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ABSTRACT. Although there recently have been extensive studies on the pertur-
bation theory of the angular non-cutoff Boltzmann equation (cf. [4] and [17]),
it remains mathematically unknown when there is a self-consistent Lorentz
force coupled with the Maxwell equations in the nonrelativistic approxima-
tion. In the paper, for perturbative initial data with suitable regularity and
integrability, we establish the large time stability of solutions to the Cauchy
problem on the Vlasov-Maxwell-Boltzmann system with physical angular non-
cutoff intermolecular collisions including the inverse power law potentials, and
also obtain as a byproduct the convergence rates of solutions. The proof is
based on a refined time-velocity weighted energy method with two key tech-
nical parts: one is to introduce the exponentially weighted estimates into the
non-cutoff Boltzmann operator and the other to design a delicate temporal en-
ergy X (t)-norm to obtain its uniform bound. The result also extends the case
of the hard sphere model considered by Guo (Invent. Math. 153(3): 593-630
(2003)) to the general collision potentials.
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1. INTRODUCTION

1.1. The Cauchy problem. The motion of ionized nonrelativistic plasmas con-
sisting of two species particles (e.g., electrons and ions) with collisional effects is
governed by the Boltzmann equations

6tF+ —+ f . vaJ’_ + (E +§ X B) . V§F+ = Q(F+7F+) + Q(F+,F_),

(1.1)
O F_+E&- Vo, F_ —(E+{XB)-VeF_ =Q(F_,Fy )+ Q(F_,F_).
The self-consistent electromagnetic field satisfies the Maxwell equations
OFE -V, xB= —/ E(Fy — F_) dg,
R3
OB+V,x E=0, (1.2)[m]

VI.E:/ (Fy —F_)d¢, V,-B=0.
Rf}

Here Fy = Fy(t,z,£) > 0 stands for the number densities of ions (+) and electrons
(—) which have position x = (z1, 22, 23) € R? and velocity ¢ = (£1,£2,&3) € R3 at
time t > 0, and E(t, z), B(t, z) denote the electro and magnetic fields, respectively.
The initial data of the coupled system above is given by

Fi(07x7§) = FO,:‘:(I7£)’ E(()?:E) = Eo(x), B(va) = BO(I) (13>

satisfying the compatibility conditions
Ve Eo= [ (FouFoo)de Vo Bo=0,
R3
The Boltzmann collision operator Q(-,-) in (1.1) takes the form of

QPG = [ alé—.0) FIEIG(E) ~ FOGIE.)] deude
3>< 2

where in terms of velocity pair (£, &) before collisions and velocity pair (¢/,&.) after

collisions is defined by

p_§+&G €& p_ & [§—¢&

§ = 5 + 5O &= 5 5 O

The Boltzmann collision kernel ¢(§ —&., o) > 0 depends only on the relative velocity
|¢ — &«| and on the deviation angle 6 given by cosf = (o, (§ — &)/|§ — &|). As in
[4, 17], without loss of generality, one can suppose that q(§ — &, o) is supported on
cos @ > 0. Throughout the paper, the Boltzmann collision kernel is further assumed

to satisfy the following assumption: ¢(§ — &, o) takes the product form
4(§ = & 0) = Cyl§ — &M (cos 0)
for a constant C,; > 0, where in the kinetic part |{ — £.|7, the exponent vy > —3 is

determined by the intermolecular interactive mechanism, and in the angular part,
there are Cp, > 0, 0 < s < 1 such that

< sinfb(cosh) < C

Cb61+25 — 91+25

holds for all  in (0, 5]. Here, it is convenient to call soft potentials when —3 <
v < —2s, and hard potentials when v + 2s > 0. The current work is restricted to
the case of

—3<y<—2s, 1/2<s<]1. (1.4) [ass.main]
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Notice that all the physical parameters, such as the particle masses, the light
speed, and all other involving constants, have been chosen to be unit for simplicity
of presentation and also without loss of generality. In addition, for the physical
background of the system mentioned above, interested readers may refer to the
textbook [23, Chapter 6.

Our goal of the paper is to study the large time asymptotic stability for the
classical solutions to the Cauchy problem (1.1), (1.2), (1.3) of the Vlasov-Maxwell-
Boltzmann system under the main assumption (1.4), provided that initial data is
sufficiently close to equilibrium states with Fy being the same global Maxwellian
and (E, B) vanishing. See also a recent mathematical work [21].

Remark 1.1. Recall that when the intermolecular interactive potential takes the
inverse power law in the form of U(|x|) = |z|~“~Y with 2 < £ < oo, the Boltzmann
collision kernel q(§ — &x,0) in three space dimensions satisfies the aforementioned
assumptions with v = g:‘;’ and s = ﬁ, and our restriction of the paper corresponds
to the condition 2 < £ < 3 in terms of the parameter £. Note v — —3 and s — 1
as L — 2 in the limiting case, for which the grazing collisions between particles
are dominated and the Boltzmann collision term has to be replaced by the classical
Landau collision term for the Coulomb potential, cf. [5, 24, 36]; refer also to the

recent works [12, 20, 34, 37] for discussions on the corresponding models.

In what follows, we mention some works related to this paper. In the perturba-
tive context, there have been extensive investigations on the Boltzmann and related
equations, see the first result by Ukai [35] and also [2, 3, 4, 6, 17, 19, 26, 27, 28, 32]
and reference therein. For the Vlasov-Maxwell-Boltzmann system, the global ex-
istence of solutions to the periodic initial boundary value problem near the global
Maxwellian equilibrium states was firstly investigated by Guo [21] for the hard
sphere model. Then, the rate of convergence to Maxwellians with any polynomial
speed in large time was shown by Guo-Strain [31, 33] for the Vlasov-Maxwell-
Boltzmann system on the periodic box in both the classical and relativistic situ-
ations. For the Cauchy problem in the whole space, the global in time classical
solutions were constructed by Strain [29]. And recently, the large-time behavior
of classical solutions to the Vlasov-Maxwell-Boltzmann system in the whole space
was studied by Duan-Strain [14]. We would point out that all the works concerning
the Vlasov-Maxwell-Boltzmann system mentioned above are focused on the cutoff
collision kernels and the hard sphere model.

For the Vlasov-Maxwell-Boltzmann system without angular cutoff, it still re-
mains a major open problem to construct global classical solutions near equilibrium.
Very recently, Guo [20] made further progress in proving the global existence of clas-
sical solutions to the Vlasov-Poisson-Landau system in a periodic box for the most
important Coulomb potential. One of the key points in the proof there is to design
a new velocity weight depending on the order of space and velocity derivatives so
as to capture the anisotropic dissipation property of the linearized Landau opera-
tor. Due to the recent study of the non cutoff Boltzmann equation independently
by AMUXY [2, 3, 4] and Gressman-Strain [17, 18], it is now well known that the
linearized Boltzmann operator without angular cutoff has the similar anisotropic
dissipation phenomenon compared to the Landau, see [9, 19]. Therefore, as pointed
in [20], it is also interesting to see whether or not the approach in [20] can be ap-
plied to the non cutoff Vlasov-Maxwell-Boltzmann system for the non hard-sphere
model; see also [9, 34] and [25] for three recent applications.
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On the other hand, basing on the time weighted energy method, another ap-
proach was developed recently in [10, 11, 12] and [8] to deal with the Vlasov-
Poisson-Boltzmann, Vlasov-Poisson-Landau and Vlasov-Maxwell-Landau systems
for general collision potentials. The main difference with [20] is to introduce another
kind of time-velocity dependent weight function which can induce the extra dissi-
pation mechanism to compensate the weaker dissipation of the linearized collision
operator in the case of non hard-sphere models, particularly physically interesting
soft potentials.

1.2. Reformulation, weight and norm. We now turn to the presentation of
our main result. For that, write the normalized global Maxwellian, without loss of
generality, as

n= u(f) = (271')_3/26_‘&‘2/2,
and set the perturbation in the standard way

F:t(t7 xz, g) = p+ :ul/2fi(ta €z, f)
Use [, -] to denote the column vector in R%. Set F = [F}, F_] and f = [fy, f-].
Then the Cauchy problem (1.1), (1.2), (1.3) can be reformulated as

Of+&-Vof +@(E+Ex B)-Vef —E-&u'?q + Lf
= DE-€u+ (£ 1),

IHE -V, xB:—/ E2(f4 — 1) de, (1.5) [
R3
OB +V, x E =0,

Vo E= [ pVAfe - f)d Vo B=0
R3
with initial data
f£(0,2,8) = fox(2,§), E(0,2) = Eo(z), B(0,2)= Bo(x) (1.6) [vo]
satisfying the compatibility condition
V- Eo =/3M1/2(f0,+—f0,7>df, V- By =0. (1.7) [vm1]
R

Here, qo = diag(1,—1), ¢1 = [1,—1], and the linearized collision term Lf and the
nonlinear collision term I'(f, f) are respectively defined by

Lf= [L+faL7f]a F(fvg) = [FJr(fvg)vF*(fvg)]a

with
Laf = —2072Q (u2 o) — 72Q (w2 + f5})
Ti(f.g) =p'/?Q (M1/2fiaﬂl/29i) +u712Q (N1/2fia ul/zgq:) :
As in [21], the null space of the linearized operator L is given by
N = span { [1,0[/2, [0, 172, g, €Ju? (1< <3), (1€, et}

Let P be the orthogonal projection from Lg X Lg to N. Given f(t,z,£), one can
write P as Pf = [P, f,P_f] with

P.f={ar(t,x)+b(t,z) &+t ) (¢ —3)} u'/?,
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where the coefficient functions are determined by f in the way that

ar = < 1/27fj:> = <M1/27Pif>7
(&M o+ =) = (/2. Paf),
(67 =33, g4+ 1) = < (el = 32, P ).

