of the fully nonlinear shallow water waves or the one
of the geodesic motion on diffeomorphism group:

my +u - Vm + (Vu)T'm +mV - u =0, in RN x (0,7),
m= (1 - a?A)u, in RN x (0,7), (1.3)
m(a:,O) :mo(l'), in RNv

(see [3, 5, 20, 21, 23]). In particular, equations (1.3) are the classical Camassa-

Holm equations for N = 1, while it is also called the Euler-Poincaré equations in
the higher dimensional case N > 1. The local well-posedness, blow-up criterion,
existence of blow-up or global solutions, and simulation of Camassa-Holm equation
(1.3) with N = 1 have been intensively studied (see [2, 3, 7, 9, 11, 30, 33, 34] and
references therein). Recently, the rigorous analysis of the Euler-Poincaré equations
(1.3) with N > 1 was initiated by Chae-Liu [5] who established a fairly complete
well-posedness theory and obtained the local well-posedness, blow-up criterion, zero
« limit and the Liouville type theorem. More recently, Li-Yu-Zhai [27] gave a further
analysis and proved that for a large class of smooth initial data the correspond-
ing solution to (1.3) blows up in finite time and that for some monotonous intial
data the corresponding solution exists globally in time, which reveals the nonlinear
depletion mechanism hidden in the Euler-Poincaré equation. The well-posedness
of the Cauchy problem (1.3) posed on an arbitrary compact Riemannian manifold
with boundary is also investigated by Gay-Balmaz [14]. We remark that for the
non-dispersive case, i.e., @« = 0, the local well-posedness and existence of blow-up
solutions to equations (1.3) are also studied by [5]. In this case, equation (1.1) will
become a symmetric hyperbolic system of conservation laws

ug +u - Vu+ (Vo) u+uV-u=0. (1.4)

When the system is coupled and p is a non-zero constant, equations (1.1) rose
from work on the imcompressible shallow water equations and are derived by con-
sidering the variational principles and Largrangian averaging (see [3, 20, 29]). The
existence, uniqueness and simulation have been investigated by many scholars (see
Holm-Titi [24] and references therein). For N = 2,3,4, in particular, Bjorland-
Schonbek [1] established the existence and decay estimates for the viscous version.

When the system is coupled and p is a non-constant function, which plays a role
in the equation of u, equations (1.1) are called the two-component Euler-Poincaré
equations (or the two-component Camassa-Holm equations), which was presented
by [0, 13]. In the case of N = 1, Constantin-Ivanov [10] gave a rigorous justification



TWO-COMPONENT EULER-POINCARE EQUATIONS 3

of the derivation of equations (1.1), which is a valid approximation to the governing
equations for water waves in the shallow water regime, and investigated conditions
for wave-breaking and global small solutions to the system. Then Guan-Yin [18,

] and Gui-Liu [18, 19] further studied the local well-posedness and uniqueness,
established several improved wave breaking results, and investigated the global
existence. Mathematical properties of the related system have been also studied
further in many works (see, e.g. [12, 35] and references therein). In the case of
N > 2, Kohlmann [25] obtained some well-posedness, conservation laws or stability
results for equations (1.1) posed on the torus. Thus, counter to the large amount of
papers referring to the case N = 1, the two-component Euler-Poincaré equations in
higher dimensions have rarely been studied. However, multi-variable extensions of
these equations are of interest from both the physical and the mathematical point
of view as explained in, e.g., [14, 25, 20].

Motivated by the above works, the main aim of this paper is to give a complete
well-posedness analysis for the Cauchy problem (1.1). Precisely, we will establish
the local well-posedness in the Sobolev space framework as well as blow-up criteria,
show the existence of solutions blowing up in finite time and of solutions existing
globally in time, and investigate the zero density limit and the zero dispersion
(v = 0) limit.

Since equations (1.1) are a system with two components in multidimensional
space, there are more difficulties in analyzing it than a single equation or the equa-
tions in one-dimensional space. The main difficulties are the mutual effect between
two components p and v and the estimates of Vu and p. One cannot follow directly
the same argument as in [5, 27] or [16, 17, 18, 19] to deal with this problem.

Before stating our results, we would like to remark that the boundary conditions
are usually taken as u — 0 and p — py = constant as |x| — oo (see e.g. [20]).
In particular, [10, 16, 17, 18, 19] posed the boundary assumption py = 1. Since
our main purpose is to show the effcet of the non-constant p on the velocity u, we
follow [1] and take the boundary condition as u — 0 and p — 0 as |z| — oo in
this paper, that is, we are assuming that the spatial infinity is vacuum. However,
we can obtain the corresponding results for the case pg = 1 by some nonessential
modifications.

We now state our main results. The first one is to deal with the local well-
posedness. To the end, for brevity we denote the solution space by

X.(0,T) = C([0,T); H*H(RY)) 0 CH([0, T); HY(RY))
x C([0,T); HH(®Y)) 0 CH((0,T); HYH(RY)).
Theorem 1.1. (i) Let (ug,po) € H¥H(RY) x H¥(RN) with k > & + 2. Then
there exists a unique classical solution (u, p) € Xi(0,T) to equations (1.1) for some
T > 0, depending only on ||ugl| gr+1 and || poll gx-
(i1) Let (uo,po) € HF(RN) x H¥RN) with k > & + 1. Then there exists a
2
unique classical solution (u,p) € (C’([O,T); HERN) N CH[0,T); Hk_l(RN))) to
equations (1.2) for some T > 0, depending only on |ug| g+ and ||poll g»-

The proof of Theorems 1.1 is based on the standard energy estimates as the argu-
ment of [5] in the study of one component equation (1.3). However, one problematic
issue is that we here deal with a coupled system with these two components of the
solution in different Sobolev spaces, making the proof of several required nonlinear
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estimates somewhat delicate. It is noted that the second equation of (1.1) is a
transport equation with the component p and no more regularity can be obtained
from this equation. With the help of invariant properties of the transport equation,
these difficulties are nevertheless overcome by carefully estimating each component
of solutions.

We next will consider the existence of finite time blow-up solutions and of global
solutions to the two-component Euler-Poincaré equation (1.1). For this purpose,
the first step usually consists of deriving a blow-up criterion. To state our results,
we introduce the Besov space as follows. Define the Littlewood-Paley operators A;
and Aj by the Fourier transform

F@in© = (5) 706

2j
for any integers j > 0, and

F() 0= (+(5) - (55 7o

for any j € Z, where p(x) € C§°(RY) is a nonnegative radial bump function
supported in the ball |z| < 2 and equal to one on the ball |z|] < 1. Then the
homogeneous Besov space Bgo’oo(RN ) can be defined as

B 1= {1 € S®) | Ifllgg, _ < o0}

with [|fll o _ = supjez |4, i~
Then we have the following blow-up criteria.

Theorem 1.2. Let (u,p) € Xi(0,T) be a classical solution to (1.1) with initial
data (ug, po) € HFF1(RN) x H¥(RYN) for k> & +2. Then

tim ([u(®)]l s + o8] ) = 00
t—T
if and only if
T
/ |Vu(r)||p~dr = oo,
0

or if and only if

/OT (HVU(T)”Bgcm + Hp(T)”BSO,m> dr — oo.

