GLOBAL SMOOTH DYNAMICS OF A FULLY IONIZED
PLASMA WITH LONG-RANGE COLLISIONS

RENJUN DUAN

ABSTRACT. The motion of a fully ionized plasma of electrons and ions is gen-
erally governed by the Vlasov-Maxwell-Landau system. We prove the global
existence of solutions near Maxwellians to the Cauchy problem of the sys-
tem for the long-range collision kernel of soft potentials, particularly including
the classical Coulomb collision, provided that initial data is smooth enough
and decays in velocity variable fast enough. As a byproduct, the convergence
rates of solutions are also obtained. The proof is based on the energy method
through designing a new temporal energy norm to capture different features
of this complex system such as dispersion of the macro component in R3, sin-
gularity of the long-range collisions and regularity-loss of the electromagnetic
field.

1. INTRODUCTION

1.1. Kinetic equations for a fully ionized plasma. The motion of a fully
ionized plasma consisting of only two species particles (electrons and ions) under
the influence of the self-consistent Lorentz force and binary collisions is governed
by the kinetic transport equations

OFy +&§-VoFy +(E4+E X B) - Vely = Q(Fy, Fy) + Q(Fy, FL),

1.1
OF_+E&- Vo F_ —(E+{XB)-VeF_ =Q(F_,Fy)+ Q(F_,F_), (L.1)
coupled with the Maxwell equations
OE -V, xB= —/ E(Fy — F_) dg,
R3

Vm~E:/ (Fy —F_)d¢, V,-B=0.
RS

Here Fy = Fy(t,z,£) > 0 stands for the number densities of ions (+) and electrons
(—) which have position @ = (21,72, 23) € R? and velocity £ = (£1,&,,£3) € R at
time ¢ > 0, and E(t,z), B(t, z) denote the electro and magnetic fields, respectively.
The initial data of the system of equations — is given by

Fi(07xa§) = FO,i(xag)v E(O7$) = EO(x)v B(Oa QZ‘) = BQ(J?),
satisfying the compatibility conditions

V.- Ey= / (Foy — Fo_)dé, Va-By=0.
R3

Notice that for simplicity of presentation and without loss of generality, all the
physical parameters appearing in the system, such as the particle masses and the
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light speed, and other involving constants, have been chosen to be unit. Moreover,
the relativistic effects are neglectd in our discussion of the model. This is normally
justified if the plasma temperature is much lower than the electron rest mass, cf. [13]
Section 3.6]. We refer interested readers to [I3 Chapters 2 and 3] or [16, Chapter 6]
for the non dimensional representation of the system - and also its physical
importance in the study of plasma transport phenomena.

The quadratically nonlinear operator @ in is described by the Landau
collision mechanism between particles in the form of

QF.G) = Ve-{ [ o6 - LITFOGIE) - FOVeClE N de. |
The non-negative matrix ¢ denotes the Landau collision kernel

&5
1€[?

for a constant Cy > 0. Note that v = —3 corresponds to the Coulomb potential
for the classical Landau operator which is originally found by Landau (1936). For
the mathematical discussions of the general collision kernel with v > —3, see the
review paper [26] by Villani.

From now on, for simplicity of presentation, it is convenient to call —
the Vlasov-Maxwell-Landau system. In this paper we aim at proving the global
existence of solutions to the Cauchy problem of the system near a global Maxwellian
under some conditions on initial data.

¢ (&) = Cyle? {5ij— }, —3 <y < =2,

1.2. Reformulation. Write the normalized global Maxwellian as
= p(€) = (2m) 3212,
and set the perturbation in the standard way
Fi(t,2,8) = p+ p' 2 falt,z,€).

Use [+, -] to denote the column vector. Set F' = [Fy,F_] and f = [f4, f-]. Then
the Cauchy problem (1.1)-(1.2) can be reformulated as

hf+E& Vuf +ao(E+ExB)-Vef —E-&u'?q + Lf

= DE-&f+T(1 ),
OE -V, xB= f/RS et (fy — o) de, (1.3)
4B+ V, x E=0,

Vx-E=A3M1/2(f+—f—)df, V., -B=0,

with initial data

f:t(07 x, f) = fO,:ﬂ:(‘rE7 é-)u E(OJ (L‘) = EO(:I;)a B(O7 1’) = BO($)7 (14)
satisfying the compatibility condition

Vo Bo= [ Wos - foo)d, VarBo=o. (15)
R.



GLOBAL SMOOTH DYNAMICS OF A FULLY IONIZED PLASMA 3

Here, qo = diag(1,—1), ¢ = [1,—1], and the linearized collision term Lf and the
nonlinear collision term I'(f, f) are respectively defined by

Lf = [L+f7L*f]’ F(fvg) = [FJr(fmg)?F*(fmg)L
with

Lif = —2u2Q(u? fuy 1)~ Y2Qu, b *{ f + f£}),
Ty(f.g) = p QU2 fu, 1 Pgu) + = 2Q(u? fi, 2 g5).

1.3. Macro projection, weights and norms. As in [II], 12], the null space of
the linearized operator L is given by

N = span { 1,012, 10,1272, [63, €t/ (1 <0 < 3), (1€, €22

Let P be the orthogonal projection from Lg X Lg to M. Given f(t,z,&), one can
write P as

Pf =ay(t,z)[1,0]pu"? + a_(t,x)[0,1]p'/?
3

+ ) bit )1, 106N + ety 2)[1,1](1€7 - 3)u'/?,
=1

where the coefficient functions are determined by f in the way that
ax = (%, fr) = (/% Psf),
1
bi = §<51M1/2»f+ + o) = (&u'?, Pef),

c= %«MP - 3)/1'1/27 v+ fo)= %<(‘f|2 - 3)M1/2>Pif>'

In what follows, we introduce the weight functions and norms used for the pre-
sentation of the main result later on. Fix a constant ¢ with 0 < ¢ < 1/4. Define

= wnat,6) = (07 exp { 5 07,

where constants 7 € R and A > 0 are two parameters which may vary in different
places. For f = f(t,z,&), define

F@Es= [ wtaC P 2= [ 1@ ds,

and

3
F@ea= 3 [ utato {or0ir0,1 + a5 1512} as

=1
e = [ @)

where 0; = 0¢, denotes the velocity derivative with respect to §;, and ol = g (€)
is the Landau collision frequency given by

T =6 w6 = [ 0Y(E - €ule) .
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To study the global existence through the energy method, the temporal energy
functional and the corresponding dissipation rate are defined by

Enven®) ~ Y 105 FDOIf—en + 1B B) 1 Fws (1.6)
lal+]8| <N

and

Dyeat) = Y 105{T = PY®)ID 50

lo+[BI<N

+ Y Va0 (ax,bo)l?

la|<N—1

+Hlay —a_|* + |1E|5n-1 + [|[VaB||3n-2
A N )
targm 2 ORI -PUOR 0 07

lo]+[BI<N

where the integer N > 0 and ¢ > 0 are parameters which may differ in different
places. For simplicity, we write w, = w;o for A = 0, and En(t) = Eno,0(t) for
¢ =X =0, and likewise for others. Moreover, regarding En ¢ x(t) and Dy ¢ (1),
whenever the case A > 0 occurs, we always require £ — N > 0; it means that the
algebraic weight factor is always of positive power when the exponential weight
factor is present. Notice that the last term of Dy (¢) in disappears when
A=0.

Let constants Ny and ¢y be fixed properly large, and let constants Ay > 0 and
€o > 0 be fixed properly small; the choice of Ny, £y, Ag and €y can be seen in the
late proof. Set Ny = %No and ¢; = %Eo. The temporal energy norm X (¢) is defined
by

X(t) = sup {En () + (14 5)HE,-2(5)}

_lteo
+ sup {(1+S) 208N17€17>\0(S) +€N1—17€17>\0(S)
0<s<t

H(1L+8)2EN, 30100 (5)}

+ SUP {ENg 0,00 (8) + (14 8)2ENy 01,00 (5)}
0<s<t

+ sup {(1+ )V Vo (B, B)(s)|5n0-1 - (1.8)

0<s<t

Notice that in order for the algebraic weight factor to gain the large enough positive
power when there is the exponential weight factor exp{\(¢)2/(1+1)”}, we also let
lo — 3Ny be properly large.