1
bi=3
1
12

In what follows, we introduce the weight functions and norms used throughout
the paper. First of all, define

(1.8)[vgt]|

»Mr—*

. A
wr = wra(t,§) = ()77 exp {(14‘75)19<£>} 0<?¥<
where constants 7 € R and A > 0 are two parameters which may vary in different
places and (&) = (1 + |£[?)'/2. Note that the dependence of w, x on parameters

and ¥ has been neglected without any confusion. For simplicity, we write w; = w
when A = 0. For any function f(¢,x,¢&), define

£@Es = [ st OlPde 2= [ 1@ de

As in [2], introduce

1= [ e Somnls - fPdsudedo

2 ) (1.9) [det.08]
[ ale— g0 (Vi - Vi) déudsdo
RS xS?
and define
D = lwrflbs [flBrn= | |flbrxde
R3
For simplicity, we also use the notation
2
FOR = [ FO and 17N = [ £z,
where £ € R. And the weighted fractional Sobolev norm |f () %{5 = ‘ £ } e 18
given by
2
2 2 , [ f(&) =€) f(&)]
.= d d - —¢r|<15
|fHZ |f|L§+/}RS f/R?* € |£7£,|5+2S X|e—¢1<1
which turns out to be equivalent with
. 2
;= [ ac]a-20f wr@s)]
Moreover || f|g; is given by ||f||§{£ = Jps |f|fqzdaz We also use || - ||g~ to denote

the standard Sobolev norm in R? with respect to the variables z.
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1.3. Main result. Let I = [I,,I_] with I, f = fi. To study the global existence
by means of the energy method, inspired by [8], the temporal energy functionals
and the corresponding dissipation rate functionals are defined by

Ever®) ~ D 10%(aw,b0l + > [J05{T= PO, 450

lal<N lal+[BI<N
+|(E, B) |3, (1.10) [det o]

Ent)~ Y 10O + I(E, B) || w (1.11)[det . 0]
la|<N

and

Dy a(t) = Z ||8§{I - P}f(t)H?)AaIHB\—M
lal+[BISN

2
+ Z Hvzaa(aﬂ:vbﬂ C)”
la|<N-1
Hlay —a | + | E3 -1 + I Ve Bl Fv—

A 1/2 Ha 2
+m Z H<§> o5{1 P}f(t)H|a|+\6\fe,,\’ (1.12)[qef .dr]|
lal+[B|I<N
Dy(t)= > 0{I-PHB)lp+ Y. [Vad“(ax,b )|’
la|<N la|<N—1
Flay —a|? + | EllFx + VB Fn -, (1.13)[def . aro]

where the integer N > 0 and ¢ > 0 are parameters which may differ in different
places and also satisfy £ — N > 0. Note that €y(t) and Dy (t) contain no velocity
differentiation and no extra velocity weight, and also that the last term of Dy ¢ A (t)
on the right-hand side of (1.12) disappears when A = 0.

Let constants Ny > 14, 1 > 14+ Ny, \g > 0,0 <9 < % and €y > 0 be given; the
exact choice of Ny, £1 A\g, ¥ and €y can be seen in the later proof. In terms of those
given constants, the temporal energy norm X (¢) is defined by

X(t) = sup {En,(s) + (14 )En,2(s)

0<s<t

3
2

14e
=+ sup {(1 + S)_TOSNI;ZI;AU (S) + glel,fl)\o(S)
0<s<t

+(1 + 8)%5N1—3,€1—7+25,>\0 (S)}

~

+ sup {(1+ )2V, (B, B)(s) s } - (1.14) et %]

0<s<t

The main result of the paper is stated as follows.

(thn.gl) Theorem 1.1. Assume max{—?),—% —25} <y < —2s, % <s<1landd = f

Take N1 > 14, 61 > 1 + Ny, fo > %1-25); Ao > 0 and take also ¢g > 0 small
enough. Let fo = [fo+, fo,-] satisfy Fi(0,2,€) = u(€) + p*/?(€) fox(2,€) > 0. If

}/0 = Z ||8g‘f0|||a\+\ﬂ|7£1,)\0 + ||(E07BO)||HNIOL1 + ||w—£2f0||Z1 (115)

l|+|BI< N1
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is sufficiently small, then there exist properly defined energy functionals En g (t)
and € N (t) in the definition (1.14) of X (t)-norm such that the Cauchy problem (1.5),
(1.6), (1.7) of the Viasov-Mazwell-Boltzmann system admits a unique global solution

(f(t,2,€), B(t,x), B(t,x)) satisfying Fy.(t,2,6) = p(&) + p/>(€) fr(t,2,€) > 0 and
X(t) S Y5 (1.16) [thm.g1.1]

for all time t > 0.
Now we give several remarks concerning this theorem.

Remark 1.2. Similar results hold in the case of hard potentials, i.e. v+ 2s > 0,
for which the proof could be much simpler. In addition, in the case of soft potentials
-3 < v < —2s under consideration, the additional restriction v > % — 2s is due
to the technique of proofs used in the paper, see also Remark 2.3. But it is still
possible to get rid of it by using the different approach as in [9].

Remark 1.3. The choice of parameters s > 1/2, I1 > N1+ 1 and ¥ = 1/4 is
critical in our proof of Theorem 1.1. We believe, however, that the reqularity index
Ny > 14 imposed in Theorem 1.1 is not optimal. Since our main concern in this
paper is to show the global solvability of the Viasov-Mazwell-Boltzmann system near
Mazellians through the perturbation method, the problem on determining the critical
value of Ny is beyond the scope of this manuscript.

Remark 1.4. Note that when s — 1, the basis (€)Y in the algebraic part of the
velocity weight (1.8) introduced in this paper does not coincide with that of [20]
and [8], where the basis (£)712% was essentially used. The choice of (€)Y is due to
the fractional diffusive property of the Boltzmann operator. It is known that the
linearized Landau operator has the anisotropic dissipation property which includes
the integer £—derivatives, so that one can distribute different weight according to
different derivatives. However, in the case of the non-cutoff Boltzmann operator,
the fractional derivative can not be split in a direct way. Instead, our trick is to
apply the Fourier transform to overcome this difficulty, and as a compensation, the
basis function (€)7 naturally comes out, see (3.20) and also cf. [9].

The proof of Theorem 1.1 is based on a refined energy method with the velocity
weight wy (£, &) containing the time-velocity-dependent exponential factor. The
main difficulty in the proof is to control two types of nonlinearities: one is induced
by the coupling term (E + £ X B) - V¢F due to interactions between the self-
consistent Lorentz force and gas particles in the nonrelativistic framework, and the
other by the nonlinear Boltzmann collision operator for non-cutoff soft potentials.
To overcome such difficulty, compared with the previous works [10, 11, 12] and [§],
one of our main contributions of the paper is to introduce the exponential weight
estimate into the angular non-cutoff Boltzmann operator, which as far as we know
does not appear in any existing literature, and the other one is that it is much
harder to apply the strategy of [8] through designing the X (¢)-norm to obtain its
closed global-in-time bound.

Let’s expose the technical parts of the proof in more details. Unlike the case
of the cutoff hard sphere model studied in [31, 33, 29, 14], the dissipation of the
linearized Boltzmann collision operator for the physically interesting soft potentials
is weaker in the sense that it is degenerate in the large-velocity domain. However,
the introduction of the time-velocity-dependent weight w5 (¢, £) to the energy norm
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Enea(t) can generate the extra dissipation corresponding to the last term in the
energy dissipation rate functional Dy ¢ (¢) defined by (1.12), so that the weaker
dissipation of the linearized collision operator is possibly compensated. For that, it
is necessary to deduce the exponentially weighted estimates on the first equation of
system (1.5). Therefore, the velocity-growth effect arising from the coupling term
(E+¢& x B)-VeF can be controlled through the extra dissipation balanced by the
time-decay of the electromagnetic field.

Moreover, since system (1.5) contains the linearized collision operator L and
the nonlinear collision operator I" for non-cutoff soft potentials, we are also forced
to make the exponentially weighted estimates on L and I'. Then, new difficulties
could occur due to the velocity differentiation of the exponential weight. In fact,
the algebraic velocity weight enjoys a good property that its derivative decays in
large velocity strictly faster than itself, which was essentially used in the weighted
estimates for the study of the pure angular non-cutoff Boltzmann equation as in
[4] and [17]. This property, however, fails for the exponential weight. On the other
hand, notice that when comparing values of the weight w; ¢(¢,€) at two different
points £ and &, one has to use the Taylor expansion like

weA(E) —wea(§) = (& — &) - Vewra(€)
b (€~ ® (€ —6): Viwua(, &)+

Then, it could be a problem to control the above derivatives of w; ¢(t,£) because of
the slower velocity-decay of the exponential factor compared to the usual algebraic
factor. Fortunantely, depending on the order of velocity differentiation, those slower
velocity-decay terms simultaneously contain the time-decay factor (14¢)~Y. There-
fore, it could be still possible to control the high-order expansion terms by using the
extra dissipation in the energy dissipation rate functional Dy ¢ x(t). Specifically,
although some terms such as |we,x, 95 f|L2 and |we,, 05 Rz on the right-
v/2+1 ~/24+1
hand side of (2.15) in Lemma 2.4 can not be directly controlled by the dissipation
of L, i.e. the first five terms in Dy ¢ »(t), they can indeed be well controlled by the
extra dissipation induced by the time-velocity-dependent exponential factor in the
weight wy »(,£) due to the main assumption (1.4).

Another trouble comes from the way to close the weighted energy estimates
which is due to the regularity-loss property of the Vlasov-Maxwell-Boltzmann sys-
tem. In fact, the weighted high-order energy functional En, ¢, 1, () can not be
bounded uniformly in time which can actually be seen from the proof of Lemma
3.5 for the linearized analysis, cf. [8]. On the other hand, for the weighted estimate
on derivatives of the highest order Nj for the linear term F - £4'/2, we can not
hope again to deduce the time-decay of the derivatives of the electromagnetic field
of the highest order. Moreover, although the velocity-growth in the nonlinear term
containing the electromagnetic field could be treated through the time-dependent
exponential factor in the weight function wy , (¢, ), it is impossible when the elec-
tromagnetic field gains the differentiation of higher orders since they again could
not decay in time. To overcome such a difficulty, a temporal energy norm X (¢),
cf. (1.14), is carefully designed to refine the nonlinear estimates in order to use the
time-decay property of the lower-order energy functional &£ Ni—3,0 - 2E22 3 (t) and

time-growth property of the weighted high-order energy functional En, ¢, 1, (t) so
that the desired weighted energy estimates can indeed be closed. We would point
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out that the computations here are much harder than those in [8] for the Landau
case.