Remark 1.1. Notice that L (RY) — BgO,OO(RN). Theorem 1.2 shows that in the
sense of L>-norm, the blow-up criterion can be completely determined by u only.
It is unclear for the case of BY, . -norm.

With the aid of Theorem 1.2, we can show that for a large class of smooth
initial data with some concentration property, the corresponding solution to (1.1)
will blow up in finite time for the case N = 2,3. These solutions belong to the
class of radial functions. Thus, for brevity, we will slightly abuse the notation
f(z) = f(|z]) = f(r) for radial function f.

Theorem 1.3. Suppose that (1o,po) € HF(RY) x H¥(RY) is a pair of radial
functions with k > %Jrél and N = 2,3. Assume that ug = (1—a?A) =1V, 10(0) =
sup,>q ¥(r) and 1o(0) > C ([|vollz> + |lpollz2) for some C > 0 large enough. Then
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the solution (u, p) to equation (1.1) with initial data (ug, po) will blow up at some
finite time T*.

For the decoupled system (1.3), the blow-up solution was obtained by [27] with-
out concentration restriction. Here we establish the more precise blow-up estimate
under some concentration assumption. For a large class of initial data with some
non-positive property at the origin, we also show that the corresponding solution
exists globally in time, which improves the gobal existence result of [27] in the sense
that we don’t postulate any monotony assumption on the initial data 1.

Proposition 1.1. Suppose that g € H*(RY) is a radial function with k > % +4
and N = 2,3. Assume that ug = (1 — a2A)~1Vi)y.

(7) If ¥0(0) = sup,~q ¥(r) and o(0) > C||ol||L2 for some C > 0 large enough,
then the solution u to equation (1.3) with initial data ug will blow up at some finite
time T in the sense that

c(T* =) < || divu(t)||oo <C(T* =)™ as t—=T*

for some C > ¢ > 0.
(43) If ¢¥o(0) = inf, >0 ¢ (r) and ¥o(r) < O for any r > 0, then the solution u to
equation (1.3) with initial data ug exists globally in time.

To prove Theorem 1.3 and Proposition 1.1, our main idea is to transfer the
higher dimensional problem to a one-dimensional problem. This process will result
in a nonlocal integral, and no monotony is available due to the appearance of the
component p. To overcome these difficulties, we will use the Constantin-Escher
Lemma and Littlewood-Paley decomposition theory.

Now we turn to the limit problem. In [15], Grunert-Holden-Raynaud showed
that by taking the limit of vanishing density p in system (1.1) with N = 1, one
can obtain the global conservative solution of the corresponding Camassa-Holm
equation (1.3), which provides a novel way to define and obtain these solutions. On
the other hand, Chae-Liu [5] proved that as the dispersion parameter « vanishes,
the weak solution to the Euler-Poincarée equations (1.3) converges to the solution
of the zero dispersion equation (1.4), provided that the limiting solution is classical.
Our next theorem is motivated by these two works.

Theorem 1.4. (i) Let k > & +2. Assume that (un, pn) € L°((0,T); H (RY)) x
L*((0,T); L*(RN)) is a weak solution of equations (1.1) with initial data (ugy, pon)
and that w € C ([0, T), H*(RYN)) is a classical solution of equations (1.3) with initial
data ug. Then

[un = ulle + [ V(un —w)llz> + llonll L2
< C([[uon — uollr2 + |V (uon — o)l L2 + [lponl22) ,
where C' is a constant depending only on Hu||c([0’T)’Hk-). The corresponding conclu-
sion holds true for the case o = 0.

(ii) Let k > & +2. Assume that

(u®,p%) € L=((0,T); H'(RY)) x L>((0,T); L*(R™))
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is a weak solution of equations (1.1) with nitial data (uf,py) and that (u,p) €
C([0,T); HMYRN)Y nCL([0,T); H2(RN)) x C([0,T); H*~Y(RY)) is a classical so-
lution of equations (1.2) with initial data (ug, po). Then

[u® —ullz2 + 0% = pliLz + [ V(w® —u)l|L
< O (o® +|lu§ —uollz2 + llp§ — pollzz + allV(u§ — o)l r2) .
where C'is a positive constant depending only on ||[ullc(o,11,1%), [l (jo,7);m2) and
||pHC([O,T];H’<—1)~

Remark 1.2. In particular, Theorem 1.4 (i) indicates that when (ugn, pon) —
(u0,0) in H' x L? as n — oo, the solution (un,pn) of (1.1) will converge to the
solution (u,0) of (1.3) in L>((0,T); H*) x L>=((0,T); L?). Theorem 1.4 (ii) shows
that as a — 0, the solution (u®, p®) of (1.1) will converge to the solution (u,p) of
(1.2) in L*((0,T); H') x L>((0,T); L?).

The rest of this paper is organized as follows. In Section 2, the local well-
posedness of the initial-value problem associated with equations (1.1) and (1.2) is
established. Sections 3 and 4 are devoted to establishing the blow-up criterion and
to showing the existence of blow-up solutions and global solutions.Then in Section
5, we consider the approximation problem and prove Theorem 1.4. And in the last
section, Section 6, we will prove a Liouville type theorem for the stationary weak
solutions to equations (1.1) and (1.2).

Notations: Sometimes we will use X <Y to denote X < CY for some uniform
C > 0, which may be different on different lines.

2. LOCAL WELL-POSEDNESS

In this section, we shall establish the local existence and uniqueness of the clas-
sical solutions for the two-component Euler-Poincaré equations (1.1) and (1.2) by
using the energy methods.

Proof of Theorem 1.1. (i) We first consider the local existence. Let € C5°(RY)
be the standard mollifier supported in the unit ball |z| < 1 with [y n(z)dz = 1.
Set 1y (2) = n(£) and (u®,m°, p°) = (0,0,0). Then we can construct a sequence
of smooth functions {(u”“, p”“)}n N by solving the linear equations

mpT 4Vt 4 (V) Tm 4tV = —pnVpn

p?Jrl + pnv A un+1 + u - Vpn+1 — 0’

mn—i—l — (1 _ OézA)’LL7L+1,

m™ (2,0) = mg*(z),  pH(e,0) = py (),

for 0 <t < T and x € RNwhere m{*™ = (1 — o®?A)uf™" with (ug ™, pptt) =

(nn+1 *UQ, Pl * po) converging to (ug, pg) in H**! x H* as n — co. The basic

idea is to prove that some subsequence of {(u”“, p"“)} will converge to a solution

(u, p) of equations (1.1). For this purpose, we can first show that {(u"!, p"*1)}
is uniformly bounded in Xj(0,7) and then prove that it is a Cauchy sequence
in C([0,T); HE(RN)) x C([0,T); H*=1(RY)), which will converge to some limit
function (u, p) € C([0,T); HE(RN)) x C([0,T); H*~1(RY)). Thus the proof of local
existence can be completed by checking that (u, p) belongs to X (0,T) indeed and
solves equations (1.1).
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Since the above procedure is standard, here we only derive the key local in time
a priori estimates for solutions (u, p) to equations (1.1). That is, for some T > 0,
there exists a positive constant C' depending only on ||ug||gr+1 and ||po|| g+ such
that

Im)[1 3 + lp)|[Fes <C - forany 0<t<T.