1.4. Main result. The main result of the paper is stated as follows.

Theorem 1.1. Assume —3 < v < —2. Take 0 < ¢ < 1/4, and also take con-
stants Ny, by properly large with €y — 3Ny properly large, and constants \g > 0,
€0 > 0 properly small. Fiz a constant ly > % + % Let fo = [fo+, fo,—] satisfy
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Fy(0,2,8) = (&) + pt/2(€) fo,+(2,6) > 0. If
Yo=Y 105follisi—eono + Y. 105 F0ll151-e2.00

|| +]B|<No |a] 4] B| <Ny
+1[(Eo, Bo)ll gviaz, + llw_e, follz, (1.9)

is sufficiently small, then there are appropriately defined energy functionals En ¢ (%)

appearing in X (t) such that the Cauchy problem , , of the Vlasov-
Mazwell-Landau system admits a unique global solution (f(t,xz,€), E(t,z), B(t, x))
satisfying Fe(t,2,€) = (&) + p'/?(€) f(t,2,€) > 0 and

X(t) SYE, (1.10)
for all time t > 0.,

Remark 1.1. The following are several points to remark on this theorem:

(a) Although only the soft potential case —3 < v < —2 is considered here, the
hard case for v > —2 could be much simpler.

(b) Even when ¢ is strictly less than 1/4, it can sitll be shown from the late
proof that

> (o fl+1o%(E B))
1<]al<No

decays in time with the rate (1 +t)~%/4, cf. ([£:34).

(¢) By the definition of X (t), the uniform-in-time inequality implies that
the weighted high-order energy functional En, o, 2, (t), particularly

Y 103 = Py fllfsi— s a0

lae+Bl=N1

may increase in time with the rate (1 4 t)(1T<0)/2,

(d) Setting Ny = %Ng and {1 = %EO is just for simplicity of presentation. The
general choice of N1, {1 in terms of Ny, £y is possible. In addition, for
brevity, Ny, o and ly — 3Ny are assumed to be properly large. We would
not track in this paper the critical values of Ng, ¢y and all other param-
eters. However, it should remain an interesting problem to design a new
energy norm with the optimal choice of reqularity and velocity integrability
on initial data in order to ensure the global existence of the Cauchy problem.

(e) The similar approach developed in this paper could be immediately applied
to the case of the periodic boz. In that case, we need to assume all the con-
servation laws of the system so that the Poincaré inequality can be applied
to deal with the zero-order dissipation of the macro component Pf and the
magnetic field B.

In what follows we mention some work only related to this paper; interested
readers may refer to them for more references therein. Notice that there are different
approaches in establishing the mathematical theories on the Landau equation, see
1 2L Bl 17, 27, 28]. In the perturbation framework, Guo [10] firstly established
the global existence for the purely Landau equation with Coulomb potentials in
the absence of any force; see also [I5]. Very recently the same author [I1I] made a
further progress for the Vlasov-Poisson-Landau system on the periodic box when
the self-consistent potential force is present; see [7] and [24] for generalizations of
the result to the case of the whole space. We pointed out that Duan-Yang-Zhao [7]
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used a different approach arising from the study of the Vlasov-Poisson-Boltzmann
system [5], [6].

When the plasma transport is effected by the Lorentz force coupled with the
Maxwell equations, there are two cases in which the global existence of solutions
near the global Maxwellian have been well studied. One case is to take the Landau
operator with v > —1. In this case the problem was solved by Guo [12] although
the Vlasov-Maxwell-Boltzmann system for only the hard-sphere model is considered
there. Notice from Lemma that if v > —1, i.e. v+ 2 > 1, then compared to
the soft potential case, the linearized Landau operator has the stronger dissipative
property which can control those nonlinear terms with the velocity-growth rate
|€], typically occurring to E - £f. The other case is the relativistic version of the
Vlasov-Maxwell-Landau system studied by Strain-Guo [23]. In this case, due to
the boundedness of the relativistic velocity and the special form of the relativistic
Maxwellian, the velocity growth phenomenon in the nonlinear term disappears,
and instead the more complex property of the relativistic collision operator was
analyzed there.

Though there are a few results mentioned above, it still remains unknown to
obtain the global existence for the Vlasov-Maxwell-Landau system for the Coulomb
potential in the classical sense because of the quite complex property of the system
that we will point out in more detail next subsection. To the knowledge of our
best, Theorem is the first result in this direction. The proof of Theorem is
based on the energy method, cf. [10, 12] or [I8], together with a new quite delicate
bootstrap argument. In particular, the introduction of the temporal energy norm
X (t), which is the main strategy of the proof, captures most of important features
of the coupling system.

1.5. Difficulty and idea in the proof. The Vlasov-Maxwell-Landau system un-
der consideration has the following three typical features which result to different
mathematical difficulties:

e the degeneration of dissipation at large velocity for the linearized Landau
operator with soft potentials;

e the velocity-growth of the nonlinear term, as mentioned before;

e the regularity-loss of the electromagnetic field.

The first feature makes it impossible to control the velocity derivative of the linear
transport term £ - V, f without any velocity weight. To deal with it, the algebraic
weight factor (£)(7+2)I8l depending on the order of velocity differentiation was in-
troduced in [I0]. This, however, induces another difficulty when estimating the
nonlinear term (E + ¢ x B) - V¢ f, since the term contains one velocity differen-
tiation so that the extra velocity-growth with rate |¢|~(7+2) is produced. Notice
that this new trouble as well as the obvious velocity-growth in E - £f happen to
the nonlinear term only. [5] then introduced a time-velocity dependent exponential
weight factor exp{\o(£)2/(1+1)”} which from the weighted estimate on 9 f indeed
leads to the following additional good term in the dissipation rate

Ao
W //<€>2w|2f3|—47/\0 (t, )95 {1 — P} f|* dzde.

See also [0, [7]. Thus, as long as those nonlinear velocity-growth terms contains a
portion decaying in time faster than (14-¢)'*?, they can be controlled by the above
dissipation term.
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The third feature mentioned before can be seen from the definition of the dissipa-
tion rate functional Dy ¢ » () in which the L? norm of Nth-order spatial derivatives
of (E, B) is missing. Here, the regularity-loss results essentially from the coupling
of the hyperbolic Maxwell equations but not from the technique of the approach;
see [4] for the analysis of the Green’s function of the damping Euler-Maxwell sys-
tem. Due to the regularity-loss, two more difficulties appear. One difficulty is that
one can not expect derivatives of the electromagnetic field (E, B) of all orders up
to the largest number Ny to decay time fast enough, so that the estimate on those
nonlinear velocity-growth terms is still a problem. To solve it, when estimating the
weighted inner product term

1
S (O5E & — (B+ 6% B)- Vel w2, 050);
la|+|BI<N1

we use the time-decay property for the only low-order derivatives of both (E, B) and
f. Notice that compared to the high-order energy functional En, ¢, ,(t) of f, the
low-order one must be assigned with the higher velocity weight to absorb the extra
velocity-growth factor. That is the reason why we introduce into the X (¢) norm
two energy functionals En, ¢, 2, () and Eny r,,2, (t) With the approximate choice of
N and /.

The second difficulty due to regularity-loss is the control of inner product terms

> 0BG, ),

la|=Ny

which arises from the weighted estimate on 9% f. To deal with it, we use the time-
weighted energy estimate with the time rate of negative power; the similar technique
has been used in [I4]. In fact, starting from the Lyapunov inequality

d
%EM (t) + kD, (t) < hoo.t.,
where h.o.t. denotes the high order terms only, it follows that

L1417 0En, (0] + KL+ 1) D, (1)

€0 —
+ mg]\ll (t) S/ (]. +t) €0 % {hot}
Therefore, provided that the term on the right is time integrable, one can recover
the following new dissipation term

“ Y JoE B

1+ f)i+eo
( + ) |OL‘:N1

Although this dissipation term is degenerate in large time, it is enough to control
other trouble terms related to the Njth-order derivatives of (E, B).

We finally mention Theorem [3.1] concerning the time-decay property of the lin-
earized system. Theorem [3.1]not only plays a key role of dealing with the dispersion
of the macro component Pf in R due to the degeneration of L, but also its proof,
particularly the Lyapunov inequality , fully reveals the optimal dissipative
structure of the linearized system, which further motivates the design of the energy
norm X (¢). We remark that inspired by , it would be an interesting problem
to consider the spectrum [25] 2] or Green’s function [19] of such complex system.
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The rest of the paper is arranged as follows. In Section [2] we list some known
facts for the macro structure of the system and also the basic estimates on L and
I". In Section 3] we obtain the time-decay property of the linearized homogeneous
system. In Section [d] we present series of lemmas for the a priori estimates on the
solution and finish the proof of Theorem at the end.