The rest of the paper is arranged as follows. In Section 2, we carry out the
weighted estimates on L and I', which not only is the key technical part of the
paper but also has its own interest. In Section 3, we shall prove series of lemmas
to obtain the closed estimate on X (¢)-norm so as to conclude the proof of Theorem
1.1 based on the continuity argument.

Notations. Throughout this paper, C' denotes some generic positive (generally
large) constant and x denotes some generic positive (generally small) constant,
where both C and x may take different values in different places. A < B means
that there is a generic constant C' > 0 such that A < CB. A ~ B means A < B and
B < A. We use L? to denote the usual Hilbert spaces L? = Lif or L2 with the norm
|1, and use (-, -) to denote the inner product over Li,g or Lg. For ¢ > 1, the mixed
velocity-space Lebesgue space Z, = LZ(L4) = L*(RE; LY(R})) is used. For multi-
indices & = (o1, a2, a3) and B = (81, B2, B3), 05 = 050, = 021092052051 02 0;°
The length of a is |a] = a1 + a2 + a3 and similar for |3].

2. WEIGHTED ESTIMATES ON I' AND L

(sec2) This section is devoted to deducing the key estimates on I' and L with respect to

the weight wpg x(t, &), which is one of the main techniques used for the proof of the
global stability of the Vlasov-Maxwell-Boltzmann system for the angular non-cutoff
soft potentials. For that, we divide our discussions into two parts. The first part
concerns the weighted estimates on T'.

2.1. Weighted estimates on I'. For scalar functions ¢, g and h, we use the
following notations

(g1, 92) = / 4(€ — £0,0) /= [(61) (02). — 91(92).] déudo,

R3 xS2
and

Lh=—~{T(h,v/n)+ 7 (i, h)}
T /RSXSQ q(& — &, o)l [h\/,T - W,T] déodo

= [ al€- o) [ Vit - Vi) dé.do = Zih+ 2o,
R3 xS
With the above notations, it is straightforward to see

Li(f,9) =T (fx,94) + T (fr,9%), Laf =221+ L(f++ f+).
Recalling (1.9), let us write

|g|]2:) = Jl + J27

= / 4(€ — £, 0)nly — g)2d.dedo,
R6 xS2

Bo= [ o€ o Vit - vin) ds.déio
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With the help of Proposition A.5, we then analyze the triple inner product
(Z(f,g),h) as follows. Let u(&, &) be given in Proposition A.5, and write

<y(f; g)a h> = <Zt(fa g)7h> + <<%’est(f; g)a h> ) (21)

where
(Tl = 7(Fa) = [ al€—€an(e.&) 5. — Fa. hd.dedo, (2:2)[mon

and (Zest(f, 9), h) is a finite combination of terms in the form of

(Tmod,i(f59): ) =/ q(€ = &y o)l S p [f' gl — fgu] hdé.dédo
RO xS§? (2' 3)
=Q (1 f, 1% g) s p*h)
with ¢; > 0, d; > 0.

In order to make the weighted estimates on (1.5), particularly on L and I, in
light of the basic estimates listed in Appendix (cf. Proposition A.4), it suffices
to investigate the estimate on commutators with the weight wy ,. Here, it is
worth pointing out that, for the non-cutoff soft potentials, although there have
been some weighted estimates with respect to the algebraic weight on those terms,
the corresponding estimates with respect to the exponential weight so far does not
appear in any existing literature.

The first result of this subsection is concerned with the commutator estimates
on .7 in the case when 0 > v > max{—3,—3/2 — 2s}. Notice that the place of h in
(2.4) in the following lemma will be weighted by wy x, (t,€) for the later use of the
weighted estimates on T.

(commu nonop) 1 eyma 2.1. Assume 0 < s<1,0>v>max{-3,-3/2—2s}, Ao >0 and £ < 0.
For some A > 0, one has

wene 7 (f,9) — T (wen, fr9), 1)

2

Ao (&) 9
Slet gl weneflze  |hlp
L2 v/2
,l
o] el ez (2.4) 24 Lom. nomop]

+ (1487 g

L2 |w£’>\°f|["2y/2+1 |h|L'2v/2+s

+ (1467 ‘ug%g

colwexaflpe  hlez

Proof. In view of the decomposition (2.1) given for .7, we first consider the com-
mutator for 7, corresponding to (2.2) with

(€, &) = (ui - uf)k 2,

for k > 4 and some constants 5\, A > 0. Namely we shall estimate

‘<w€7x\0 'Zt(fa g) - ‘Zl«(wf,)\ofa g)a h>|

= /]RG o q(§ — &, ) (&, &) fguh [IUg,AO — wé)/\o] d€, dédo,
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which can be rewritten as

L a6 = ol ) gh [, = i, de.dedo

:/]Ra o q(& — & o) (&) F g [wz’)\o - wz’/\o] (h — h')d¢, dedo

Iy

11

+ /JRG o q(§ =&, 0) [M(glagk) — (&, &) fgeh [wé)\o - wf)\o] d§.d&do

Iz

4 / Q€ — E0,0V (€. £) Fguh [wh r, — weno] dévdEdo
R6 xS2

I3

by the usual change of variables. Those three terms I; (j = 1,2, 3) on the right can

be treated as follows.

Estimate on I;. For I;, we use the Cauchy-Schwarz inequality to get

L] < /RG - q(€ = &y o) (8, €x) ’f/g; [wé,/\o - wz)\o] (h— h/)’ d€.d&do

1

_ 2k - 9 3
< (/R . q(€ — &, 0) (uA — ui) 1211219517 [wen — whoa,] dﬁ*dﬁda) |hlp
6 % S2

1
SIIQ,I‘MDv

where

Ly = /R s 6 € Dleos OGS Ploul? [wer, = wh ] dé.ddo

(2.5)

Furthermore, letting £(7) = £+ 7(¢' =€) for 0 < 7 < 1, and using Taylor’s formula,

one has
1
Wiy ~ers = [ (€ =) Vs, Olececrydr
[ ET) eyt 20
*/0 (5 - 6) : |:Py€ <§(T)>2 <€(T)>’Y e (0
Ao &(7) ¢ 28
g9 Ty 0 T Jer
Since

(€ —-¢-(E—-¢)=0,
it follows that

(€ =8 -&n)=(E -8 (E+7E-8)=(-& &+ —¢>

(2.6)aies weight]

(2.7) [vezoss]
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For (£(7)), from some elementary analysis, one can see that

1 _ o) /
@ g St S

and

(€)= (1 =7)(&) +7(") < (A=) +7({&) + (&) = (&) + 7(&)-

Therefore one has

1 A0(€) | TA0(Ex)
|wlm_uwh‘5/nK“—ﬂgwﬁd@ﬁw+%““w+““wd7
0

(2.8) [meanxi]

(2.9)[esivip|

a+09 dr

1 Ao(E) | TAg(Ex)
+ [ 1 = gl He (14 oentor ol
0

Ao (€

+ [ I - e 7 €T (4 et
0

Ao (&) 4 Aol€x)
Sl — €l(g) N (g et T a

2068 | M)
+ 1€ — €L THENY (1 4 1) el T aro?

Ao (&) | Xol&x)

1€ — ELENETEHE (1L + £)~Pe e TaEnT

where in the last inequality we have used the fact that

Ao (Ex)
—(1=7)20(6x) 2

1 s
/ Aol&)A+1)"Pe a0’ dr = /““ e~dn < 1.
0 0

TA0(Ex)
a+)7 dr

(2.10) g1 weighit

Remark 2.1. We emphasize that the geometric property that &' — & is perpendicular
to =& (cf. (2.7)) plays a vital role in the estimates of (2.6), since the growth of &
is transferred to the growth of £, which can be controlled by the exponential weight
of &.. The idea that we used here is much similar to that of deducing the estimates

of the Landau operator in [19, 32].

Next plugging (2.10) into (2.5), we obtain

220 (£x)

545/ (€ =€)V b(cos 0) (1)) B | f|Pe 0+07
R6 xS2

2 11202/ \296—2 220(8)
X 19« 716 — EL170°(6) e 07 dg, dédo

Ao (€)

< emg

~

2
. |we,Aof|L3/2 ;

where we have used the fact that | — &, | < [€ — & | and |¢' —&] = |€ — & | tan /2.