For this purpose, applying D? to both sides of the first equation of (1.1) and taking
the L2(RY) inner product with D?m with |3| < k — 1, we have

%%Hpﬁmuirz = f/Dﬂm~D6(u-Vm)

—/D’Bm- (D? ((Vu)"m) + D?(mV - u)) —/Dﬁm~D'8(pr)
=I+II+1III.

We estimate I, IT and II] one by one. For the term I, we use the commutator
estimates to deduce that

1:—/Dﬁm~ (DP(u-Vm) —u-VD’m) —/Dﬁm(u-VDBm)

< |DPml|,, | DP(u- Vim) — u- VDA, + %/|Dﬁm|2 Vo
< D%, (1Dl 2| Fmllgoe + D7l 2 |Vl ) + [Dm][32 |V

Notice that u = (1—a?A)~!'m implies that ||u| g < ||m]|gs-2 for any s € R. Thus,
for any given k > % 42, we can take 0 < § < k— % — 2 and use Sobolev embedding
to obtain that I is bounded up to a constant by

ol ges (ullz=s Nl oo + sl 410 )+ Cllml el o 410
and hence, in terms of ||ul| gr-1 < ||m| ge-s, it holds
IS mlgnes -
Similarly, for the terms IT and I11, it follows from Sobolev embedding that
11 < ||DPm||, |D? (Vu)"'m) + D (mV - u)|| .,
S lImll gy [mVu| gra
S Amll g (mll e [Vull oo + [[ml[ oo [Vl grs-1)

Sl s (s ull s + Il e

< lrmllgecs (Il il s + ol ol gz
S llmllge-1
and
111 < | D%m|| . [D2(09p) | 2 < Il s |0V 0l s
S lmll gy Uolle-2 1Vollze + ol <[Vl gr-1)
Slmlges (ol ol g-cnss + 0l sl

2
S mll g ol -
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Here we have used the algebra property of H*~1 by k > % + 2. Summarily, we
have

sl < Imilges (Il + ol ) (2.1)

We still need to estimate p. To this end, for any |y| < k, we apply D” to both sides
of equation (1.1), and take the L?(R") inner product with D”p to have

1d
5Dl = = [ DoY)~ [ D7pD7 (69 )

2dt
=1V + V.

Similar to the term I, we can estimate IV as follows
IV = f/D7p~ (DV(u.vp) —u-VDWp) - /mp- (u-VDp)
<10l D7 Vo)~ - YDl o+ 5 [ D70 ¥
<1070l (ID7ull 219l + 1D7plL 2|Vl ) + 1D 3 [V o~

e Py o O B A
2
S Ml s llpll e -
For the term V, we use the algebra property of H* to obtain
V< (1Dl 2 1D (pV - )l 2 < Nlpll e 1oV ull g
S ellgn Ulpll gr IVullzoe 4 [lpllzoe [Vl )
S ellare (ol s el anss + ol gl o)
2
Sl e 1ol -

Combining the estimates for IV and V', we obtain

Ld
2dt
which together with (2.1) yield that

2
oWz < mll gz 1ol -

(S

d 2 2 2 2
= (Imlams + lpl30) S limll s (ImlFoes + el ) S (mllzs + lolle )

Then the further calculation gives that
1 2
2 2 2
s + ol < ((Imolfyecs + loolfe) = Ct)

1
Thus, by taking T := C~! (HmoHiI;ﬁfl + ||p0||§_1k) * . we complete the proof of the
existence.
We now turn to consider the uniqueness. Let (u1, p1) and (us2, p2) be two solution
pairs of equations (1.1) with the same initial data (ug, po). We set u = u; — ug,
m=mq —my = (1—a?A)u; — (1 —a?A)uy and p = p; — po. Then we can deduce
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that

my+up - Vm+u - Vmeo + (Vul)Tm + (Vu)Tm2 +mV - uy +maV - u
= —pVp1 — p2Vp, (2.2)
pt+ur-Vpop+u-Voir +pV-u +p2V-u=0.

For any p > N, by taking the L?(R") inner product of equation (2.2); with |m[P~2m
and using Sobolev embedding, we have

e R M T ST TR
- % / ImP=*m - maV - u — / Im|P~2m(Vuy)'m
_/|m|p_2m(V“)Tm2_/|mlp_2m~pvm
_/|m|p_2m'/)2vp,

which implies

l1d -1 -1
—lmlLy S [1Duillpe fmlz, + mlz ulloe [ Dme| e + [mlL, lma| 2= || Dul »

~

-1 -1
+ lml2. ol e [ Dpillzee + mll7s " llp2llLe< | Dpll e
S (luallgeer 4 Mzl gees + [lpallas + lo2llae) (Imll7e + allfs + lolfs) -
(2.3)

Similarly, we take the L?(RY) inner product of equation (2.2)s with [p|P~2p to
obtain

1d 1 _
Lot === [ur- 1ol = [ 1 2pu- Vo= [ 1oV

pdt
1 p—2
5 PP p - p2V - u

—1 -1
[Durll o< llle + oz el ol Dpz2llzes + llollZe " [lp2ll o< Dpll o

<
S (lwallzess + ozl ze) (lullZe + lolTyr0) -

(2.4)

On the other hand, applying D to both sides of equation (2.2)s and taking the
L?(RY) inner product of (2.2)y with |Dp[P=2Dp, we can use the integration by
parts and Sobolev embedding to obtain

1d 4
]*J@IIDPIIZZP S 1Dwl| L=l Dplle + 1 Dpllzs [|1Dull o || Dpr|| Lo
+ Dol Hlull Lo 1D?pal| o + Dol ol o | DP sl e
+ Dol 1 Dp2l| o | Dul| o + 1ol o2l | Dl 2o

< (lwallzess + oz + lo2llme) (lellfyzo + lollfya) -
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This together with (2.3) and (2.4) yield that

d
7 (ImlZe +1ol50) < C (lunllzses + fusll e + lorllae + o2l )
< (Iml7e + llullfyzm + lolfyn) -

Notice that ||ullwzr < ||m|ze (see Proposition 5, Page 251, [31]). It then follows
from Gronwall’s inequality that

t
(Il + olin.r) < (@)% + 1p(0) By ) €€ 5 (ks stk Hlalos losle)ir

Since m(0) = 0 and p(0) = 0, the uniqueness of solutions to equations (1.1) with
o > 0 holds in the class L' (0,T; H*F1(RY) x H¥(RY)) with k > § + 2.

(#4) In this case, we can rewrite equation (1.2) as a symmetric hyperbolic system.
For instance, we take N = 3. By setting S = (my, ma, m3,p)T, and

3dmi ma m3  p me My 0 0
A= mo mq 0 0 . B= my 3mo mg3 P 7
m3 0 mq 0 0 ms meo 0
p 0 0 mq 0 0 0 mo
and
ms 0 mq

mq mo 3’!TL3

0 0 p ms
we see that equation (1.2) is equivalent to the following symmetric quasilinear
hyperbolic system

St + ASy, + BSy, + CSyy = 0. (2.5)
Then the local existence and uniqueness of classical solutions to this system follows
directly from Majda [28]. O

3. BLOW-UP CRITERIA

In this section, we turns to establish the blow-up criteria for equations (1.1) and
prove Theorem 1.2. The basic idea is still to use the energy method.