1.6. Notations. Throughout this paper, C' denotes some generic positive (gener-
ally large) constant and x denotes some generic positive (generally small) constant,
where both C and x may take different values in different places. A < B means
that there is a generic constant C' > 0 such that A < CB. A ~ B means A < B and
B < A. We use L? to denote the usual Hilbert spaces L? = L2 ¢ or L? with the norm

I-1], and use (-, -) to denote the inner product over Li,& or Lg . For q > 1, the mixed
velocity-space Lebesgue space Z, = LZ(L%) = L*(RE; LY(R})) is used. For multi-
indices o = (o1, a2, a3) and B = (81, B2, B3), 05 = 030, = 0105205201 0g2 0¢°
The length of « is |a] = a1 + a2 + a3 and similar for |3].

2. PRELIMINARY

2.1. Macro structure. Consider the following linearized Vlasov-Maxwell-Landau
system with a non-homogeneous source S =[S (t,x,&),S_(t,,&)]:

Orfe +& Vafs FE -2+ Lif =Sy,
OF -V, xB= [ et - 1) de
@B+vme:07W
Vx~E:/RBu1/2(f+*f—)d§, V. B=0.

(2.1)

Taking velocity integrations of the first equation of ([2.1) with respect to the velocity
moments

. 1
/‘1'1/27 51‘#1/2:@ = 1) 2,37 6(|§|2 - 3)/’(‘1/2a
one has

as + V- b+ V- (Eu? {I — PLYf) = (u'/2, 84,
Olbi + (&p? {1 — Po}f)] + 0'(ay + 2¢) F E;
Vo - (E6p? {Ix — Pi}f) = (&p/?, Se—Lif),

0 [e-+ U6 = B2, (L = Pa}f)| + 59 b
5V (€~ 32, {Ix — P} f) = (6 ~ B, Sa-Laf),

where 9° = 9,,, denotes the spatial derivative with respect to x;, and we have set
I=[I, I JwithIyf = fi. Asin [8 9], we define the high-order moment functions

O(f+) = (©i;(f+))3xs and A(f+) = (A1(f+), A2(fx), As(f+)) by

O (1) = (&€ — D%, fa), Au(fa) = 1606 — D), £,
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Further taking velocity integrations of the first equation of (2.1) with respect to
the above high-order moments one has

O[0i({I+ — PL}f) 4 2¢] 4+ 20'b; = Oy(r+ + S+,

0:0:;({Ix — PL}f) +07b; 4+ 8'bj + Vo - (€2 {1+ — PL}f)
= 04(rs +S2) + (12, Sy), i#3,

ONi({Ix — Pe}f) + 0'c = Ai(rs + Sz,

where ry = =€ -V, {I4 — PL}f — Lif.
In particular, for the nonlinear system (1.3)), the non-homogeneous source S =
[S4(t,z,8),S_(t, z,&)] takes the form of

Si=45B s F (B +Ex B) Vefu+Talf, f)
Then, it is straightforward to compute from integration by parts that
(u'/?,84) =0,
(Eu'/?,S1) = +Fay £bx BE(¢u'/? {I — P:}f) x B
<£u1/2 mf, ),
(€]* = 3)u/?, 8x) = igb B+ <€u1/2 {I = Ps}f) - E

(7 = B2 T (f, )

S| =

2.2. Basic estimates on L and I'. In this section, we state two lemmas about
some basic properties of the Landau operator. Given a vector-valued function
u = (u1, ug,us), define

5®§ I3 13 ) & .
P. — > . = e. .
€= e {|s| “} e me e e

Concerning the equivalent characterization of the dissipation rate and the dissipa-
tive property of the linearized Landau operator, one has the following lemma; see
[2, 20, 10] for the detailed proof.

Lemma 2.1 ([10]). It holds that
S [ +IEDTPTES| | +16)F (1 - Pyves]

- \(1 g s

}

Moreover, L is a nonnegative definite self-adjoint operator, and there exists k > 0
such that

(Lf.f) = K I{T = P}Ip
The following lemma states the weighted estimate on Lf and T'(f, f).

Lemma 2.2 ([22]). There are k > 0 and C > 0 such that

<Lf7 w72',)\(ta €)f> > "i|f|]23,7',)\ -C |X{|£|§2C}f|72_
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Moreover, let |5| >0, 7 = |B| — £ with £ > 0. Then, for n > 0 small enough, there
is Cy) > 0 such that

<8,3Lfa wg,)\(ta g)aﬂf> Z K|aﬁf|]23,'r,)\ -1 Z |a,3/f|]23,'r,)\
18"|=18]

—Cy Y 05 flp e
181<18]

And also, for N > 8, |a| +|5] < N and 7 = |B| — £ with £ > 0, it holds that

<agr(f1’ f2>7w3,>\(t7£)agf3>

s > Ala] o,
lo/|+] B8 |<N Y
B <p'<B
%, ‘ 9o ‘ e . (22
sl il Joan,. e2

Notice that since the coefficient A/(1 + ¢)? in front of (¢£)? in the exponential
part of the weight function w; »(t,€) is bounded uniformly in ¢ > 0, the proof of
the above lemma follows directly from the same argument used in [22].

3. LINEARIZED ANALYSIS

Consider the Cauchy problem on the linearized Vlasov-Maxwell-Landau system
with a source S = S(t,z,£) =[S+ (¢, 2, ), S_(t,x,&)]:

Ohf+& Vof —E-&u?qu+ Lf =S,

OE — Vo x B=—(u'? fy — f),

OB+V,xE=0, (3.1)
Ve B = </1'1/27f+ —f-), Vi -B=0,

(f7E7B)|t:0 = (fO’E()vBO)a

where initial data [fo, Eo, Bo] satisfies the compatibility condition
V., By = /R WMok~ fo)dE Y By =0, (3.2)
and the source term S is assumed to satisfy
[ nr2se~ sy de =0,
R3

To consider the solution to the Cauchy problem (3.1]), for simplicity, we denote
U=|[f,E,B], Uy = [fo, Eo, Bo] so that one can formally write

t
U(t) = A()Us + / At — 5)[S(s),0,0] ds,
0
where A(t) is the linear solution operator for the Cauchy problem on the linearized

homogeneous system corresponding to (3.1) in the case when S = 0.
For the linearized homogeneous system, we have the following result.
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Theorem 3.1. Let S = 0, and let [f, E, B] be the solution to the Cauchy prob-
lem (3.1), (3.2) of the linearized homogeneous system. Define the velocity weight
function w = w(&) by
a2
w(&) =€)~ 2 (3.3)
Then, for £ >0 and o > 0 with m = |a],
[w o f|| + |0%(E, B)|

o low
S @+ (Jlw™ " follz, + 1(Eo, Bo)ll 1)

F(1+ ) Il I fo| + VIO (Eo, Bo)l),  (34)
where 3
om =+ % flow > 90, (high 5 0, 0 < j < (hish,

Proof. Tt is divided by the following three steps. For brevity of presentation we
would only sketch the proof by clarifying how the known techniques in [6], 9] 2]
can be adopted in the situation considered here.

Step 1. We claim that there is a time-frequency interactive functional £m¢(¢, k)
such that

£t k) S |32 + |[E, B, (3.5)
and
Ou{|f172 + |[E, BI? + ko RE™ (¢, k)} + 6[{T — P}f13,

k||

TU{:'QWM +a P+ o] + [e]*) + klat —a?

+

K 2 K|k[? A2
+——— B+ ————=|B|* <0, (3.6
1+|/<:|2| | (1+|k|2)2| "< (3.6)
where kg > 0 is a small constant such that
[fl72 + B, BI]? + ko RE™(t, k) ~ | fI7 + |[E, BI|*. (3.7)

Compared to the corresponding estimate obtained in [9], the main improvement in
(3-6) occurs to the coefficient in front of the term |E|? in the dissipation rate.