Thus

2

Ao(&;
L] Sletta” g

2
lwere flze  |RID.
2 v/2
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Estimate on Is. As to I, at first, we use the following estimate as given in [4]

€ — &€= &) (€, &) — nl(&, &)l

S(E— €7/ (122 + (1)M2) min {J¢ — €116, 1€ — £.16,1).
By means of Cauchy-Schwarz inequality, we get

RIS [ (€= 6 bleos0)(u) min g — €110, 1)
X gl f] [whng — weno | hdésdédo
+ / (€ — £.)"b(cos ) min {|¢ — £.16,1)
R6 xS2
X NGl | f| [wh 5y — we,n, ] RdELdEdo

5 ) 1/2
5( / (€= 8)D(cos ) (1) % [gu P fIP [whn, — wen,] d@dfdo)
R6xS2

1/2
Iy

B 1/2
([t €0 leoso) ) min (1 - &P, 1) wds.deao
R6 xS2

1/2
12,/2

5 ) 1/2
+ ( / (€= &)b(cos )2 g P 17 [wh ng — we o) df*d€d0>
R6 xS2

1/2
Iys

5 1/2
X (/ (€ — &) b(cos ) p? min {|€ — &]%0%,1} hzdf*dgda) .
R6 xS2

12
(2.11) [Tvcs]

Noticing that
[ pleoso)min {le - &[22, 1} dor < (€ - €)%
S2

we obtain Ip g4 < |h\i2 and the same estimate for I o holds if one uses the
v/2+s
regular change of variables &, — &, for instance, cf. [1].
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It is easy to see that I5; shares the same upper bound as I;. For I3, we get
from (2.6), (2.8) and (2.9) that

PN 2X20(8)
s < / (€ — &) b(cos O) it |g: 2| FP[€ — &[0 (€)1 2007 d¢, dEdo
R6 xS2
2
(1) / (€ — &) b(cos )t |g. ?
R6 xS2

210 (&)
X |F2]€ — & 202() D e Tro” de, dedo

2

5 5
3 5 | Wero f52

o wea 2 (1407 fud
ng We N 2, w

5’#

~/24+1 ’
Plugging the estimates above into (2.11), we have
2

2
lweno flz2 |hlz2
2 v/2

< *o(%
I e (1+t)
2] S g 2 s

+u3%

g 2 |w€,z\of|L3/2 |h|L3/2+s

&>

+(1+t)_ﬁ‘u'

g L2 |w4,>\of|Lf’{/2+l |h‘L3/2+s'

Estimate on I3. For the term I3, we use the Taylor expansion for wj, — w, up to
the second order, in the form of

wez (§') — weng (§) = (€ — &) - Vewrx, (€) + %(fl -HRE -9 nge,xokzg(ﬂ,

n
where : is defined as M : N =}~ m;;n;; for two n x n matrices M and N.

ij=1
As for the first order term in the expansion, notice that
1§ — §*| & . _ £-& ——
e-¢ = (= e o)k) (ko) = )5, k= et (212) (s

and the spherical integral corresponding to the first term on the right-hand side of
(2.12) vanishes because of the symmetry on S?. For the term involving the second
term on the right-hand side of (2.12), one has

[ a6 6ol €gufh | (0 0) = 1)(6 - €) - Veunay(©)| de.dedo

2ol&)
5/ < f & 'YIb(COSQ) /4|§ _£*|92<§>’7€e(1+tw |g*||f||h|d€*d§da
>< 2
x/4 g g 20O 172
S.; (/Rﬁ S 5 & ﬂb(COSe) |§_§*|6‘ <§> e (1+1)? |g*| ‘f| dg*dfda)
«S2

1/2
X ( (€ — £.)7b(cos ) /4§§*|92h2d§*dfdcr>
R6 xS2

2
3

S‘uz

| we AUf|L2 /2+41/2 |h|L3{/2+1/2'
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For the second order term in the expansion above, we compute

Vewele—¢(r) 2(75)26(2(?)%7) <§(7’)>we%
N2E — 2¢(r - AQLE(r)
+ ’Yf <§( )> <§(T)£>(4 ) ® 5( ) <§(T)>’Y£6 (1+1)?
Ao (E(7)°E + (294 — 1)é(r) @ &(7) e 28
AT &) (et e

Ao ? §(r) ®&(T) ”’ée%
+[<1+t)ﬁ} Erye SriTe e

where E denotes the 3 x 3 unit matrix. Thus we get from (2.8) and (2.9) that

(€ = ®(E =€) : Viwgaleme(r)

Ao (&) | Taléx)
S| — €22 g et Th

~

A (&) 4 TAp(€x)
I = €M THE) T L+ ) TemioT T

A (€) | TAg(€x)

1€ = € (L 4+ ) el T T

Therefore one has

Lo e = om0 P (€ =€ @ (€ =€) Viunalewecr] | dedcto

Y 20l8)
S/R {8 &) bleos)urle — EP02(6) 7 2T 07 g | 1| h|dgdg do
6 % §2

I3,
1 v 3 202\ l—1, Q0
+m _ (§ = &) b(cos )it [€ — &[707(E)™ e 007 | g, || f|[h|dEdEdo
6% S2
I32
1 o 3 202 o\l B8
+m o (€ = &) b(cos ) [§ — &[707(6) " e 0+07 |g. || f]|h|dE.dEdo .
6% S2

I3 3
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By virtue of Cauchy-Schwarz’s inequality, we further obtain

220 (8)

T 5(/ (€ — £)b(cos D)€ — £, 202 (€)1 20
RS x§?
20 12 1/2
% |g. ?|f[*dg.dédo)

B 1/2
x ( [ te—emleosoud/le - s*|292<5>2h2d5*d5do)
R6 xS2

Py
< ‘u”g Lo lwexaflpe IRz,

- 1/2
Lo S(L+1)77 </ 6= & p(cos o) e — 5*292<s>1h2d£*d£d">
R6 xS2

2X20(8)

([ 6= ebeoson i - ¢ o g te i
R6xS?

9 9 1/2
< |g. 2| f|*d€. dédo )

< -9 ,3
SQ+07 |udg| hwenoflp Il
—29 ~ /4 202/ \ 27 22ole)
I35 S(1+1) (€ = &) "b(cos O) s’ |€ — & [F0°(€)™ e 040
R6 xS2

9 9 1/2
< |92 dg. dgdo )

, 1/2
x ( [ 6= ebleosen e - 5*292h2d§*d§d0>
R6 xS2

X

SA+077 pg

Lo |we,Aof\L3/2+l ez .-

Note that in all the above estimates on .7, the assumption v > —3/2 — 2s was not
used.

It remains to consider the commutator for 7,,04,; corresponding to (2.3). Namely,
we need to estimate

<wl,)\o ymod,i(fv g) - ymod,i(wf,/\gfa 9)7 h> = <wl,)\oQ(f,uag,u) - Q(wf,kofuagu)a h,u>

with f, = p f, g, = ng, hy = uh for some ¢;, d; > 0. Since fu> Gu» by contain
Gaussians, if v > —% — 2s, one can show by performing similar calculations as in
the proof of the estimate (3.7) in [4] that

(w2, @ (s 9) — Q (We g s 9) »huﬂ S ‘w&)\ofuh? ‘wé,Aogu‘m |hu|Hs .

This completes the proof of Lemma 2.1. (I

In the proof of Lemma 2.1, it is in dealing with the term (wgx, @ (fyu,9u) —
Q (we o fus Gp) » hy) that the assumption v > —3/2 — 2s was used. We note, how-
ever, that even for the case v > —3, we can deduce the following estimate on such
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a term by repeating the calculations used in the proof of Corollary 3.15 of [4]
[(weno@ (fus 9u) — Q (wene fius Gpu) - )|
<o ], ],
len{‘u 9, P f et [P0

+ [weno fulrz|wenogulrz|hulre-

1
Ll

The above estimate together with the proof of Lemma 2.1 yield the following result
on the commutator estimate for the case —3 <y < —2s, 0 < s < 1.

(commu nonopimp) T oyma 2.2, Assume that 0 < s < 1, —2s >~ > —3 and £ < 0. Then one has
Kwene 7 (f9) = T (weno fr9), 1)

2

Ao (&) 2
S|y fwna s o
12 /2
X
+ ’M329 L2 |w€’)\0f‘l‘?//2+1/2 |h‘Lgv/2”r1/2
(2.13) [ad Tent]

—o | A

+(1+1) uﬂg‘w \we,Aof|Lg/2+1 \hng/M

+ (1487 g

Lo |we,A0f|L3/2+l |h‘L§/2+1

—l—min{ /,L%g

1 1 1
0 0 50 hlp.
1 g‘Lm ‘u f’HS, 7 f’Hl}\ Ip
(lem.2d) Lemma 2.3. Lemma 2.2 will be used in the only proof of Lemma 2.6 concerning
the weighted estimate on the linearized operator L. Notice that (2.13) does not
apply to the estimate on the nonlinear term I' since the last term on the right-hand
side of (2.13) must contain the increased velocity differentiation on either g or f.

L2

For some suitable functions f, g, v, define J(f,g,v) as

%(fmgvv) = /]R3 <2 CI(S - 5*70)0* [g;fl - g*f] df*dd (214)
Then 7 (f,9) = %(f,9, /1) and
<a§ 57(f7g)7wfﬁoh>

So Carercy e (T8 1,052, 00, /) wensh )

a]tag=a
B1+B2+B3=8

Y. cavmop <%(we,A05§f f:0529,08,v/10), h>

a]tag=a
B1+B2+B3=8

+ ) cghazcglﬁz’&{<%(ag;f7ag;g,aﬁg\/ﬁ),wé,m>

altas=a
B1+B2+B3=8

- <%(w@,Aoag; £,0529, 05, /i), h> }
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Note that all the upper estimates on .7 established in the paper apply also to % as
long as v is a product of a polynomial in £ and a positive power of the Maxwellian
1(§).
Combing Lemma 2.1 with Proposition A.4, we can deduce the following weighted
estimates on the nonlinear collision term with respect to the time-velocity weight
Wez, (t,€) which will play an important role in performing the nonlinear energy
estimates in the next section.
(nonopxvder)

Lemma 2.4. For all 0 < s < 1, —=2s > v > max{—3,-3/2 — 2s}, Ao > 0 and
¢ <0. Then one has

(95 7 (f.9), wi x,051)|

S Z { ‘W,Aoagf f

+|og2

53] \wz»o@;‘:f\[)} e 7o 51
s+~/2

(0%
95,9|,,

2
Ls+w/2

9529 , 3§jg’L2 ‘wé,xoagff o }’w£7hoagh|n

. o1
+ min ‘ww\o@ﬁ,l f
+v/2 s+v/2

L2 L?

ole)
(1+1) 2
€ 95,9

>

DAY

’w&)\oagllf 5 |wg,>\08§‘h|D
L2 L'y/2

‘wé,)\oagh{llz

Ql
We, N 8
L2 ‘ 078 ~/2+1/2

2
v/241/2

|wg7)\oagh‘L2

ol A ia
+Y (1+1) ”)um%jg

oy
L2 ‘wé»‘oaﬂl f

L3/2+1 h/EEe
6
—29 %80‘2 6041 a()é —
—‘,—Z(l—i—t) HTE0g g 12 We, \o glf 2 ‘w&/\o Bh|L2 _ZH”’
3241 v/2+1 i—1

(2.15) [sonoprdert]

where the summation is taken over a1 + f1 +as+ P2 < a+ 8 and Hy, (1 <n <6)
denote those six terms on the right-hand side of (2.15) respectively.