Proof of Theorem 1.2. Recalling the estimates for I, 11, --- | V in the proof of
Theorem 1.1, we have

d
7 Uil +lpl3n) < C (il + [Vm]re + |Vl

2 2
ol + 19pll<) (ImlZs + loll3)
which implies that
2 2
ol Zes + 03 < (moliZs + ool
XeCfot(”mHLx+”Vm”L°°+||V“”L°°+”P”L°¢+”VPHL°°)dT’ (3.1)

by Gronwall’s inequality. Thus it is sufficient to prove that each time integral in
the exponential function on the right hand side is bounded under the assumption
of Theorem 1.2.
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We first assume that fOT [Vul|Ledr < 00 so as to control other time integrals
on the right hand side of (3.1). Firstly, we show that p can be bounded by Vu
indeed. To this end, we take the L?(R™) inner product of equation (1.1)y with
|p|P~2p, (p > 2), and use the integration by parts to have

1d 1 1
sttty == (10w fuior = (5 =1) [ 1oV < 2ol 190l

and thus p
Splellze < 2lpllze IV - ull e (3.2)
Then Gronwall’s inequality yields that

lollze < llpollwe? i 17 uledr

Letting p — oo, we obtain

Ipllzee < [|pol|pooe?fo IV ullueedr, (3.3)

which is bounded by the assumption. Then we turn to Vp and m. Applying D
to both sides of the second equation of (1.1) and taking the L?(R") inner product
with |Dp|P~2Dp, we deduce that

Dol == [1Dpl¥ -u [ 1Dyl Dppv - Du~ [ IDpP2DpDu-

1
+7/|Dp|pv-u
p

-1
< 3| Dpliz, | Dull + [[Dpll7, llpll e [ D*ul o
—1
< 3|1DpllLs I Dullze + (1Dl T ol o lmll e,
which implies that
d
e 1Dplle < 3(IDpllLel| Dull e + llpll o llmllze) - (3.4)

Similarly, we take the L?(R%) inner product of the first equation of (1.1) with
|m|P~2m to get

1 d
pdt = /|m|p m-(u-V)m /|m|p 2m - (Vu)T'm — /|m|p 2mV - u

- / [m[P~*m - pVp

-1
< 3|m7allDullLe + lml7: " [|pll L= Dpll e,
and thus p
g lmlize < 3 (lmlizelDullz + llpllz=llDpllr),
which together with (3.4) yields that

d
7 Umlze +1Dpllze) < 3([1Dullz= + llpllze=) (lmllze + || Dpllzs) - (3.5)
It then follows from Gronwall’s inequality that

Il e + 1Dpll o < (mollze + [|Dpo| ) €3Jo (1Pl Hloleo)dr, (3.6)
which is bounded by the assumption and (3.3). By letting p — oo, we also have

il + [Dpll e < (|Dmollie + (| Dpol|pee ) e Jo 1Pl Fleleo)dr < o0 (3.7)
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Next, we turn to bound ||Dm||;~. For this purpose, we apply D to both sides of
the first equation of (1.1), take the L2(RY) inner product of | Dm|P~2Dm and then
deduce that

1d
Lot <4 [\DmpiDal+ 2 [ Dmp-mlip* + [ Dmp D
p

+ [ 1DmP- D%
< 4| Dml[, || Dul e + 2] Dm|75" ml L | D*ul| o
+ [|IDml[5 1 Dpl o= [|Dpl 2o + | Dml[75 1 oll < [ Dl -
Hence, we obtain
d
FlIDmllze < 4 (IDm o | Dull L + llpllz= 1Dl v)
+ 2 ([[m| Lo [ml[e + [[DpllL | Dpl[zr) . (3.8)

To close this inequality, we apply D? to both sides of the second equation of (1.1),
take the L2(RY) inner product with |D%p|P~2D?p and then have

1d _ _
LDl <3 [ D% Dul + [ 1D%P DAl + [ 1Dl ol
< 3|D%p|l7, | Dull e + |D?pll 7 | Dpll e | D*ull o + | D?pll ol o< D%l 2o

which implies that

d

Z1D%plee <3 (I1D%pll o l|Dull o + llpllzs [ Dml o) + [ Dpllzee mlles.  (3.9)
Combining (3.8) with (3.9) yields that
IDmllze + 1D?pllLe) < 4 (IDullz + llplze) (IDmllze + [|1Dpl| )

+2([[mllz= + [1Dpllze<) (Iml[» + ([ Dpl[Le) . (3.10)

Thus it follows from Gronwall’s inequality that

prl

1Dml|ze + |D?pl| e
t
< (llmolm + 1 Dpol|» +/ 2([lmllze + [1Dpllz==) ([lmlz» + IIDpIILp)dT>
0
x et fot(HDuHLOC“FHPHLOC)dT,

which is bounded by the assumption, (3.3) and (3.6). In particular, by letting
p — 00, we get

t 2
| Dml =~ < <||mo||L<x> + | Dpollz= +2 / (Il + Do~ ) dr)
0
xS UIDul Hlolle)dr o (3.11)

We substitute (3.3), (3.7) and (3.11) into (3.1) and then complete the proof of the
conclusion

T
thn% (lw(@) || gr+r + [|p(E)|| gr) < oo if and only if / [Vu(r) || pedr < .
- 0
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Now we consider the BY, . -norm case and assume that

T
| (1Dulisy 41l ) dr < o (3.12)
It follows from (3.1) and Sobolev embedding that
s+l < (llmollzrms + ool ) €5 (b stz e

for any p > N. Thus it is sufficient to prove that the two integrals on the right hand
side are bounded under the assumption (3.12). For this purpose, we first recall the
following logarithmic Sobolev inequality

1wy < C (14 1fllgy, o8 (L4 I llwrogen)) )
for any N < p < oo (see e.g. [32]). Applying this inequality to (3.2) and (3.5)
yields

d
7 Umlze +llpllwe) <3 (|Dullz= + llpllz=) (lmllze + llpllwrr)

<C (1+1Dullgy, _ +lollgs, ) Tog (1 + Imllzs + lollwr.s)

x ([[mlle + llpllwr) -
(3.13)

It then follows from Gronwall’s inequality and the assumption (3.12) that
lm@@)|lee + lp®)|wrr <400 forany 0<t<T. (3.14)

Similarly, by (3.10), we have

d
7 (IDmllze + [D?pl1»)

<4(IDullz= + llpllz=) (IDml|zs + [1D?pllLr)
+2([Imllze +[[Dpllz=) (Imllze + ([ Dpllzr)

<C(1+1Dull gy _ +llellgg, ) Tog (1+ mllzs + plwrs)
< (IDm|[Le + 1 D?pllLe) + C ([ImllLe + [ Dpllze) (Imllwie + [lpllw=) ,
which together with (3.13) yields that