Step 2. In this step, we follow the approach in [2I] to carry out the velocity
weighted energy estimates for the pointwise frequency variable. Starting from the
micro equation

{I — P}f +i¢-k{I — P}f+ L{I — P}f
= —{I— PYE &) Viias —{I - P} [i€- kPf| + P [ig - k{1 - P}f],

one can verity that for ¢ > 0,
; 12 . 12
0c[w{T = PYf|  xwst +k|w' {1 = PY| i

|2
1+ k|2

. N
e (a+ +a—,b,0)" + |ay —a]|

+ |w NI - P}f L (38)
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In a similar way, starting with the first equation of (3.1)), the direct velocity weighted
energy estimates for the pointwise frequency variable also gives that for ¢ > 0,

1 |2 K A2
s '] s w1 = P}
1+ k2 t|W sz X|k|>1 + 1+ k2 w{ 17 DX\k|21
P S L T P O e
~ 11k 1+ [k]2 20

+ ’w’l{l - P}f’; . (3.9)

Now, by choosing k1, ke > 0 properly small, the linear combination (3.6 + o X
(13-8) + 1 x (3.9) yields that for ¢ > 0,

O My(t, k) + kDy(t, k) <0, (3.10)
where My(t, k) and Dy(t, k) are given by
Mo(t, k) = IfI72 + [, B] + 5o RE™ (¢, k)

+ho W {I — P}f ’

12 X|k|>1s

K}l Vi
L2 XSt T T ‘w /

_
1+ [k]?

Dy(t,k) = [{I — P}f|} +
|k[?
1+ |k|?
1
1+ kP

s

+ (lax +a- > + b + |c*) + |y —a_?

_|_

L
5|1 BI*.

By P
B+ T

Here, notice that for any /,

w' {1 — P}f‘D > ‘w"_l{l _P}f

Lz’

Moreover, set the frequency function p(k) = |k|?/(1 + |k|?)2. Then, by consider-
ing the [1 + ep(k)t]’-weighted estimate on (3.10) and also applying the iterative
technique developed in [6], one has that whenever ¢ > 0,

My(t, k) S [1+ ep(k)t] ™" Moy g4p-1(0, k), (3.11)
holds true for any ¢ > 0, k € R3, where the parameters p, € and .J with

p>1,0<e<1, J>0, C’lngg.

are still to be chosen.
Step 3. For ¢ > 0, define
My(t,k) = |w'f|3. + |[E, B]|>. (3.12)

Take o > 0 with m = |a|. We use the splitting

/3 k2 M, (t, k) dk = </ +/ >|ka|2J\Z(t,k)dk.
R k|<t J]k[>1
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By the estimate (3.11)), one has

/ |k°‘|21\7e(t,k)dk§/ k2 My (t, k) dk
[k|<1

|k|<1

< [P ok M2 (0,K) d
|k|<1
—J
< / [ [* [1 + E|/€|2f} dk sup Myygip—1(0,K).
k<1 4 kER?
By letting 2J — 2m > 3, i.e. J >m+ % = 20, we arrive at
/ K®2My(t, k) dik < (1+ )~ (3+m) (wa-&-J+p—1fOHQZI + H(EO,BO)||2L1) )
|k|<1

Here, notice that for any given ¢!° > 2¢,,, one can take proper constants J > 20,,
and p > 1 such that £°* = .J 4 p — 1. Hence, for the low frequency part,

—~ ow 2
/ k2 Mo(t, k) dk < (1+ )72 (Hw“ei foHZ +|(E07B0)||%:1E>7 (3.13)
k<1 1

for ¢°% > 2¢,,. To estimate the high-frequency part, let j > 0 to be chosen, and
one has

/|k>1 k2 M, (t, k) dk
< / KP4 (k) Mot k) die < / k® 2k Mot k) di
|k|>1 [k|>1
< / k® I PIL + ep(k)t) ™ Mesysp1 (0, ) ds,
[k|>1

which further implies

[ R dr

[k|>1

< e 177 o|2|7.2

k>t 1+W KPP Ik[" My g 4p-1(0, k) dE:

—J
, t 1
< k|2 |k[20+0 M _1(0,k) dk - sup [1+€ } —
~ /]R-i| | | | L+ J+p 1( ) k[>1 4|k“2 |k‘|2]

Notice that

et 177 1
su 1+ 8 < (1+1)7,
i {[ e W} )

as long as j < J. Thus, we have

/|k>1 k2 M, (t, k) dk

<(A+t)7 (kuﬂpﬂviﬂaafOHZ + "v;+1aa(Eo,B0)||2) .
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Here, notice that for any given £79" > 0 and 0 < j < /9" one can choose again

proper constants J > j and p > 1 such that ghish — g + p — 1. Hence, it follows
that

/ k2 M, (t, k) dk
k|21
<4 <Hw4+zwvgc+13afou2+||vg’jlaa(E0,BO)||2), (3.14)

for /79" > 0 and 0 < j < (""" Therefore, in terms of (3.12), the desired time-
decay estimate (3.4) follows from the combination of (3.13) and (3.14). This com-
pletes the proof of Theorem O

4. GLOBAL A PRIORI ESTIMATES

In this section we will prove Theorem[I.1] The key point is to deduce the uniform-
in-time a priori estimates of solutions to the Vlasov-Maxwell-Landau system

Wf+E-Vof —E-&u'?q + Lf =5,
8tE — Vm x B = _<§/~L1/2af+ - f*>7

0B+ V, x E=0, (4.1)
Vo E= ("% fy—f), Vo -B=0,
where the nonlinear term is given by
1
S=T(f, )+ 50E - &f —q(E+Ex B) - Vef. (4.2)

For that, let (f, E, B) be a smooth solution to over the time interval 0 <t < T
with initial data (fo, Eo, Bo) for 0 < T < oo, and further suppose that (f, E, B)
satisfies

X(t) < 6%, (4.3)
where X (¢) is given in and the constant 6 > 0 is sufficiently small. We point out
that throughout this section, in the case when an undetermined energy functional

En e (t) appears on the right-hand side of inequalities, it is always understood to
take exactly the right-hand expression of (|1.6)).

4.1. Macro dissipation. Basing on the previous work [8] and [9], it is a standard
process to obtain in terms of the following lemma the macro dissipation Dy mac(t)
defined by

DNmac(t) = Y [V20%(ax,b,0)|° + [las — a-|?
le|<N-1
BN -1 + Ve Blf-2.
The details for the proof of this lemma are omitted for brevity.

Lemma 4.1. For any integer N with 8 < N < Ny, there is an interactive energy
functional E{(t) such that

ENTOIS D (107 fIP + 10%(E. B)IP)

lal<N
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and

d in leY
ZEN (1) + kDN mac(t) S 3 0°{T = PYHIIb + En (6D (2),
jal<N
for0<t<T.

4.2. Lyapunov inequality for &y, (¢). In this section we derive the basic energy
estimates on En ¢ x(t) in the case of N = Ny and £ = XA = 0. Notice that Ny is the
highest order, and regarding 0f f, the weight function takes the form of w_g(§)
independent of time.
Lemma 4.2. There is an energy functional En, (t) such that
d é
23Em (8) + £D, (1) S

for0<t<T.
Proof. First of all, it is straightforward to establish the energy identities

1d 9 9 B
5 ISP + B, B)IP) + (L1, 1) = (. 1), (45)

WDM 20 () + EN (D) ENg to—1.00 (), (4:4)

5 > (IR +10%E B + Y (Lo*f,00)

1<]a|<N 1<|al<Ny
= ) (9°5,0°f). (4.6)
1<|a| <Ny

By applying the micro projection I — P to the first equation of (4.1)), it can be
rewritten as

O{I = PYf+& Vol = P}f — E-&u!/? + Lf
={I—-P}S+PE-V,f—¢ -V, Pf. (4.7)
After acting d§ with |a| + |8] < Ny and |B] > 1 to the above equation and fur-
ther multiplying it by <§)2(7+2)|5|3g{1 — P}f, the direct energy estimate gives the

identity
SI95 (T — PYFIfy + (G5L1 (€72 Plag (1 — P )
= (03{~€ Vo{l = PYf + E-&u'?}, ()0 DWlag {1 — P} 1)
+OF{{I = PYS + PE-Vauf —£- Vo Pf}(©20TPlog{1 - Pf),

which from Lemma [2.2] implies
Ny

1d o
50 2 Cm > 05U —PYIE + > 105 PYIIB
m=1 |8]=m 181>1
[a]|+]B]<N1 || +]B| <Ny
SO 0g{I=PHlb s+ Y. (IVe0%(ax,b,o)|* + [0°E|?)
[B]=0 || <Np—1
la|+|B|<N1