Remark 2.2. As mentioned in the introduction, although some terms such as

[we,xe O3, flL2 and |we x, O h| 1z on the right-hand side of (2.15) can not be
’ 1 y/2+1 ’ v/2+1

directly controlled by the dissipation of L, i.e. the first five terms in Dy ¢ A(t), they

can be controlled by the extra dissipation corresponding to the last term of Dy ¢ (t)

given by (1.12). See the proof of Lemma 2.5 for details, especially the estimate on

the term Ig 3.

Next, we turn to control the weighted estimates on the nonlinear collision term I"
with respect to the time-velocity exponential weight wpg x, (¢, &) in terms of the tem-
poral energy functionals Ex ¢ (t), En(t) defined by (1.10) and (1.11) and the cor-
responding entropy dissipation rate Dy ¢ (t), Dy (t) defined by (1.12) and (1.13).
For this issue, we prove the following

(nonopxvint) [ emma 2.5. For all 1/2 < s < 1, max{—3,—3/2 — 2s} < v < —2s, and assume
I—1>N>10, A0 >0,0<9<1/4, |a| +|8| < N. Then one has

(T (f 1), 0{Le = PLINI S E% sae , (DN(D), (216)
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‘<w\2a|+|a\—l,xo BL(f, 1), 05 {1« — Pﬂ:}f>‘
(2.17) [nonopa1]

— 1/2
<(1+1)! ”SNC&FMAO@)DNJ,AO(t)-

Moreover, if |a| > 0, it follows that

\<w|2awfz,xo 0°T+(f, f>,aafi>\
(2.18)

— 1/2
SO+ e (DN (8.
k) ¥ ’

Here and in the sequel, in the case when an undetermined energy functional En ¢ (%)
appears on the right-hand side of inequalities, it is always understood to take exactly
the right-hand expression of (1.10).

Proof. Noticing I — 1 > N > 10, by virtue of Proposition A.4 and Sobolev’s in-
equality, one can prove (2.16) without any difficulty. Thus, to complete the proof
of Lemma 2.5, we only prove (2.17) detailedly in the following part, since the proof
of (2.18) is similar and easier. Recalling Lemma 2.4, it suffices to estimate

Lyys = H,dzx, 1<n<6,
R3
where H,, (1 < n < 6) are defined in (2.15). In what follows, for brevity of
presentation, we compute only Iy corresponding to the spatial integral of Hg, since
the estimates for other terms are quite similar. By splitting f1 = Py f+{IL—Py}f,
we have

Io SIgn +Ioo+ 1o+ Iga,
with
Iy1 =(1 —|—t)_219/ |0°* (ax, b, c)||0%?(ax, b, c)]|
R3

X |w|a|+\5|—l,)\oag{1i - Pi}f|L2 d:C,

/241
Iyo =(1+ t)*”/
]RS

X

|0 (a+, b, ¢) ’u 128 82‘22 {I —P.}f L

X [Wia|4181-120 95 {1+ = P} flr2  d,

¥/2+1

Ios =(1 rw/‘ @I P 892 (a, b
93 =(1+1) MCEEEEEY i {Ie —Py}f L3/2+1(R3)| (ax,b,¢)|

X Wil 4151-1,0005 (1 = PL}f|,.  da,
v/2+1

g =1+ )2 [ | o (L - Pu)s
R3

12 |Plattis-t 0005 {Le = P2}f|
v/2+1
X | wia4181-1,00 08 {1+ — Pi}f|Li/2+1 de.

Next, we only present the estimates for Iy ; and Ig 3, the others being similar. Our
purpose is to prove

Iy, Tog SO+, i, (Dnir (). (2.19)[191.193]
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For this, the following fact will be repeatedly used. Since
v< =28, 1/2<s<1, v+2<1,

one can see that

_ 149
(U075 [ a1, 08 (T — P ks S DV, (0. (2.20)[oxpodis]

Next we divide our computations into the following three cases.

Case 1. |a| + |B] < N/2. Noticing that a3 + 81 + a2 + 2 < a + 8, in this case,
L2 —mnorm can be used to control both functions involving differentiations d3' and
ﬁg; Thus, by applying Sobolev’s inequality and (2.20), we obtain

1+19

S+

LnS Y Va0 (ax, b, o)l mll0° (az, b,o)|(1+ )
a1 |<N/2

x H<5>”/2“wwa|+w\—l,Aoag{Ii - Pi}f“

1/2
N/ 3,1 2+28 5 (t)DN,l7A0 (t),
ot

(1+t)

where the fact that N > 10 and N/2 4+ 2 < N — 3 has been used.
Similarly, one has

IS S €@ wpar e 1005 {1 — Padf | 1072V (as, b, )ln
laz|<N/2

X (1)1 )7 (72 w411 -1,00 05 (L — P} |

1/2
Sa+0're? aize y, (DDNL3 (8):

Case 2. |a|+|8] > N/2 and |a1|+]|51] > |az|+|B2]. In this case, |az|+|B2] < N/2
and |aq] + |81] > N/4.
For Ig 1, if |a1| > 0, since N/2 +2 < N — 3, we see that

1/2
16 (ax, b, )| S DY, (8),
(03 (0% 1/2
107 (@b, c)1e S 10° (b, Oz S €37, s, (8
which imply that

In s Y l9%(asbe)ll Yo 110 (as,b.o)] o

0<|ar|<N laa| <N /2
x (1 +t) (1) H Y2 w01 4181100 08 { Tt —Pﬂ:}fH
<+t e ()Daao (1),

N—3,1—2E22 3
If |aq| = 0, then g = o. We find that

1/2 a 1/2
@b, S [Valaz.be)ln £ DN, (0, 107 (as b0l S 6, san (1)
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Therefore
Ioi Slas, b0l Y 0% (ax,b,o)|
la|=laz|<N/2

1-39 149

x (1412 (141"

()72 w4151 1,0005 L — P} |

1-39 1/9
S(+t) 2 gN/_&l_ﬂ’)\o(t)DN,l,)\o(t)'

As to Iy 3, it follows form Sobolev’s inequality and (2.20) that

fos S Y [ wiar s 1205 T — P} f||10° (s, by 0)
laz|<N/2

X (1M (L )7 672 w500 O L — P} |

S +0)tvel? (Do (1.

N—3,z—#,Ao

Case 3. |a|+|8| > N/2 and |a1|+|51] < |az]|+|B2|. In this case, |ag|+ 81| < N/2
and |ag| + |B2] > N/4. It is easy to see that the estimates on Ig; in this case are
the same as that of Case 2, and we thus omit the details of its proof for brevity.

Now we shall estimate Ig g carefully. Firstly, since |a| + |5] > N/2 > 5 and
laq| + |51] < |az| 4 |B2|, we see that |a] + |8] — |aa] — |B1] —2 > 1, and hence

2+1
(€2 Wil 181100 (€) S Wia, 141,214 2820 0, (6)-

Then it follows that

2

2 H‘<§>W2+1wa|+|ﬁ—l,Aoagf {I. —Py}f
£

lay|+[B1ISN/2
2|ay [4+2]B1 | <|e|+]8]

D S [CRNTR -S NY,

Lo

L2

lag|+[B1ISN/2 sllg2
2|y [+2|B81[<lex|+]8]
. 149
Suin {1405 DY, 0,67, aua,, 0],
-
which yields that for as > 0
Iz < > H‘(§>7/2+1w|a+6|z,xgagf {1 — Pi}f‘LQ [0°*(ax, b, )|l
el 2

log | +[B1I<N/2
2lay|+2(81<|al+]B8]

1-39 149

X (14t) 2 (1+t)" >

() a4 11-1,0005 (L — P} |

S+l (Do (),

N—3,l—#,,\0
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and for ag =0

o Y @ wasao, 05 (L = Padf| s b0
lo [+]B1]<N/2

X (1 ()7 672 w500 05 L — P} |

SA+pre? (YD1 (1),

,3’17%25’)\0

Thus (2.19) holds true. This completes the proof of Lemma 2.5. O

We conclude this subsection with the following

Remark 2.3. For the proof of Lemma 2.5, to control those terms [we x, 05! f|L2

v/2+1
and |we,x, 8g‘h|Lz/2+1 , the extra dissipation corresponding to the last term in Dy ¢ (%)

defined by (1.12) has to be used, This in turn leads to the appearance of the time-
growth factor (14+t)*=7. However, the low-order energy functional 5]1\]/3371_#’)\0 (t)

can be employed to kill this time-growth factor since one can obtain the proper time-

decay ofci'llv/_Q3 I aH2s 3 (t). In fact, as long as one chooses ¥ = 1/4, i.e. 1—9 = 3/4,
d-rE2e
then

1-9 o1/2
(1+1) 5N73’l7%25’/\0(t)

can be expected to be bounded uniformly in time.

2.2. Weighted estimates on L. In this subsection, we deduce some weighted
estimates on the linearized collision operator L with respect to the time-velocity
exponential weight wy » (¢, §).

(L1key) Lemma 2.6. Assume 0 < s <1, =3 <~ < —2s, |8 >1, L€ R and X > 0. One
has

(w7 \05£19,059) Z lwenpgldy — C Y |werds, gl — Clwe,ﬁﬁgligﬂ- (2.21) [Liwiqlcoer2]

B1<pB

For B =0, one also has
(w2 L19.9) Z lwerglp — C|we,xg|%g/2- (2.22) [Liviqlcoeri]|
Proof. To prove (2.22), we write
(W} 219, 9) = (L1weag, werg) + { (Wi \Z19,9) — (L1weag, werg) } (2.23)[L1vlq]

By Proposition A.2, the first part on the right-hand side of (2.23) has the lower-
bound as

(Lrweng, weng) > Slwergld — C\W,Ag\ig’/?, (2.24)[L1wlqlover|
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for some constants § > 0, C' > 0. Moreover, from simple calculations, by denoting
the right-hand second part of (2.23) as I1o, we have

Lo = (Wi \219,9) — (Lrwerg, weg)

= [ e = €0l g wn [ = i) de.dedo
RO x

1

2
- 5/ 9(§ = &, o)W/ 199" [wen — wp ] dS.dédo
RO xS?