9 Qmllwrs + lollwer)
<C(1+1Dullgy _ +pllzy,_ +limllz + 1Dpllzs )
x (log (1 + [[mllwre + llpllw=r)) (Imllwre + llpllw=r) . (3.15)
Then by Gronwall’s inequality, (3.14) and the assumption (3.12), we see that
[lm(@)|lwie + [|lp(t)|[[w2e <400 forany 0<t<T. (3.16)

It remains to bound ||D?m/||». This can be done with the aid of bounding || D3p||».
Indeed, we can apply D?® and D? to both sides of equation (1.1)y and (1.1);, and
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take the L2(R™) inner product of | D?p[P~2D3p and of | D?m/|P~2D?m, respectively,
to deduce that

d

= (ID*mlizs + D%l »)

< C (IDull L= + ID*ul Lo + [mllz + [Ipl L= + [|Dp]l )
< (I1Dmllze +ID*m| Lo + | D?pllLe + |D°pllLe) -
Combining this inequality with (3.15), we obtain
d
77 Ulmllwz» +llpllws.»)
<C(1+1Dulgy, _+ ol _ + Imlwrs + Iplwes)
x (log (1 + [[mllw=r + llollwse)) (Imllwze + [lpllws.r) -
Hence, by Gronwall’s inequality, (3.16) and the assumption (3.12), we have
[lm@®)lwze + o) |lwse < +00  forany 0<t<T.
Then we see
T ()l v+ [lp(8) ) < o0

if and only if

/OT leu(T)”B&,,w + HP(T)”B&,oo) dr < .

This completes the proof of Theorem 1.2. O

4. BLOW-UP SOLUTIONS AND GLOBAL SOLUTIONS

In this section, we will show that for a large class of smooth initial data with
some concentration property, the solutions to equations (1.1) will blow up in finite
time. For the decoupled system (1.3), we also obtain the precise blow-up estimates
and a global existence result. The class of functions that we consider here was
first introduced by [27] for the one-component Euler-Poincaré equations (1.3), but
their argument cannot directly apply to our case. This is because the appearance
of the component p makes the discussion on (0, ¢) inconvenient, which is the key
in [27]. To overcome this difficulty, our basic strategy is to transfer the higher
dimensional problem to a one-dimensional problem, from which a nonlocal integral
arises. For the resulting one-dimensional problem, we will first use the following
classical lemma to construct an ordinary differential inequality, whose solution will
yield the desired result.

Lemma 4.1 (Constantin-Escher [3]). Let T > 0 and w € C1([0,T); H*(R)). Then
for every t € [0,T), there exists at least one point £(t) € R with

m(t) = ;Ielﬂfng(x’t) = ww(f(t)7 t)'

The function m(t) is absolutely continuous on (0,T) with

dm

—p = we(€®),1), ae on (0.7).
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Then to deal with the nonlocal integral, we need to use the Littlewood-Paley
decomposition theory. Finally, we also need to recall a basic fact as follows. For
smooth solutions of equations (1.1) with enough spatial decay, the following con-
servation law holds

[ G+ 219u 2% 6 = [ (ol + a2 Vuol +208) . (@)

for all ¢ > 0, which can be deduced by integrating by parts in equations (1.1).

Proof of Theorem 1.3. Without loss of generality, we may set « = 1. We
will use 9, to denote the radial derivative whenever there is no confusion. The
notation (1 — A)~!f(r) means (1 — A)~1 f(x) is a radial function and the notation
A(1 — A)~1f(r) can be similarly understood.

Let (0,9(r,t), p(r,t)) be the unique solution of the first order partial differential
equations

00, (r,t) — (1, )0, (r,8) + (1 = A) 1) (r, )0, (r, 1)

10, (0 (1= D)) 0,9) (r, 1) = —% P2, 1),
6tp(7', t) = -0, ((1 - A)ilq/}) (Tv t)an(rv t)

+ p(r,t) (—A)(1 = A) ') (rt)

in [0, +00) x [0,7) with initial data (8,0, po). Set u:= V(1 — A)~14¢, or equiva-
lently, ¢(x,t) = A~tdivim = A=1(1 — A)divu. Then (u, p) is radial and will solve
equation (1.1). By uniqueness, (u, p) is the unique solution of equation (1.1) with
initial data (ug, po)-

We claim that

(4.2)

-
/ IV - u||pedr = 400 for some T*>T,
0

which implies that (u, p) will blow up at T* by the blow-up criterion (see Theorem
1.2). We will prove our claim by contradiction argument. Indeed, if the calim is
false, we may assume that

To
/ IV - u||peedr < 400 for any Ty > 0. (4.3)
0

To deduce a contradiction, we integrate the first equation of (4.2) on [r, +00) and
obtain

0 = 300+ [ (1= 2)79) (5,000, 0)ds

— Oy ((1 - A)_lw) (r,t)0p1(r, t) — %pQ(n t).

Define w(r,t) := [ ¥(s,t)ds for r > 0 and extend w(r,t) to all of r € R by odd
reflection, that is,

/1/)(5,t)d5, for r > 0;
wir,t) = o

— U(s,t)ds, for r<0.
0
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One has from Theorem 1.1 and direct computations that w € C1([0,Tp); H*(R)).
Thus by Lemma 4.1, we see that there exists £(¢) > 0 such that

M(t) == p(&(t),t) = st;%)w(r, t), forany t € [0,Tp) (4.4)
and M
= p(E(t),t), a.e. on (0,Tp). (4.5)

We now prove that M(t) blows up at some finite time T;. Notice
Orp(E(t),t) =0, fora.e. te(0,Tp),
which together with (4.2) yield that at r = £(¢),

0.0 = U0+ [ (11 8)710) (5. 00.000, D5 — 500,

Then by (4.5) we have
am 1 o _ 1
—*=*Wﬂﬂ+/)(O—A)Wﬁwﬂ&W&ﬂ%—*fKMJ% (4.6)
Notice that (3.3) and (4.3) imply that ||p||re < ||p0||Loo62f0TO IV-ullzeedr < (204)2
for some Cy and any t € [0, Tp], which together with (4.6) yield that
d 1 o0
M > —M3(t) +/ (1= A)"") (s, t)0s1(s, t)ds — Co. (4.7

We need to estimate the nonlocal integration in (4.7). For this purpose, we use the
integration by parts to obtain

/OO (1= A)~") (s, 1)0s10(s, t)ds

£(t)

:¢(87t) ((1 - A)_liﬁ) (svt)’:if(t) - ~/5(t) s ((1 - A)_llﬁ) (Svt)w(svt)ds

o0

=—WWMO—M1@@@@—4@@@—A>WHMW@OM

It is straightforward to see by u = (1 — A)~'V4 that

/Oo B, (1 — D)) (s, )b (s, t)ds
£(t)

(A =2)7'VY) @ Ol Jule, )], )] (4.8)
< /RN dr = /RN dx

|JC|N_1 |$‘N—1

it ,t
< /lgcSl |u($|m)||]\|[¢(1x)|dx+ ||u(t)\|L2H1/;(t)||L2 = K, + K.