N;
+ Z Cm Z (0541 — P}S, (£)20IBl9g{T — P} f). (4.8)
" e



16 RENJUN DUAN

Moreover, from Lemma [4.1] as well as (4.3),

7 W) + EDNy mac() S Y 04T = PYHf[I} + 8° D, (). (4.9)
la|<Ny

Then, since § > 0 can be small enough, the proper linear combination of (4.5),

(4.6), (4.8) and (4.9) implies that there is an energy functional En, (¢) satisfying
(1.6

1.6)) such that

e, (1) + #Dx, (1) S T 1), (410)

where

G0 =(S.HH+ D> (0°8,0°F)

1<|a| <Ny

Ny
+ Y Cm > (08{I = P}S, (20 PPlag{1 — P}f).

|B|=m
la]+[BI<N:
Finally, we claim that
7MW () < g1/? 0
N (1) SEN (DN, () + mpm,m,/\o (t)

+ENPEN 1 (ODN (). (4.11)

Therefore, (4.4) follows from plugging (4.11)) into (4.10) and applying (4.3]) and the
Cauchy-Schwarz inequality. This then completes the proof of Lemma [£.2} O

Proof of (4.11). We first consider the estimate of I](\}l) (t) corresponding to ['(f, f)
in the nonlinear term S. As in [I0], by decomposing f as Pf + {I — P}f and
using Lemma it directly follows that it is bounded up to a generic constant by
ENZ(1)Dn, (). Recall from the definition of X (t),

X172(¢) )
(1_|_t)1+19 — (1+t)1+19'

IV (B, B)|[ o1 <
For the zero-order term related to the electromagnetic field, it holds that
(0B &F — (B +Ex B)- Ve, ) = (Za0E €1, 1)
/ VLIPS + [T = PYAP) dode

SEN - 1@ b, )l | @b, ) + | Ell~ / / |- {1 - P}/ dude

0

< 511\1/12(t)DN1 (t)+ WDN17Z1,)\O(t)‘
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For the 9% derivative term related to (E, B) with 1 < |a| < Nj, one has

(O(E-£),0°f) = Y Co (O E-£0° f,0°)

a1 <a

S X 19m Bl gl Foy

|O¢1‘SN1/2,0¢1?£OL

Y 10l sw gl T oo

|a1|>N1/20r ar=a

1/2 1/2 1/2
Dyt o () + ENZOEN 115, (ODNE(8),

y+2

RIS

I a1

<
~ (14t

where the Sobolev inequality |||z~ < C||V.g||z: for any function g = g(z) € H?
has been used, and we also have used the choice of Ny = %NO and /1 = %EO with
Ny and /g properly large. And in a similar way, it holds that

(@€ x B)-Vefho°f)y = > C(Ex 0" B)-Vd* ™ f,0°f)
0<a<a
J 1/2 1/2 1/2
S mpm,el,ko( )+ EN, 2t )SN/O,ZO—I,)\O(t)DN/l (t).
The completely same estimate holds true for the 3§ derivative term related to
(E, B) with |a| + |5] < Ny and |81] > 1, through observing

{1~ PYza0E -€f — ao( B+ x B) - Vef)
= S00B €1~ P}f —ao(B+ € x B) - Vell - P}
+ 3a0F EPf —qo(E +£ x B)- VePf

1
~ P{;00F € — o(E+€ x B) - Vef}.
Therefore, (4.11)) follows by collecting these estimates. O

4.3. Lyapunov inequality for En, ¢, ,(t). In this section we turn to the weighted
energy estimates on En, 4,2, (t). Notice that due to the regularity-loss property of
the whole system, the weighted high-order energy functional En, ¢, 2, (t) can not
be bounded uniformly in time; it has been actually seen from the proof of Lemma
for the linearized analysis, cf. (3.10). Instead we may expect that En, e, x, (t)
increases in time. Another trouble arises from the weighted estimate on derivatives
of the highest order Ny for the linear term F - £u'/2. However, these difficulties
will be resolved by considering the time weighted estimate with the time rate of
negative power. In addition, although the velocity growth in the nonlinear term
containing the electromagnetic field could be dealt with through the time-dependent
exponential factor in the weight function, it is impossible when the electromagnetic
field gains the differentiation of higher orders since they again could not decay in
time. Thus, to overcome it, one has to refine the nonlinear estimates in order to
use the time-decay property of the lower-order energy functional En, ¢,—1,5, With
the higher-order algebraic velocity weight.
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Lemma 4.3. There is an energy functional En, ¢, x, () such that

d

dthl,fl,)\o (t) + K/DNLZL)\O (t) S gNl,fl,)\o (t)gNo,Zo*l,)\o (t)
+ Z <a(¥E : 5/,&1/2,’[1)2_@1))\08&‘]0>, (412)
lo|=N1

for0<t<T.

Proof. Starting from the first equation of (4.1)), the energy estimate on 0% f with 1 <

|a| < N; weighted by the time-velocity dependent function w_p, x, = W_¢, A, (¢, &)
gives

1d (63 (6% (6%
5 10 FI2eing + D2 (LI frwky, 5,0%F)
1<|al<N, 1<|al<N
00 o = S (08w, 00
(1 4 t)1+19 —£1,20 yW_py .00
1<|a| <Ny
+ Y (0°E-gptw?, \ 0°f). (4.13)
1<|a|<Ny

Similarly, from , one has the weighted energy estimate on {I — P}f
1d

5 dtH{I = PYfIP g5 + (L w2 AT = PYS)
I

+W||<€>{I—P}f||2_el,xo
= ({I = P}S,w?y 5\ {I = PYf) + (E - &u/? w2y, 5 {I = P}f)

HPE-Vof =& VoPfw?y, \ {I - P}f), (4.14)

and the weighted energy estimate on {/ — P}03 f with |a| + [8| < Ny and |B] > 1

Ny
1d N
Sa Z Cm Z 105{T = PYfIIs1 e 2
m=1 |Bl=m
|0“+|/3|§N1
(03 )\ (6%
o X (105 - PYT s + s l©05 - P
[81>1
|| +]B|<Ny
SO I =PHIB s+ O, (IV20¥(ax,b,0)* + [0°E|?)
|B]=0 o] <Nyp—1
|a]+|B]< N1
N
+3 " Cn YD (O5{I = PYS w5, 08{1 — P}f). (4.15)
m=1 |Bl=m

| +IBI<N:
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Then, the proper linear combination of (4.5)), (4.6)), (4.13), (4.14) and (4.15)) implies
that there is an energy functional En, ¢z, (t) satistying (L.6)) such that

d 2
agNl,el,)\O (t) + KDy ey, (t) S IJ(V1),€1,>\0 (t)

+ Y (OB ut ' w?y, ), 0°f). (4.16)

la|=Ny

where

Iz(v?,el,xo ) =(SfH+ Y (0°S,0°f)

1<|a| <Ny
+{I - P}S, wz_h,)\O{I—P}f) + Z (08, wimoaaﬁ
1<]al<N,
Ny
+D Cw Y (O5{T — PYS,wiy_y, 5, 05{1 — P}f). (4.17)
m=1 |Bl=m
[a]|+]B]< N1

‘We now claim that

2 1/2 1/2 1/2 1/2
T () SN s A DN tixe (8) + EN s N 101 2 (DN, 3 ()

1
W i ) Vo (B, B)l|rvo-1 Dy s 2 (1)- (4.18)

Notice that the first and third terms on the right are bounded up to a generic
constant by 0D, ¢,.x,(t) due to the definition of X (¢) and the assumption X (t) <

§2. This hence simplifies (4.18) as

2 1/2 1/2 1/2
I](V1)7Z17AO (t) 5 5N/1,f1,>\0 (t)EN/o,@o—l,Ao (t)DN/l,él,)\o (t) + 5DN1,€11>\0 (t) (419)

Therefore, since § > 0 is small enough, by applying the Cauchy-Schwarz inequality
to the first term on the right-hand side of (4.19) and then putting it into (4.16]),
(4.12)) follows. This completes the proof of Lemma O

Proof of . For brevity, we only present the estimate of the fourth term on
the right-hand side of since the estimate on other terms is simpler or follows
in the completely same way. Take o with 1 < |o| < N;. For the inner product
term related to 0°T'(f, f), by using in Lemma considering the cases of
|o/| < Ny/2 and |&/| > N1/2, applying the Sobolev inequality ||g]|r~ < C||V gl g
to the lower-order derivatives, and noticing the choice of N} = %No and /1 = %Eo
with Ny and ¢y properly large, it follows that