Therefore, the commutator part 11 can be bounded by

2
|10 S /6 ) q(€ — iy 0) /1 N;gz [wf)\ - w%,A] d§.d&do. (2.25)[x]
R6 xS
Next plugging (2.10) into (2.25), we obtain

< 1/4 2 202 ) o\ 2yl—2, oy
ol £ [ al€~ &)l 'gPle — €202 200 de.dedo
R
’ (2.26) [Tdone|
27(8)
S / € = &2 Mg ) Pl dEdE S TweaglTe
R6 v/2
Substituting (2.26) and (2.24) into (2.23), one has
<w§,x‘$19,g> 2 |we,,\9|123 - C|W,A9|ig/2-

This completes the proof of (2.22).
Now we turn to prove (2.21). For this, we write

(w; £0L19,089) = (W} L1089, 039)

: 2.27)[L1dvsplit
B Z Cglﬁzﬂd <w§,,\%(8,31g,862\/ﬁ, D /1), 039) (2.27) [L1dvsplit]

B1<B
where % is defined by (2.14). Recalling (2.22), we have
(W} \L1059.059) Z lwexDsglpy — Cluweadpglis (2.28)[L1 dveoer3)]

We use I1; to denote the second term on the right-hand side of (2.27), and write

L= COP5 (T (wi 208, 9, 03, /i Dps /1), e xDp )
B1<B

+ Z Cgl’ﬁz’ﬁ‘g{ <7~U/a)\<%(8ﬁlg,aﬁ2\/ﬁ> 853\/ﬁ%859>
B1<pB

- <<70(we,/\6519a 6/32 \/ﬁa aﬁgﬂ)vwl,kaﬁm } = Ii11 + Ti1 0.

For I11 1, we get from Proposition 3.1 in [4] that

Tl £ 3 [wradp,9lp - [1weAD50]D.
B1<p
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As to I11,2, we have

Ia== [ B £.0) 0 Vi) [0, Vi] 0900050
ROxS? (2.29)[¥Tsplit2]

X [’LU(A — w}}/\] dé.d€do.

The estimates for (2.29) shares the same commutator properties as I'. Thus follow-
ing the same trick as in Lemma 2.1 and 2.2, one gets

Lol S ) [wends, gl - [weadsglo. (2.30) [x12]
pB1<pB
Plugging (2.28), (2.29) and (2.30) into (2.27), one can see that (2.21) holds true.
Therefore, Lemma 2.6 is proved. (Il

As a direct application of Propositions A.2; A.3 and Lemma 2.6, we have the
following weighted coercivity estimates on the linearized collision operator L with
respect to the time-velocity exponential weight wg (¢, €).

Lemma 2.7. Assume 0 <s<1, -3<y<—2s, € R and A > 0. One has
(WirZ9,9) 2 lwergld — Clueagliz
For |B| > 1, one also has

(W7 £0329,059) 2 lwendsgly — C Y |weads,9l% — C|W,A659|2L3/2~
B1<B

By applying Sobolev’s embedding theorem, and recalling the definitions of L and
%, one can further obtain

Lemma 2.8. For0<s<1, -3<~v< —2s, € R and A > 0. It holds that

> (wiad5Lg.059) 2 D |weadsgld —Cloliy .
IBI<N IBI<N

where g is a vector function in R?, and Bc denotes the closed ball in Rg’ with center
zero and radius a constant C.

3. GLOBAL A PRIORI ESTIMATES

(sec3) In this section we are going to prove the main result of the paper Theorem 1.1.

The key point is to deduce the uniform-in-time a priori estimates of solutions to
the Vlasov-Maxwell-Boltzmann system

Ohf+E& - Vof —E-&u'?q + Lf =8,

KE ~Vox B=—(u% fr~ [},
atBJerXE:O,

Vo BE={(p%f ), V. B=0,

where the nonlinear term S =[Sy, S_] is given by

(3.1)[ns]

S=T(/, 1)+ 5a0B & — ao(B +€x B) - Ve, (32)[aet.s]
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For that, let (f, E, B) be a smooth solution to (3.1) over the time interval 0 <t < T
with initial data (fo, Eo, Bg) for 0 < T < oo, and further suppose that (f, F, B)
satisfies

X(t) < 6%, (3.3)[apx]

where X () is given in (1.14) and the constant 6 > 0 is sufficiently small. Here
recall that X (¢) also depends on parameters Ny, £1, Mg, ¥ and ¢, which will be
fixed in the proof.

3.1. Macro structure and macro dissipation. In the first subsection, we con-
sider the macroscopic structure of system (3.1) in terms of the Grad’s moment
method [15, 16] in order to find out the macroscopic dissipation. As in [21], by tak-
ing velocity integrations of the first equation of (3.1) with respect to the velocity
moments

pt? Gut? (i=1,2,3), é(lé‘\2 —3)ut/?,
one has

Bhay + Vg b+ V- <§,ﬂ2, (I, — Pi}f> - <u1/2, si> , (3.4) [mo]
O |:bi + <§iu1/27 {1+ - Pi}fﬂ +0i(a+ +2¢) F E;

+V, - <f§iﬂl/2a {1+ - Pi}f> = <§iﬂ1/27 Si_Lif> :

1 1
o [c+ 5 (el =3 {15 - m}f}] +5Vab
1
+5Ve - (167 = 8) n'/2 {1 — Pi}s)

(€2 = 312, S=Laf ).

[

As in [13], define the high-order moment functions O(f+) = (0;;(f+))sx3 and
A(fe) = (Mi(fe), Aa(fx), As(fx)) by

0i() = (66 D'/ £} Au(fa) = 7o ((EP — )&/, 12 ).

Further taking velocity integrations of the first equation of (3.1) with respect to
the above high-order moments one has

0 [0si({I+ —P1}f) 4+ 2c] 4 20ib; = Oyi(r+ + S1),
0,0:;({1e — P} f) + ;b + 8ib; + Vs - <gu1/2, (L — Pi}f>

= Oy(re +S0)+ (u/3,50), i#5, (35)[m3]
ON; ({1 —=Po}f) + e = Ni(r+ + Sy),
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where ry = —¢ -V, {I. —PL}f — Ly f. Notice that we have used (3.4) to derive
(3.5). Moreover, it is straightforward to compute from integration by parts that

<u1/2,5i> =0,
<§,ﬂ2, Si> — +Fay +bx B+ <gu1/2, (I, — Pi}f> % B
+(en 2 Ta(1.)),
(P ~3) u2 52 ) = 450 B £ (62, (L ~ Pu}f) - B

2 (167 = 3) 2. Ta (5, )

Now we define the macro dissipation Dy mac(t) by

1
6

DNmac(t) = Y [V20%(ax,b,0)|* + oy — a_|?
lal<N-1

B~ + Ve Bl -
With the above macro structure of the system (3.1) in hand, we have

(lem.mad) [ emyma 3.1. For any integer N with 8 < N < Ny, there is an interactive energy
functional EW(t) such that

EFTIS D (10 f1? + 1™ (B, B)|P) (3.6) [Lem.mad .ad1]
la|<N
and
d in le} c 7T
TN O+ ADN mac() S 3 10°{T=P}[[p +Ex(®Dn(t)  (3.7) mani]
|| <N
for0<t<T.

Proof. Basing on the previous work [13] and [14] and combing Lemma A.1, it is a
quite standard process to obtain (3.7) with (3.6) being satisfied. We hence omit
the details for brevity. O

3.2. Uniform spatial energy estimate. In this section we derive the basic energy
estimates on &y, (¢) which contains only the spatial derivatives.

(lem.n!) T omma 3.2. Let I1—1> Ny > 14. There is an energy functional €y, (t) such that

d—= — _
%51\71 (t) + HDN1 (t) 5 DN1,£1,>\0 (t) + 8N1 (t)gNl—&el—#,)\o (t) (38)

(14t)1+?
for0<t<T.
Proof. 1t is straightforward to establish the energy identities

1d

sa oo (0°FIP+10*(E.B)°) + > (Lo°f.0%f)

|| <Ny [a] <Ny

= 3 (9°8,0°f). (3.9)[Tem-ni.p]

[a| <Ny
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Moreover, from Lemma 3.1 as well as (3.3),
d . _
TR0+ EDN mae) S Y [10°{T= Pl + 8D, (1) (3.10) [1em.n1.p2]

la|<Ny

Then, since § > 0 can be small enough, the proper linear combination of (3.9) and
(3.10) implies that there is an energy functional &€y, (¢) satisfying (1.10) such that

d— _
& (8) + D (1) S I (1), (3.11) [1em.n1.p3]
where

WO =N+ Y (978.0%0).

1<|al<N;
Finally, we claim that
(1) 1/2 ) J
In, () S EN gy _nsze (DN (1) + WDN17€17/\0 (t)
—1/2 —1/2

+E&N

COEY? s (DR, (1) (3.12)[Ten.nipd]

Therefore, the desired estimate (3.8) follows from plugging (3.12) into (3.11) and
applying (3.3) and the Cauchy-Schwarz inequality to the first and third terms on
the right-hand side of (3.12), respectively. This then completes the proof of Lemma
3.2. d

Proof of (3.12). We first consider the estimate of I](\}l) (t) corresponding to T'(f, f)
in the nonlinear term S. Using Lemma 2.5, it directly follows that it is bounded

up to a generic constant by 5]1\[/2 30y k28 (t)Dn, (t). Recall from the definition
1—9, I_Tw 0
of X (t), and hence,

X172(t) - §
(1) = (1 o)t

For the zero-order term related to the electromagnetic field, it holds that
1 1
qOE &f —q(E+ExB)- st,f>:§<qOE'§f,f>

/ [ B EPIP + HI- PYP) dodg
R3 xR3

IVa(E, B)||s <

< IE] - as. b, )= ll(as. b, )l + |1 ]|z~ / / I = PY|? drde
1)
SEN O 0) + g D0,

For the 9% derivative term related to (E, B) with 1 < |a| < Ny, we write

(O“(E-£f),0°F) = Y C2(0ME-£9°™ f,0°f)

a1 <a

=Y Ce(0ME-L0°"Pf,0°f) + Y CL(0E-£0° {1 - P}f,0°f).
a1 <a a1 <a
(3.13) [Epures
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By Sobolev’s inequality, one can easily prove that the first term on the right-hand
side of (3.13) is bounded by
CEN. (1D, (1)
Now we turn to estimate the second term on the right hand side of (3.13). Notice
that
Lh—1>N;, 1>5>1/2,
which implies
(€)1~ < w1, (6).
Therefore if |ay| < 4, it follows that

Y (0ME -1 -P}f,0°f)

lon|<4, o1 <er

<Y 10m Bl |lee o - ey - @ o |
o[ <4

< (Hi)”l’pN““O (t).