We first estimate K5. By the conservation law (4.1), one has

[Ks| < (lluollar + lloollz2) 19 @®)llze < (lvollzz + llpollz2) 14 ()] 2

To control the L? norm of v, we will use the Littlewood-Paley decomposition to
decompose 9 into low frequency parts and high frequency ones. Indeed, for any
t €10,Tp), we have

[P@)[L2 < [[Ao @)Lz + [[(1 = Ao)i(B)]| 2 (4.9)
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Denoting
1 1
Tij = uu; + §6¢j|u|2 + Vu, - VUj — o;u - 8ju + §6¢j|vu|2,

and using (1.1);, we have

N t t
o) =0000) =3 [ Ty =5 [ a(rrar

It then follows from Young’s inequality and the conservation law (4.1) that

[PASE RIS ZHAO ~10:0;¢0 ]| 2

3,j=1

+Z/ 180 AT 0,0,T35 (1) |2 + [ DoA™ 0i0;02(7) | 12) dr

3,7=1

t
< lollzz + / (T s + 102(0)21) dr

t
< 1ol +/0 (lu(DIZ2 + IVu(D)IZ2 + lo(7)IZ2) dr

S llollze + (luollZz + I VuollZz + llpollZ2) ¢

S ollze + (lollZ2 + llpoll72) ¢
(4.10)

By using the conservation law (4.1) again, we have

N

> 1A=2)"19;04() |2 SIVu®)llze < lluollz+Vuoll L2 +llpollze < llbollz2+pol 2,
ij=1
which implies that

(1= Ao)p()llz2 S 1ol L2 + llpoll z2- (4.11)
Plugging the estimates (4.10) and (4.11) into (4.9), we obtain
[P@e2 S ([$ollze + llpollz2) (14 ([lvollL2 + llpollz2)) (4.12)

which implies that

[K2| S (IIollZ2 + llpoliz2) (1 +t(Ilvollzz + loollz2)) -
To estimate K7, we first take p, ¢ and s such that

1 1 1
2<p<6, ¢>2, s(N-1)<N, —+-+-=
p

Then Holder’s inequality yields that

—(N-
L P [ el Y o
Since e NN
lullr < Cllullp2 " IIVUIIE r<C
and

[¥]lze < IWIIEQWIIE S OM(E)+1) (1 + [[Pollz> + llpollz2) (1 + ¢ ([[¢ol L2 + [lpollz2))
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by the interpolation, the conservation law (4.1) and (4.12), we have

K| < lullze[|9]] 2o ) S lulleelilze,

‘.’L’|7(N71)‘

Ls(B(0,1)

which together with the estimates (4.7)-(4.8) yields that

dM _ 1 _
P> M2 — M) (- 3)7) (60, 1)

= C (llollz= + llpollz2) (1 +t (lvollzz + lpollz2)) . (4.13)

We will still need the estimates for ((1 —A)~'4) (£(t),t). This can be done as
follows. By the Littlewood-Paley decomposition and Bernstein’s inequality, we
have

10— 2) 0Ol < [Ar (1 = A) (0 + (1 D)1~ A) ()]~
< Ol (02 + 5w O]~
(4.14)

for some K large enough. Then plugging (4.4), (4.12) and (4.14) into (4.13), we
obtain

aM

> ZM2 () — CM(®) (ol 2 + loollz=) (L + ¢ (lollzz + ol 22)

dt — 4
= C (llollz= + llpollz2) (1 +t(llvollzz + lpollz2)) . (4.15)

If M(0) = ¢0(0) > C (||tpollr2 + ||pollr2) for some C large enough, the inequality
(4.15) implies that M (t) will blow up at some finite time 7;. Moreover, we have

M(t) > Ty — 1)~ (4.16)

for some ¢ > 0.
Since V- u = —1 + (1 — A)~14, we can use (4.12), (4.14) and (4.16) to obtain

_ 3 3
IV - ttllso > [[9]lso = (1 = A) " [loe = Z[1¥]loc — CllpllL2 > MO -C(Ti+1)
>c(Ty —t)7,
which implies that
T
/ IV - || Lo dT = +o00.
0

This contradicts to the assumption (4.3). Thus we complete the proof of the claim
and then that of Theorem 1.3. g

Proof of Proposition 1.1. Similar to the proof of Theorem 1.3, let ¥(r,t), be
the unique solution of the partial differential equation
6t87'¢(rv t) - w(rv t)57-¢(7"7 t) + ((1 - A)_lw) (Ta t)aTw(r: t)
+ 0, (0 (1= A)"") 0p0) (r,t) =0, (4.17)

with initial data 1. Set u := V(1 — A)~14, or equivalently, 1 (z,t) = A~ tdivm =
A~Y(1 — A)divu. Then u is radial and will solve equation (1.3). By uniqueness,
u is the unique solution of equation (1.3) with initial data ug. Thus, we pay our
attention to 1.
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(7) To obtain the blow-up estimates, we integrate (4.17) on [r,+00) and then
obtain

@Wnﬂz%w%nw+/m«1—ArW0@w&w@ﬂw

— 9, (L =AY (r, )0, (r,t).  (4.18)

Define w(r,t) := fo (s,t)ds for r > 0 and extend w(r,t) to all of r € R by
odd reﬂectlon It then follows from Theorem 1.1 and a direct computation that
w € CH[0,T); H?(R)). Thus by Lemma 4.1, we see that there exists £(t) > 0 such
that

M(t) = (€(t),t) = sup(r,1), forany t € [0,T)

r>0

and

M
i =owp(&(t),t), a.e. on (0,T).
To show that u blows up at some time T* and obtain its blow-up estimate, we

notice that

3
IV - ulloe = [¢llo = (1= A) " lloc = Zl1¥llo0 — Clie ]l

and

Y

ZM(t) — (T + 1),

) )
IV - ullos < [[¢lloe + (1 = A) " lloc < Jl1¥lloe + CliYllz < FME) + C(T +1),

N

which can be deduced by using a similar estimate as the proof of Theorem 1.3.
Thus we just need to establish the blowup of M(t) and its blow-up estimate. For
this purpose, we take r = £(¢) in (4.18) and then obtain

am 1

PO [ (0= 87) (0000,

Thus we can use a similar procedure as the proof of Theorem 1.3 to estimate the

integral term and then obtain
dM
EL > TM(0) ~ OMO)lollze (1+ tlgollzs) — Cloll3s (1 + lgollze)
and
dM 2
e < M (t) + CM(@)|[vollL2 (1 + |[tollz2) + Cllvollzz (1 +twbollL2)

which implies that M(¢) will blow up at some finite time 7™ provided that 1, (0) >
Cl|Yol|r2 for some C' > 0 large enough. Moreover, the blow-up rate estimate is
given by

(T —t)" P < M) <C(T* —t)™*
for some C' > ¢ > 0. This completes the proof of Proposition 1.1 (4).