<5’ar(f7 f),wim(]aaﬁ
1/2 1/2 1/2 1 2 1 2
SAEN by e DN 0 3 () + N2y 10 DEN 0 g (YD 5, (1)

1/2 1/2 1/2 1/2 1 2
HEN A DN i O+ DY (DN A DYDY ().
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Next, for the term E - £f in S, one has
(0*(E - §f),w2_gl7,\08°‘ Z amE £~ fw? 78 /\oaaf>

a1 <a
SO 0Bl [[ et (07 g + 07 ) e
lo | <Ny /2 I xR
a1 #a
le" £2 a—a 12 let
Y 0 sup [l F w0 1€ F w0y 2,07
|a1|>N1/2 ¢
oroa;=
1
< 3 Q0 T, B o1 Do 20 (1)

1/2 1/2 1/2
+6N17£17A0 (t)ENolo—le (t)DN1;[17)\(J (t)
For the term (E + & x B) - V¢f in S, the difference point is that it contains the
velocity derivative of order one. One can dedue that

(0*(E+E&x B)- V&f]awzelmaaﬁ
—(E+ExB). vfwiel,xo, Sl P)

+ Y CL(OME+Ex0™MB)-V* ™ fw?, ,,0°f).  (4.20)
0<a; <«

Here, it is straightforward to see that the first term on the right is bounded in a
rough way by

OBl / [ o+ &)w%&,maﬂ? dode

149 w2 o r)|2
T [ R o des
1
S = L+ ) VLBl 51 Dy g 2o (1)
The second term on the right-hand side of (4.20)) can be estimated as follows. When
la1| < N1/2 and a1 # «, it is bounded by

Cl0° (B, B) | 1~ / / O (2, V0t [ 4w, 0% ) dade
R3 xR3
S V0" (B, Bl // 2(Jwi—ey 20 VeO ™ fI2 4 [w_p, 2, 0% f|?) dwd
R3><]R3

1
S )\7(1 + t)l_HgHVw(E’ B)HHNO_leheh/\o (t)7
where we have used —3 < v < —2, and when |a;1| > N1/2 or oy = @, it is bounded
by

y+2

Cllo** (E, B)| - sup 2wy 2,0 f |

(O F w2 Ve ™ f| L 1(€)
3

1/2 1/2 1/2
5 5N1,f1,>\0 (t)gNoyfofl,Ao (t)DN17‘€17)\0 (t)
Collecting all the above estimates, (4.18)) holds true for the fourth inner product
term on the right-hand side of (4.17). This proves (4.18]). O
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Now, we are ready to obtain the closed estimate on the first portion of the
time-weighted energy norm X (¢) in the following

Lemma 4.4. It holds that

1+eg t
sup {5N1(s)—|—(1+s)_ 5 ENI)@I,)\O(S)}—I—/ DNl(s)dsSJYOQ—i—XQ(t), (4.21)
0

0<s<t
for0<t<T.
Proof. In fact, the time integration of (4.4)) gives

t t
Ex, () + / Dy, (s)ds S Y2 +6 / (14 8)71 0Dy, gy 20 (5) ds
0 0

t
+ / gNl (5)€N07g0_17>\0(8) ds. (422)
0

Furthermore, from multiplying (4.4)) by (1 +¢)~“ and then taking the time inte-
gration, it follows that

(14 1)=&, (1) +/Ot(1 +8)~Dy, (5) ds+/0t(1 ) "1m0gy (s) ds

t
SYP + 5/ (1+8) 71777 0Dy, g, 2o (5) ds
0

t
—|—/ (14 5)78N, (8)ENy Lo—1,00 (8) ds. (4.23)
0
Combining (4.22)) and (4.23) gives

t t
Eny (t) —|—/ Dn, (s)ds —|—/ (1+ 5)717505]\;1(5) ds
0 0
t t
) / (1+5)7 17Dy, 020 (5)ds + / Exn (9)EN 1,00 (5) ds
0 0

t
SYE 4+ X304 [ (1497 Dy, (5) s, (424
0
where to obtain the second inequality, we have used

sup {En, (5) + (14 8) 2 Eng t—1,00(8)} < X (1)
0<s<t

From (#.12)), multiplying it by (14-¢)~(1*€)/2 and taking the time integration yields

1+eg

(1+1¢t)" 2

14-€
7 ,DN17€17>\0 (5) ds

t
5N17€17>\0(t)+/ (1+8)_
0

t 3+e t 1+e
+ / (L 5) 5%y pyno () ds < V2 + / (14 8) 5 Evyea (5)Eno o100 (5) s
0 0

t 1+eg
w3 [ et 000, (1)
0

la|=Ny
The second term on the right is bounded by X?(t) by noticing again from the
definition of X (¢)

14e
sup {(1+8)7 "2 Eny e ne(8) + (14 8) 2 Eng 001,00 (5)} < X (2).
0<s<t
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By the Cauchy-Schwarz inequality, the right-hand third term of (4.25)) is bounded
up to a generic constant by

t
/ (14571007 E|]? + [[(€) 4 0% f|? ds
0

la|=N1

¢ ¢
< / (1+s)"1 70N, (s) ds+/ Dn, (s) ds.
0 0

Then, in terms of the above estimates, taking the sum of (4.24)) and (4.25) and
using the fact that 6 > 0 is small enough, we arrive at

t
1+e
£y (1) + (17 Ex (0 + [ Do (5)ds
0
¢ _Ideo ¢ —1—
+/(1+s) 2 Dlegh,\O(s)der/(lJrs) &N, (s)ds
0 0

K _3te0 2 2
b [ ) e g (s S VG + X3 (426)
0
Therefore, (4.21)) follows, and then this completes the proof of Lemma O

4.4. Lyapunov inequality for En, ¢, 2, (t). In this section we devote ourselves to
obtaining the Lyapunov inequality for Eny, ¢.,0, (). It is simpler compared to deal
with the high-order energy functional En, s,.a,(t), because the derivatives of the
electromagnetic field of order up to Ny decays in time by the definition of X (¢).

Lemma 4.5. For any { with o—1 < { < {y, there is an energy functional Eny, ez, (t)
such that

d (0%

%“:No,f,)\o (t> + Dnot.x0 (t) < Z ||8 EH27 (4.27)
|a|=No

for0<t<T.

Proof. From the completely same procedure to obtain the energy inequality (4.16)

for En, 0, .0, (1), one can also verify that for £ with £y —1 < £ < £y, there is an energy
functional En, ¢, (t) satisfying (1.6) such that

d

2 Mo 20 (8) KD, () STG )+ > (0"E-&ut? w?, 0% ). (4.28)
|a|=No
where
W = (S )+ > (0°8,0°f)
1<]a|<No
+<{I - P}S, U/%é’)\o{l— P}f> —|— Z <804‘S'7 w2727)\06af>
1<]a|<No
No
2 Cm > (O8I = PYS wis 5,051 = PY). (4.29)
m=1 |l=m
|| +[BI<No

. o . 2 . .
Compared to the estimate on the similar functional IZ(Vl),El, x (1) given by (4.17) in
Lemma the estimate on IJ(\?)

0
ness of En, v, (t) uniformly in time and also the time-decay of derivatives of the

0.2, (t) above becomes easier due to the bounded-
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electromagnetic field up to order Ny. In fact, one can claim that

2 1/2
T3 () S EN o, (D Do (1)

1
+ )\—0(1 + )NV (E, B) || gvo-1Dageno (t). (4.30)

Noticing from the definition of X (t)

sup {£N01€01>\0(8) + (1 + 8)2(14_19)||VI(E7B)H§IN0*1} < X(t) < 52,
0<s<t

it further follows that I](\?O) 0., (t) is bounded up to a generic constant by 6D, ¢,x, (¢)-

By putting this estimate into (4.28) and applying the Cauchy-Schwarz inequality
to the right-hand second term of (4.28)) as

(6% (6% a2 (6% C (63
D AOUE -t w0 ) < Y (€))7 TP+ > lovEl,

la|=No |a|=No le|=No
for n > 0 small enough, it follows that

d C
—ENg, Ao (t) + DNy .20 (t) S0+ n)DNo,f,)\o (t) +— Z ||aaE||2’

dt
|a|=No

which thus implies (4.27)) since 6 > 0 and > 0 can be small enough. This completes
the proof of Lemma [4.5) O

Proof of (4.30). It is similar to the proof of for II(\?l),él,Ao (t). For those inner
product terms from I'(f, f) in , one can directly apply Lemma to verify
that they are bounded by 0511\7/02,&)\0 (t)D Ny 0,0 (t). For those terms related to (E, B)
in , from the completely same process as for dealing in the proof of
with the case when (E, B) gains the differentiation of lower-order, it follows that
they are bounded by C’)%D(l + )|V (E, B)|| gro-1Dng 2.0, (t). Therefore, ([4.30)
is proved. ([l

4.5. Decay of electromagnetic fields and macro components. In this step,
we will use directly the Duhamel’s principle to obtain the time-decay of the electro-
magnetic field (F, B) and the macro components (a, b, c) up to the low-order Ny in
terms of the time-decay of the weighted high-order energy function En, 3 ¢, -1, (t)
which follows from the boundedness of X (¢).