On the other hand, for |a;| > 5 and Ny > 14, we also see that
o —an|+2 < Ny =3, (61870 Swi g, g 2122 (6):
With the above observation, we obtain

Y (0ME - {I- P}, 0°F)

la1|>5, 1 <a

i _ o+
S Y, 0Bl sup |[€[€)
[a1]>5, a1 <a v

—1/2 1/2 —=1/2
SENWEY? y, asma (DD, (1),

where the Sobolev inequality ||g||L=~ < C||V.g||g for any function g = g(z) € H?
has been used. Combing both cases, one can see that

oo I -PYf| () F o0 f

2
LE

> (OE-££),0%f) S

WDM 1.0 ()
|| <Ny

1+t

=1/2 1/2 —=1/2
+ 80 EN? L, e (DD, ().

Remark 3.1. We would here point out that Iy — 1 > Ny is needed in order to
control the worst term

> (E-£0°f,0F).
loe|=N1
And |aq]| > 5 can not be improved if one intends to control the term

_at2s

Gt
3

sup
x

1/2
by 6N1—3,A€1

(E, B) which enjoys the explicit time-decay rate can be up to order siz.

yh2s (t). This implies that derivatives of the electromagnetic field
_T) 0
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Finally, in a similar way as before, it holds that

(O{(Ex B)-Vef},0°f) = > Ca{(§x 0™ B)-Ved* ™ f,0°f)

0<a;<a

1) —1/2 1/2 —1/2
S AT Pmee BN (OSET,  a \ (ODN, (1)

Therefore, the claimed inequality (3.12) follows by collecting all the estimates. O

3.3. The highest-order energy estimate with weight. In this section we turn
to the weighted energy estimates on En, ¢, 2, (). As pointed out in [8], due to
the regularity-loss property of the whole system, two difficulties naturally come
out, that is, the weighted highest-order energy functional En, ¢, 2, (t) can only be
expected to increase in time and it is also a problem to obtain the weighted estimate
on derivatives of the highest order N, for the linear term E - £u'/2. To overcome
the first difficulty, we shall refine in the following lemma the nonlinear estimates in
order to make use of the time-decay property of the lower-order energy functional
5N1—3,e1—#,>\0 (t), and postpone the estimate on E - £u'/? to Lemma 3.4 in terms

of the trick firstly introduced in [22].

(lem.niw) [emma 3.3. There is an energy functional En, g, 2, (t) with Ao > 0, ¥ = 1 and
l1 — 1> N; > 14 such that

d
ZEn () + kD) S D (0B -eut w5, 0%) (314) Tematu.t
[a|=N1
for0<t<T.

Proof. Starting from the first equation of (3.1), the energy estimate on 0% f with
1 < |a] £ N; weighted by the time-velocity dependent function wiq—g, », =
Wia|—t;,2 (8, €) gives

1 d (87 (03 (83
5% Z ”a f‘||204\—217>\0 + Z <La f, wﬁa\—el,koa f>

1<]a| <Ny 1<|a|<Ny

19)\0 (6% 2 (6% (03
* (1+t)1+79 H<£>1/28 f la|—£1,A - Z <8 S’w\QM—fl,/\oa f>
PR agal<n
Y (B 0,07 (315) Hematepa]
1<]|al <Ny

Similarly, from the first equation of (3.1), one has the weighted energy estimate on

{1-P}s
1d
5 =PI (5, + 5 IT=PAB 5,
19)\0 1/2 2
Bsd (CRa U % N

S (S w2y A\ AT =P}f) + Dn,(DEN, (t) + D, (). (3.16)
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and the weighted energy estimate on {I — P}0g f with |a| + || < Ny and |8] > 1

1d o 2
2dt Z Ha’B{I7P}f“\a|+\5\*41,)\0

[8]>1
|| +|B|<N1
2 )\0 1/2 2
o3{1—P 7H 293{1— P H
o B|Z>1 <H a Hllo jarsia1-e120 * (L4 t)t+? €5 1 la+18]—£1,20
|a+]8]<N:
S Y =Pl g+ 2 (Va0 (s b,0) P + 07 E])
|OL‘§N1 |OL‘SN1—1
e DN+ Y (5= PHAwl s, 2, 05T PLS)
[8]>1
la|+[B|<N1
D DK ERTANPIRSWC 1 55 J75) (3.17) 1ot 53]
|B1=1
la]+[B|<N:

where e; denotes the multi-index with the ith element unit and the rest ones zeros.
To be continued, we need to deal with the term

a+te; 2 [e7
Z <8ﬁ7ei {I=P}f wiy 4 ip—6,2,05 {1 — P}f>
[B]>1
[ +[BI<N1

carefully. For doing this, we write

> <agjee;{1 — P} w4510, 05 {1 — P}f>
181>1
la|+IBI< Ny

= 2 <w|a\+|ﬁ|+%—el,>\oagfff{1—P}f7

1B1>1
| +[BI< N1

a 3.18
6€i [w\aH—lB—ei|+%—€1,/\oaﬁ—ei{I - P}f} > ( )

- 2 <w|a\+|ﬁ|+%—e1,xo<9§f§;{I—P}f,

|B8]>1
| +|BI<Ny

Ok, [w\aHIBfeilJr%fZl,/\o} 05 {1 - P}f>~

It is easy to see that the second inner product on the right-hand side of (3.18) is
bounded by

¢ Hw\a|+\m—el,xof9§i§;{1 - P}f‘

2 Hw\@H‘W—@i\—517)\085—671{1 - P}fHLz
L’y/2 v/2
N Z log{T - P}fH]237\(y\+|E\—Z1,)\U' (3.19)[transtermii]

1B|=161-1, |8]>1
e +[BI< N1
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Next noticing 1/2 < s < 1, applying the Parseval identity, one can find that the
first inner product on the right-hand side of (3.18) can be dominated by
/ / ik; Fe [w\a|+|ﬁ\+§—e1,xoagf§f{1 - P}f}
RrR3!'JR3
xFe |:w|a\+|ﬁ*6i|+%*€1,)\oag—ei {I- P}f:| dk‘dx

s /Rs ‘<k>%f§ {“’\a|+|ﬁ\+%le,%8§f§;{I - P}f}

x| 6)3 Fe [t 9—e0 1+ 3= 20— AT~ P ]

L}

) dx
Lk

+e;
5/ ‘w\awwﬁ—el,xoaﬁi {r- P}f‘Hs ‘[w\a|+|ﬂ—ei|+%—f1,koag—€f{I - P}f‘m d
R3 3 3
< wiarsioi-e 5 e =P lWwiapsis—eii-e2005 e (1= PH |,
v

¢ 2
DY 1OG{L = PLAUD oy 4181—1,00°

|Bl=18|-1, |8|>1
|| +]B|< N

(3.20)[transterni?]

where F¢ means the Fourier transform with respect to {-variable with k the corre-
sponding frequency variable, = denotes the complex conjugate, and i = /=1 € C is
the pure imaginary unit.

Then, the proper linear combination of (3.9), (3.10), (3.15), (3.16), (3.17), (3.18),
(3.19) and (3.20) implies that there is an energy functional En, ¢,.a, (f) satisfying
(1.10) such that

d 2
78N1,51,>\0 (t> + KDy 10 (t) S I](\Il),ll,)\o (t)

dt
£ 3 (0B ey 0,0 F) . (3:21) Lemnse oA

|a|=Ny

where

I3, ) = (S, f) + > (078,07 f)

1<]a|<Ny
+ <S7 w2*517>\0{1 - P}f> + Z <ao¢57 w|2a|ffl,)\08af>
1<|a| <Ny
-4

Ny
3 Cn Y (958 whpn i, O5{I-PY) . (3.22)(ast.12]

m=1 |8=m

la|+[B|<N1
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‘We now claim that

2 — 1/2
TN SOHDTELE i | (D, ()

—1/2 1
+ NN 20 (8) + — (1 + Vo (B, B)|[ 53D, a0 (8-

Ao
(5.2 a5

By the assumption X (t) < 2, one gets that

I 11 2o () S 0D, 600 (0. (3.24)

Then putting (3.24) into (3.21), we see that the desired estimate (3.14) follows.
This completes the proof of Lemma 3.3. O

Proof of (3.23). For brevity, we only present the estimate of &7 and % on the right-
hand side of (3.22) since the estimate on other terms is simpler or follows in the
completely same way. Take a with 1 < |a| < Nj. For the inner product term
related to 0°T'(f, f), by using (2.18) in Lemma 2.5, it follows that

(63 o — 1/2
(0T Dy 28T S WD IELD | (D, (1),
Next, for the term E - £f in S, one has

(0°(B )ty 2,0 F) = 3 Ca, (0B €0°7 [y, 5,0°f )

a1 <a

S X 0 Bl [ letub e, (07 4 001 P) dod
X

Ja|<2

+ 2 ol sup flele)”

g |23
oraj=a

y+2s

a—a y+2s
2 w‘al—lhkoa lf

€

(63
2 w‘aI—ZhAoa fH
LE

1 —1/2
< 3 0D V(B BY Do 20 (1) + ENZ (D, a0 (D),

where we have used the Sobolev inequality |g|lz~ < ||Vgllgr and the fact that
1—-2s<0.