(7i) Now we show the existence of global solutions. We will repeat some deriva-
tions similar to (i) by setting ((r,t) := —(r, ). Instead of (4.17), we can obtain

81587«((7'7 t) + C(T,t)@TC(T, t) - ((1 - A)_lg) (T’ t)@TC(r, t)
=9 (0, (1= 28)77¢) 8:C) (r,1) = 0.
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Integrating this equation on [r, +00) yields that

06(r.t) = ~3C00) — [ (1= 8)710) (5,002 (s.t)ds
+0, (1= A)7¢) (r,0)0,¢(r ). (4.19)
It follows from Lemma 4.1 that there exists n(¢) > 0 such that

M(t) := C(n(t),t) = 5213((7", t), foranyte[0,T)

and then

dM 1 > _
D= v - /n | (=27710) (5,00.6(5, s

Similar to the proof of (i), we can deduce that

dM 1
a < —EMQ(t) + CM(@®) %ol 2 (1 +t[vbollz2) + Cllvbol 72 (1 + ¢l z2)

1
< =M + Cllbol2a (1+ £21vol3)

Notice that M(0) = —¢(0) > 0. A simple bootstrap argument implies that on any
[0,T], M(¢) can be bounded above. On the other hand, if we rewrite equation (4.19)
as
1 oo
ouctrnt) + (56040 [ (1= 2)710) (500,65, 0 ) 1)
=0 (1= 2)77¢) (r,)0:¢(r,t) = 0,

then the method of characteristics argument yields ((r,t) > 0, since ((r,0) =
—(r) > 0 for any > 0. Thus M(¢) can also be bounded below. Indeed, if we
check the proof of Lemma 4.1 in [8], we have M(t) > 0.

We now use the blow-up criterion to conclude the proof of the global existence.
By Bernstein’s inequality and Sobolev embedding, we have

IDu@ll o, = 1D = 2) ]| < ClWlge _ < CleD)le < CM®)] < C,

for any 0 <t < T. Notice that

IV - u(®)l = |AQ - A) 1, = c\

K(y) @z —y) —¢(x)) dy

RN

LOQ
<c [ K@i vl = CMe)
<C forany 0<t<T,

where K is the Bessel potential and is defined by the Fourier transform F(K)(§) =
(14 [£]?)~t. Summarily, we have

| Du(®)||lgp < C forany 0<t<T.

By the blow-up criterion, we conclude that the corresponding solution u exists for
all time ¢ > 0. This completes the proof of Proposition 1.1 (ii). a
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5. LIMIT PROBLEM

In this section, we show that the two-component Euler-Poincaré equations (1.1)
can be regarded as an approximation of the one-component Euler-Poincaré equa-
tions (1.3) or a dispersion regularization of the limited equations (1.2) in some
sense. To do this, our basic strategy is to establish the energy estimates for the
difference of the approximation solution and the limit solution.

Proof of Theorem 1.4. (i) By setting u,, := u,, — v and m,, := m,, —m, we
have m,, = u, — a?Au,. After a simple calculation, we see that (u,, p,) satisfies

My + Uy - Vmy, +u - Vm,, + (Vun)Tmn + (Vu)Tmn
+ mydivu, + m,divu + p,Vp, =0, (5.1)
pnt + Vpn - un + Vo, - u+ ppdivu, + ppdive = 0.

Taking the L2(R”Y) inner product of the first equation of (5.1) with u, and inte-
grating by parts, we obtain

(lunllZz + o[ VunllZ2)

= — /un (W - V)my, — /un “(u-V)m, — /un (Vup)'my, — /un - (Vu)"m,

— /un -m,divu,, — /un -mydivy — /un -V

S /un “(u-V)m, — /un - (Vu)T'm,, — /un -m,,divy — /un - pnVon,

N | =
SR

(5.2)
where we used the identity

/un (up - V)my, + /un . (Vun)Tmn + /un -mpdivu, =0,

which can be obtained by the integration by parts. Similarly, we take the L?(R™)
inner product of the second equation of (5.1) with p,, and then have

1d . .
5%”%\@2 = —/anpn -un—/anpn-u—/pidlvun —/pidlvu. (5.3)

Adding (5.2) to (5.3) and integrating by parts, we obtain

| =

2 ([ lZ2 + @®[Vun|IZ2 + llpallZz)

1
= — /un ~(u-V)m, — </ u, - (Vu)'m, + /un . mndivu) —5 /pidivu

:le —|—I2 —|—13

| —
QL

(5.4)
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We now estimate I, Iy and I5 as follows. For I;, we use the fact m, = u, —a?Au,
and integration by parts to obtain

Il:—/un-(u-V)un+a2/un~(u~V)Aun

N
Z /&-unjVum . Vui

7,j=1

N
1
:/|un\2divu+a2 §/|Vun\2divu+2/umvum.Vdivu+
j=1

S IVaullzes l[unllZs + o (IVull oo [ VunlZe + [1Vull oo [ | 22 [ Vil 22)
< (IVullze + [IV2ullz) (lunlz> + o[ Vun|[72) -

Similarly,
L =— (/ U, - (Vu)Tu, + / |un2divu) + o? /un . (Vu)TAun + o? /un - Au,divue
N
— (/ u,, - (Vu)Tun + / |un2divu) —a? Z (/ Vi, - Vuy,;0iu; + /umvaiuj . Vum)

ij=1

N
—a? Z (/ |Vum|2divu + /Umvum . Vdivu)
i=1

IVull 2 [un 7 + o (V] Lo [ VunllZz + [ V2ull e [un]| 2] Vit | 22)

<
< (IVullze + V2l z) ([unllze + o[ Vunlf72) -

For I3, it is direct to see that
1 2
I3 < §||VU||L°°||Pn||L2-

Plugging the estimates for I1, Is and I3 into (5.4), we obtain

d
o (aall32 + 0 VualiZ2 + lloull32)

<O (1 +[Vulpe + [V2ullpe) (unlZe +o®[VunlZz + llpallZ2) .
which together with the Gronwall’s inequality implies that

[un(@®))1Z2 + a2 Vua(®)lZ2 + lon(®)]122
< (||un0||2L2 + a2||vun0‘|%2 + ||pn0H%2) ecf(f(1+“Vu(‘r)HLooJrHV?u(T)HLoc)dr
< (Imoll3z + 02| Vatno |22 + lpnollfz) €€ o (Ol )i,
If we drop all the terms involving « in the previous proof, the conclusion is still

true. This completes the proof of Theorem 1.4 (3).
(ii) Set m := u — a®Au. Then we can deduce that (u, p) satisfies

my+u-Vm+(Vu)'m+mdive = —a® (Auy + u - VAu + (Vu)" Au + Audivu)—pVp.
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To consider the desired limit, we denote @ := u® —u, m := m® — m = 4 — a’>Ad
and p := p® — p. It then follows from the equations for (u, p) and (u®, p%) that

me+ - Vm+1i-Vm+u-Vm+ (Va)I'm + (Va)T'm + (Vu)T'm + mdiva
+mdiv 4 + mdivu
=o? (Auy +u- VAu+ (Vu)" Au + Audivu) — (pVp + V(pp)) .
pi+a-Vo+u-Vp+u-Vo+pV-ia+pV-a+pV-u=0.
(5.5)
Taking the L2(RY) inner product of (5.5); and (5.5), with @ and p, respectively,
and then integrating by parts, we can find that

1d
5 77 (lallz: +e?[Val:)

:—/ (u-V)m /a mdlvu—/ ~(Vu)'m
+ a? (/E~Aut+/ﬂ~(u~V)Au+/ﬂ~(VU)TAu+/ﬂ-Audivu>

and

%%IIﬁHQLzZ—/ﬁﬂ-vﬁ—/ﬁﬂ-Vp—/ﬁuVﬁ
—/ﬁzv u—/ppV u—/p2V~u.
Here we used the identities
/u-(a-V)m+/a-mdivﬂ+/ﬂ-(Va)Tmzo,
and

/a-(a-V)m+/a-mdivﬂ+/a-(Va)Tm:O.