Lemma 4.6. It holds that
sup {(149)3 (| Vo (E, B)l[}ny 1 +(145)3]|(a,b,c, E, B)||I*} S Y7+ X2(t), (4.31)

0<s<t
for0<t<T.
Proof. Recall the mild form
t
Ut) = AU + / Alt — 5)[S(s),0,0] ds, (4.32)
0

which denotes the solutions to the Cauchy problem on the Vlasov-Maxwell-Landau
system (4.1) with initial data Uy = (fo, Eo, Bo), where the nonlinear term S is
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given by (4.2). The linearized analysis for the homogeneous system in Theorem (3.1
implies

IV P, s {AUo} gvo—t S (L+8)2([w™ foll 2, + || (o, Bo) 1)
5 ig 9 9
+(148)F (lw’" " VE0° fo| + IV 2 0* (Eo, Bo)),
1<|a|<Ng

where Pg p means the projection along the electro and magnetic components in
the solution (f, E, B), w = w(€) is defined by (3:3), and constants ¢4, ¢4 are
chosen to satisfy

5 ; 5
oo > 5+ No, hiah n

and also /§v, Egigh are sufficiently close to 3/2 + Ny and 5/4, respectively. By
interpolation of derivatives,
5 low
IV P, s {A6U} gxvo-—1 S (L+ )7 ([0 follz, + [|(Eo, Bo) 1)

5 high
+(+07 Y (w0 foll + 10%(Eo, Bo)l)-
3<|a|<Nop+3

Applying this time-decay property to the mild form (4.32) gives
t
IVa(E, B)||gno-1 < (1+t)—%Y0+/ (14t —8) " S(s)|| 2 ds
0

t ioh
+/ A+t—s)"F Y w5 0°S(s)| ds, (4.33)
0

3<|a|<No+3
where we have used w(§) = w_1(§) and the definition (1.9)) for Yy. As in [1], it is

straightforward to obtain

low high
Sz + Y SO S Em-sei-1.0(0)-
3<|a|<No+3

[N

Here, we have used the choice of Ny, #; by N; = %N{), /L = %80 with Ny and £
properly large. Recall X (¢) norm, and hence

5N1*37£1*1,)\0(5) < (1+8)_%X(t)7 0<s<t.
Plugging these estimates into (4.33)), the further computations yield
sup {(1+ )2 Vo(E, B)l[2me-1} S Y5 + X2(1). (4.34)

0<s<t

Moreover, to obtain the time-decay of ||(a,b, ¢, E, B)||, we use the linearized time-
decay property

IPHAOUoH + | Pos{AOUH S (14 )3 ([w™™ follz, + [[(Eo, Bo)ll11)
+ (L8 (|’ "V fol| + [V (Eo, Bo)l),

where Py means the projection along the f-component in the solution (f, E, B),
and constants £1°%, 029" are chosen to satisfy £ > 3/2, (79" > 3/4 and also £/,
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249" are sufficiently close to 3/2 and 3/4, respectively. Therefore, in the completely

same way for estimating |V, (F, B)||g~o-1 in (4.34)), one has
y g ) H )

sup {(1+9)2(a,b, ¢, B, B)|*} S Y& + X2(t). (4.35)

0<s<t

Thus, combining (4.34) and (4.35) gives the desired estimate (4.31). This then
completes the proof of Lemma [4.6 (]

4.6. Bound of £y, 4,2, (t) and decay of En, ¢,—1,1,(t). Basing on those estimates
in the previous two sections, we can use the time-weighted estimate together with
an iterative trick to obtain in the following lemma the boudedness of En, ¢y,2, (1)
and also the time-decay of En,.e,—1,1,(¢). Notice that loss of one in the velocity
weight index of Eny.e,—1,1,(t) results essentially from the long-range degenerate
property of soft potentials for the Landau operator.

Lemma 4.7. It holds that

D {EN () + (14 5) vt (9)} S VG + X3, (4.36)
<s<t

for0<t<T.

Proof. Recall the Lyapunov inequality (4.27)) for En, e5, () with €y —1 < £ < 4.
First of all, from the time integration of (4.27) with ¢ = £,

t t
Eotoro®+ [ Drson@)dssYE+ Y [oElPas.  (aan

0 la|=No 0
Due to Lemmal4.6] the second term on the right is bounded up to a generic constant
by Y& 4+ X?(t), and s0 is Eng.ee.00(8) for 0 < s < t. The rest is to estimate the
time-weighted part on the left-hand side of (4.36)). For that, let € > 0 be fixed small

enough. From multiplying ([4.27) with £ = ¢, — 1/2 by (14 ¢)2*¢ and then taking
the time integration,

t
1. 1.
(141)2" ENorto—1 20 (1) +/ (L4s)z" Dyytg—1.a0(8)ds S Yy
0

t t
+/(1+s)*%+€5NO,ZO,%,AO(s)ds+ > /(1+s)%+6||aaE||2ds, (4.38)
0 0

|a|=No
and in a similar way, starting from (4.27) with £ = ¢y, — 1,
3 t 3
(1 + t)§+68N07€0—1,)\0 (t) + / (1 + 5)§+£DN0,50—17>\0 (5) ds 5 YE)2
0

t t
+/(1+s)%+65N07g0_1,A0(s)ds+ > /(1+s)%+6||aaE||2ds. (4.39)
0 0

|a|=No
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Using the relation between the energy functional En ¢ (t) and its dissipation rate
Dy e,2(t), the proper linear combination of (4.37), (4.38) and (4.39) yields

t
(1 + t)%JrEgNo,fo—l,)\o(t) + / IDN07£07>\0 (5) + (1 + 5)%+6DN0750—1,>\0 (5) ds
0
t
< V2 +/ (1+5)2%¢|(a,b, ¢, B)||* ds
0

+ > /(1+s)%+f||aa(E,B)||2ds. (4.40)

|a]=No 70

Again from Lemma one has

t t
/(1+s)%+e|\(a,b,c,3)||2ds+ > /(1+s)%+f||aa(E,B)||2ds
0 0

lal=No
t
S [(@eo i eds Vg X0) S (14 O + X2,
0
Using this, it follows from (4.40) that

sup {(1+ 8)2Enp e0—1,00(5)} S YE + X2(2).
0<s<t

Therefore (4.36) holds true. This completes the proof of Lemma O

4.7. Bound of En, 14,3, (t). In this section we obtain the uniform-in-time bound-
edness of the energy functional En,_1.¢, 1,(t). Notice that this is consistent with
in the linearized analysis. The main observation in the nonlinear analysis is
that those remaining terms in the energy inequalities are time-space integrable.

Lemma 4.8. It holds that

¢
OS<1112 ENL—1,01,70(8) +/ Dy—1,00.00(8) ds S Y5 + X2(t), (4.41)
<s<t 0

for0<t<T.
Proof. Similarly for obtaining (4.16)), one has

d 2
TN =10 (1) RDN, e 0 (1) SIR) g, 5, (8)

+ ) (OBt w?, \ 0f), (4.42)

|a|=N1—1

where IJ(\?B—L&,AO (t) is defined by (4.17)) with Ny replaced by Ny —1. The first term
on the right can be bounded by

2 1/2
IJ(Vl)fl,Kl,)\o (t) S 5N/171,el,>\0 (t)Der,él,)\o (t)

1
0t ) Vo (B, B)l o1 Dy —1,00,0 (1)

1/2 1/2 1/2
N N f e DNy 2y (). (4.43)
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Further using

sup {EN—1(8) + ENv—1,61. 20 (8) + (1 + )T | V(B B)||%n0-1
<s<t

+ (1 + S)%“;’No,fo*l)\o(s)} < X(t) < 62?
it follows that
9 _3 1/2
I3 1 a8 S DN, 1 (8) + (L+ )7 IX(ODY L, 4, (8). (4.44)

From the Cauchy-Schwarz inequality, the right-hand second term of (4.42)) is esti-
mated by

Y. OE-u Pl 00N S Y (nll(f)wTuaafHQﬂL%Hao‘EHzll)

|(X‘:N1—l ‘(Jtl:Nl—l
1
5 77DN171,€1,/\0 (t> + ;DNI (t)v (445)

for any 7 > 0. Then, by applying again the Cauchy-Schwarz inequality with n to
the right-hand second term of (4.44)), plugging the resultant estimate together with
(4.45) into (4.42)), and choosing 1 > 0 small enough, one has

d

ZENL0 20 (1) + KDN 1 (1) S D, (0 + (L+6)7EX3(0). (4.46)

Recall that from (4.26)),
t
/ Dy, (s)ds S Yy + X2(1).
0

Therefore, (4.41)) follows by the time integration of (4.46)). This completes the proof
of Lemma (4.8 (Il

4.8. Decay of En,_3.0,-1,(t) and En,_2(t). To obtain the closed estimate on
the energy norm X (¢), it remains to obtain the time-decay of the high-order energy
functional En,—3.0,-1,,(t) and En,—2(t) through the time-weighted estimate as
well as the iterative trick as for dealing with En, gy—1.1,(¢) in Lemma Notice
that loss of three and loss of one in the smoothness and velocity weight indices in
ENy—3.01—1,5, (t) respectively result from the regularity-loss of the electromagnetic
field and the degeneration of collisional kernels for soft potentials.

Lemma 4.9. It holds that
sup {(1+8)2[Eny—,6-1.00 (8) + Eny—2(8)]} S Y& + X2(1), (4.47)

0<s<t

for0<t<T.
Proof. First recall from Lemma [£.4] and Lemma

t
5N1 (t) + €N1*17517>\0 (t) + / DNI (S) + DNl*LZL)\o (8) ds S Y02 + Xz(t)‘ (448)
0

To obtain the time-decay of En,—3.0, -1, (t) and En, —2(t), we will make the time-
weighted estimate. For brevity of presentation we write

T = S (0B -V w?,, 07 1),

la|=N
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From the proof of Lemma [4.2] and Lemma cf. (#.10) and (4.16)), one has the
Lyapunov inequalities

d < 7
&E'Nl*l(t) + HDlel(t) ~ Ilel(t)v

d
ﬁgmfz,@l—%,,\o (t) + KDy, 2.0, -1 2, (1) (4.49)

(2) (2)

Those terms on the right can be estimated as follows. Similar to (4.11)), it holds
that

1/2 o

——Dn, - t
(1+t)1+19 Ny 1751)\0()

1/2 1/2 1/2
+ EN/171(t)5N/0,1{0—1,/\0 (t)IDN/lfl(t)'

Here, noticing that 511\,/1 ? [(t) < X/2(t) < § is small enough for the first term on the

right and applying the Cauchy-Schwarz inequality to the third term on the right,
it then follows from the first equation of (4.49) that

d
%51\11—1(75) + kD, —1(t)

é
S WDM—L&,AO (t) + Eny—1(H)ENg 0 —1,00 (). (4.50)

Moreover, similar to (4.43]), it holds that

(2) 1/2
N172,£17%,)\0 (t) 5 gNl ,2’41,%’)\0 (t)DN1—2,Zl —%,)\0 (t)

1
+ )\*0(1 + t)l—H?”V:E(EaB)HHNO—1DN1—2,£1—%,>\O (t)

1/2 1/2 1/2
+ gNl —Q(t)gNO,ZD—l,/\O (t)DN1,2’517%7A0 (t)7
which by using X (t) < 62 for the first two terms on the right and the Cauchy-
Schwarz inequality for the last term, further implies

1
2
I3 i3 S G0, 2,35, (0 + EM—2 (N1 (D) (451)

for n > 0. Again from the Cauchy-Schwarz inequality with n > 0,
2 2 1 aa
T anoin S X GIQFOSE+ 0B, @52
|a|=N;—2

Then, by plugging (4.51) and (4.52) into the second equation of (4.49)), taking the

sum of the resultant inequality multiplied by a proper small constant x3 > 0 and
another inequality (4.50)), and using smallness of 6 > 0 and n > 0, one has

d
%{E"Nl—l(t) + £3EN, —2,0, -1 20 (O} + £{Dny—1(t) + £3Dp, 9,1 2, (8)}

6
N mpm—umo (t) + En =1 (H)ENg o —1,00 (). (4.53)
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Further from multiplying it by (1+¢)2+¢ with € > 0 fixed small enough and taking
the time integration, it follows

(L4 )7 {EN, —1(t) + Eny 20,12 (D)}
+ / (Wt ) Dy () + Dy a1 (8)}ds
SYEH+ /Ot 51+ 8)_%_ﬂ+EDN1—1,€1,>\0(3) ds
+ /;(1 + 5) 3TN, _1(8)ENg to—1.00 (5) ds

t
+/ (1 5) 3 LEn, 1(5) + Exy 3 g ()} ds. (4.54)
0

Here, since € > 0 is small enough, the second term on the right is bounded by
YZ + X2(t) directly by (4.48)), the third term on the right is bounded by

82 sup {(1+s)2+En,_1(s)},
0<s<t

due to the fact that

sup {(1+8)2En.e0—1.00(8)} < X (1) < 8%,
0<s<t

and the fourth term on the right is bounded by YZ + X?(¢) by noticing
ENv=1(8) + Eny 0,1 00 (1) S D, () + Divy—1,00 0 () + [[(a, b, ¢, B)|?,

and further using (4.48)) as well as Lemma[£.6] Hence, we arrive from (4.54) at

sup {(1+ )2 T“[En, 1(5) + Eny 200120 ()]}
0<s<t

t
+ / (1+45)7"{Dn, 1(5) + Dy, 120 (5)} ds S Y3 + X2(1). (4.55)
0
In a similar way to obtain (4.53)), starting with the Lyapunov inequalities

d
ZEN—a(t) + KD, (1) S Iy (1),

d
—ENy—3,0,-1.00(t) + KDNy —3.0,—1,0, (1)

dt
2 2
S IJ(V1)73,£171,)\0(t) + «71571)73,&71,,\0 (t),

one can prove

d
%{51\/1—2(15) + KaEN,—3,0,—1.20 ()} + K{Dn, —2(t) + KaDN, 2.0, 1.0, (1) }

1)
S mpm—ul—%m (1) + En—2()ENg 001,00 (1),
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for a properly chosen constant r4 > 0. Further multiplying it by (1 + ¢)27¢ and
taking the time integration gives

(1+8) 3 Eny—2(t) + Eny—s,0-1,00 ()}

¢
+ / (1+ )3 (D, _o(s) + DNy —3,60-1,00(8) } ds
0
t
< YO2 + / 5(1+ S)§+€719DN172,217%,A0(3) ds
0
¢
+/ (14 8)3+En, —2(8)ENo 091,00 () ds
0

t
* / (1 + 5)§+6{€N1—2(8) + €N1—3751—1,>\0 (8)} ds. (456>
0

Here, notice again that € > 0 is a fixed constant small enough. Then, the second
term on the right is bounded by Y + X?(¢) by (4.55), the third term on the right
is bounded by X?2(t) due to

sup {(1+ 8)2[En, —2(5) + ENguto—1.00 (8)]} < X (1),

and as before, the fourth term on the right is bounded by
C(L+t)°[Yg + X?(t)]
by noticing
Eny—2(t) + ENy—3.6,-1,00 () S DNy —1(8) + Divy 20,15, (1) + (@, b, ¢, B)||?,

and further using (4.55) as well as Lemma Therefore, the desired inequality
(4.47)) follows by putting these estimates into (4.56[). This then completes the proof
of Lemma [£.9 [

4.9. Global existence. We are now in a position to complete the

Proof of Theorem[I.1. Recall X-norm. From Lemma Lemma [£.6] Lemma [£.7]
Lemma [4.8] and Lemma it follows that

X)) SYF+X3(1).
Since Y is sufficiently small, ((1.10)) holds true. The global existence follows. O
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