Combining the above two equalities and integrating by parts, we obtain

d , _ _ _

= (lalzz + 11217z + o*[ValZ2)

= —/a-(u-V)m— (/u-mdivu+/u-(Vu)Tm> - (/pu-Ver;/pQV-u)
+a? (/E'Aut—i—/ﬂ-(u~)VAu+/ﬁ~(Vu)TAu+/ﬂ~Audivu>

Ji+ Jo+ J3+ Js.

N |
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The estimates for J; and Jy are similar to that for I; and Is, respectively. Indeed,
by using m = @ — o>AG and integrating by parts, we can deduce that

le/m-(u-V)ﬂ+/(m-a)(V-u)

N

1

5/(V-u)\ﬂ|2+a2/(V-u)|Vﬂ|2+a2 3 /aka-(akuiaiamaiakui)
ik=1

[@l|7 |1 Dull e + o[ Val|7 | Dull L + o[ Val| 2|2 2 | D*ul| Lo

< (IDull L + [I1D*ul[ ) (lallZ> + o*[Valz:) -

IN

Similarly,

Jo = —/ (Ja|*divu + @ - (Vu)"a)

N
+a® ) / (O - (Ot divu + adgdivu) + (9t - (Vu)' +a - (Voru)") o)
k=1

< C (I1Dull = + ID%ul =) (lalZ: + o*[[ValZ.) .
For J3 and Jy4, we have
Js < (| Dullz= + | Dpllr=) (lalZ= + lIAlZ2) |
and
Ji < o®|[all 2 (| Auellpz + ull e[| DPull 2 + || Dullpoe | D?ull 2)
< [lall?: + a* ([|Augl|ze + full o~ | D*ullz2 + [|Dull < | D?ul|2)”
Summarizing the above estimates, we have

1d

BPT (1

< C(1+ | Dullpe + | D?ullz + | Dpllz=) (172 + 7]7 + ?[Vall72)
+ 010 (| Al 2 + lJull < |D*ul 2 + | Dul| o | D?u| £2)?

< C (A lullgs + lolax-) (lalliz= + 11pll7: + o*[Val7-)

jallZz + 161172 + o®(|ValZ2)

2
+a'C (1 + [lullerqorpsme) + lullf)” -
Then it follows from Gronwall’s inequality that
lallzz + 12122 + o®|[ValZ. < C (a® + [|aolZ2 + lpolZ2 + ®[Violl72) .

where C' is a positive constant depending only on |[ul|c (0,17, m%) [[ullcr(o,7);m2) and
llplle(o,1);m%-1)- This completes the proof of Theorem 1.4 (ii). O

6. LIOUVILLE TYPE RESULT FOR THE STATIONARY SOLUTIONS

In this section, we prove a Liouville type result for the weak stationary solutions
to equations (1.1) and (1.2). We first introduce the definition of the weak stationary
solutions as follows.
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Definition 6.1. A stationary weak solution to equation (1.1) is a pair (u,p) €
HY(RN) x L2(RYN) such that fori =1,2,--- N, the identities

N N
1
> / Tij0i0i+ ) / Sijn0i0di+ 5 / p*0i6; =0 and / pu-Vo =0 (6.1)
j=1 3k=1

hold for any test functions (¢1, 2, ,¢n) and ¢ € C(RYN), where
1 2 1 2
Tij = uju; + §5U|’U,‘ +aVu; - Vu, — ad;u - 8ju + 50[(51‘j|vu| , Sijk = aujo”'kui.

Similarly, a stationary weak solution to equation (1.2) is a pair (u,p) € L*(RN) x
L2(RYN) such that fori=1,2,--- N, the indentities

N
Z/(uiuﬁ;amuz) 001+ [ #00:=0 and [ pu-vo=0
j=1

hold for any test functions (¢1, 2, ,¢n) and ¢ € C(RY).

Theorem 6.1. Suppose (u, p) is a stationary weak solution to equation (1.1) or
(1.2). Thenu=0 and p=0.

Remark 6.1. Theorem 6.1 shows that a stationary weak solution is vacuum, p = 0,
provided that the spatial infinity is vacuum, i.e., p— 0 as |z| = oo.

Proof of Theorem 6.1. The method is similar to [4, 5], where the case p = 0
is investigated. Indeed, to prove the conclusion, we do not use the equation of
continuity (6.1)2 and the term related to p in (6.1); is harmful. Here, we give a
sketch of the proof for completeness.

We first consider the case a > 0. Take ¢;(z) := zipp(x) = zip (%), where
¢(z) € C°(RY) is a radial bump function supported in the ball |z| < 2 and equal
to one on the ball |z| < 1, that is,

p(x)=1for || <1, ¢(x)=0for |z| >2, and 0<y(x)<lforl< |z|<2.

Then a direct computation yields
N
> [ Tupn(o)
i=1
N N
== % [ Turientr) = 3
o

ij=1 i,

N N 1
- Z /SiikxiajakSOR(l") - 5/P290R($)_ §Z/p2$i3¢901%(35)~
i=1

ij k=1

/SiikakSDR(-r) - i /SijiajSOR(x)

1 i,j=1



26 R.-J. DUAN AND Z.-Y. XIANG

It follows from the integration by parts that

% / ((N +2)[u]® + Na|Vul* + Np?) pr(z)

N N
= Z /Tija:jaigoR(x) - Z /(Siik + Siki) Okpr(T)

i,j=1 ik=1
N 1 N

- . ;1/&%%@%@12(33) D) Z;/PQ%‘@MR(@
1,7,k= 1=

=Ji1+Jo+ J3+ J4.

We estimate Jp, J3, J3 and J; term by term. For J;, we have

1
<y [ [ mllve <2Vel [ o
R<|e|<2R R<|e|<2R

as R — oo, where T' = (T;;). Similarly, we denote by S = (S;;x) and deduce that

2 1
< — < — oo
22 < 3 [ 18190l < Vel [ 1510,
and . )
2 2
9 < 3 [18112lIv2el < 1%l [ 1] 0.

as R — oo. For Jy, we have

1
<g [ [ PRlvel <Al [ o
R<|z|<2R R<|z|<2R

as R — oco. Summarily, we obtain

1
lim 5 / ((N + 2)‘u|2 + Na|Vu|2 + N,02) pr(z) =0.

R—o0

That is,
/ (N +2)[ul* + No|Vul*> + Np*) =0,

which implies that w = 0 and p = 0.
If we drop all the terms involving « in the previous proof, the conclusion is still
true. This completes the proof of Theorem 6.1. g
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