For the term (E 4 & x B) - Ve f in S, the difference point is that it contains the
velocity derivative of order one. Our goal is to prove

(0°1(E + & x B) - Vefl,udy 4, 2,0°F )

i 1
5 6‘]\/(1 (t)DNhel-,)\o (f) + )\70(1 + t)1+19”v1‘(Ea B)“H4DN17€17A0 (f) (325)

In fact, one can deduce that
(0°1(E +€ x B) - Vefl,wdy 1, 1,0°F )
1 (03
= <(E+§ X B) . V5w|2a|*€1,>\0’ _§|a f2>

+ > g <(30‘1E+§xao‘lB)-Vgo”'“‘alf,wfa‘_ehkoaaf>. (3.26) [12.p1]

O0<ai1<a
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Here, it is straightforward to see that the first term on the right is bounded in a
rough way by

CIE 1~ / / (10 0) why_gy 0,07 I dade

Ao
1+9 2
S /\0(1 + ) VLBl g //R age { me 00107 fI7 dxdg

1
N o (1 + t)1+19||v EHH1DN17€17/\0 (t)
We split the second term on the right-hand side of (3.26) into

> oo <(8“1E +EXOMB) - Ved TN, wfal—éhkoaaf>

0<ar<a
= Y e (0B +Ex 0 B) - Ved TPl 0, 0%F)
0<ai<a
+ YO8 (0" E+Ex 0™ B) - Ved (I = PYfudy _y, 0,0°F) . (3:27) [Eparens]
0<a;<a

In a similar same way to estimate (3.13), we only compute the second term on the
right-hand side of (3.27). For doing this, when || < 3, it is bounded by

C 0% (B, B)| // © wﬁa‘_emwgaa*al{l—P}f|2+w|2a|_ém|aaf|2) dude
S 920" (B, B) e [ / ) (1014 0| 1.0 VDT = PP + [0 g, 2,0 FI?) did
R3 xR3

1
S 3 WD IVa(B, B)ll 1Dy . (1),

where we have used the fact that o — a1 +1 < |a].
When |a1| > 4, one can see that

y+2

(V5 wjag -t 20 (:6) S )77 Watam a1 20 (1),

which implies that the second term on the right-hand side of (3.27) can be domi-
nated by

+2

Lg ||<£> 2 w|a\—€1,>\oa fH

y+2s

Cll0™ (B, B)| - sup [(€)' 5 wjaj 1, 2,

z1/2( ) Z H<§> 7-;25 w1+|a—a1+a’\—h,)xov"faaiaﬁra/{I - P}fH D}V/j@h)\o (t)

lo’[<2
=1/2
SEN, (D 1,00 (8).
Therefore (3.25) is true. Collecting all the above estimates, we see that

o <(1 —|—t)1 195]1\]/12 3,0, —2E2s 3 (t)DN1,Z1,>xo (t)
et

—1/2

1
+ 5 ( )DNl,eh)\o(t) + )\70(1 +t)1+19||vI(EvB)||H4DN1,51,>\0(t)'



34 R.-J. DUAN, S.-Q. LIU, T. YANG, AND H.-J. ZHAO

As to A, letting || + || < Ny with || > 1, applying (2.17) in Lemma 2.5, we
obtain

(05T ) 0l 5L~ PYF) S (40782 wze (DN 00 (8)

Next, for the term E - £f in S, we only consider the estimates by

<8§<E-f{I—P}f»w%a.ﬂmmagu—P}f>
=3 O (07 E 05,055 T - P w0, 05 T P

a1 <ao,|B1]<L1
S S 10 Bl [ b, (10575 T PYIF + 050~ PLE) o
lar]|<2
£ 30 0% B - sup I wiapyjsi-e,.20 055 (L -
lap |23

oraj]=a

y+2s a
H< ) wfa|+|ﬁ|—el,A03ﬂ{I*P}H

1 —1/2
< 3 L0 V(B Bl s Dy 20 (0) + EX, (DD, 1,06 (8).

For the term (E + & x B) - Ve f in S, the difference point is that it contains the
velocity derivative of order one and the growth of £. For brevity, we only estimate

the following term

(9816 B- V(L= PYfl w5 0,0, 9511~ P

= Y 0 (05,6 % 07 B) - Ve I P,
0<a1+p1

whhiyipi-e 0 05 (1= PYS). (3.28) [i2.p2]
When |aq] < 3, (3.28) is bounded by

C10° B, // 3 w\amm 1| V0 ST — P fP
R3 xR3
W 4151 —e 00|05 {T = P}f|2) dzdg¢
SJ Hvxa"‘lBHHl // <§> <|w‘a_a1‘+|B—ﬂl|+1—fl>>\ov£ag:gf {I _ P}f|2
R3 xR3
Hwjal 18102005 {1 — PYf|?) dadé
1

/\7(1 + t)l—Hg”V (E B)||H4DN1 Ly, )\o(t)
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When |aq] > 4, (3.28) is dominated by
Cllo™ B - sup (€)'

_at2s

7 Wial+18]—t1 00| Ved5_5 {T - P}f|

2
LE
¥+2s

><H<£> ’ w|a\+|5|—ehkoa§{I_P}fH

=1/2 y+2s a—c o’
SgNl (t) Z H<§> 2 wl‘HO&*DQ%’D/|+|ﬁ*ﬁ1|*fl,>\ovfaﬁfﬁf+ {I_P}fH

la'[<2

1/2
X DNy oy 20 (1)

—1/2
SgNl (t)DNl 1,20 (t)

Thus (3.23) holds true for . This proves the desired inequality (3.23). (]

Now we give a remark to explain the choice of our new weight w)q4(8]-¢;,x0-

Remark 3.2. In fact, the weight w)o|4|8/—r,,z, 5 designed to treat the delicate
term

> (€ x0™B)-Vedy *{I-P}f.

lai]=1
More precisely, the exponential part of the weight w)q|1|5/—e, 5, 5 needed to absorb

the growth of £, and the algebraic weight ({)WWHW‘_“) 18 required to deal with the
growth of £—derivatives.

At this point, we are ready to obtain the closed estimate on the first portion of
the time-weighted energy norm X (¢) in the following

(lem.cel) Lemma 3.4. Assume ly —1 > Ny > 14. It holds that

sup {En () + (1+5)” F En o) }
0<s<t

t t
+/ 5N1(S)d5+/ (1+S)71+TODN1751,)\0(S)d8§Y02+X2(t) (329)
0 0
for0<t<T.

Proof. In fact, the time integration of (3.8) gives

t t
Ex(t) + / D, (s)ds SV +6 / (14 8) "D, 0,00 () ds
0 0

t
+/ 5N1(s)gN173,£17%25,,\0(3)d3~ (3-30)
0

Furthermore, from multiplying (3.8) by (1 + ¢)~“ and then taking the time inte-
gration, it follows that

(1+1)" N, (1) +/0 (1+5)"“Dn, (s) d5+/0t(1 +5) 71N, (5) ds

t
5 Y02 + 6/ (1 + 8)_1_19_60,1)]\71751,/\0 (S> ds
0

t
+/ (14 8) 78N, (8)Ey, ¢, x22e , (5)ds. (3.31)[cel.p2]
0 v
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Combining (3.30) and (3.31) gives
t t
?Nl(t)+/ D (3) ds+/ (14 5)""0Fy, (s)ds
0 0
t t
SY(?‘HS/ (1+s)—1—19DNl,el,>\0(S)d8+/ ENI(S)gNh(lfM 2 (8) ds
0 0 v

t
SYF+ X304 [ (14977 Dy, (5) s, (3.52) st 53]
0
where to obtain the second inequality, we have used

sup {ENl(s) +(1+ S)%5N173’e17%2s,>\0(8)} < X(t).

0<s<t

From (3.14), multiplying it by (14-¢)~(1*€)/2 and taking the time integration yields

l+e€g

(1+1¢t)" 2

l+e€g

t
ENy 1 2o (1) +/ (1+8)" 72 Dn,oy,00(8)ds
0

t _3ten
+ / (1+5) "5 En, gy a0 (5) ds
0

g 1+€
SYg+ Y /0(1+s)* e <aaE~§u1/2,w|2a|_éhkoa°‘f>. (3.33) [co1.pd]

la|=Ny

By the Cauchy-Schwarz inequality, the right-hand second term of (3.33) is bounded
up to a generic constant by

2

‘ > ds

S [ (asoriene oo
S /Ot(l +5) 108N, (s) ds + /Ot Dn, (s) ds.

|a|=Ny
Then, in terms of the above estimates, taking the sum of (3.32) and (3.33) and
using the fact that 6 > 0 is small enough, we arrive at

1+eg t__
Ex(B) + (L4 6) 5y gy (1) + / D, (s) ds
0

t

t
+/ (1+S)_%QDN1,ZI))\O(S)CZS+/ (1+5)_1_€°§N1(s)ds
0 0

t
+/ (1+ s)*“T%Nhgl,Ao(s) ds SY§ + X?(t). (3.34)[cel.ps]
0
Therefore, (3.29) follows, and then this completes the proof of Lemma 3.4. O

3.4. Decay of electromagnetic fields and macro components. In this step,
we will use directly the Duhamel’s principle to obtain the time-decay of the electro-
magnetic field (£, B) and the macro components (a4, b, ¢) up to order six in terms
of the time-decay of the weighted high-order energy function 51\/1—3,21—##\0 (t)

which follows from the boundedness of X (t).
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To consider the solution to the Cauchy problem

Of +€-Vaof —E-&u'?q + Lf =5,

UE ~Vox B=—(u% [y~ [},

0B+ V, x E=0, (3.35)[1s]
Vo E=(u% fy—f-), Ve B=0,

[f, E, Blli=o = [fo, Eo, Bo],

where initial data [fo, Eg, Bo] satisfies the compatibility condition

V- Ey = /3 12 (fo.4 — fo,—)dé, Vu-Bo=0, (3.36) [comp. con|
R

we denote for simplicity U = [f, E, B], Uy = [fo, Eo, Bo] so that one can formally
write

U(t) =AUy + /0 At — 5)[S(s),0,0] ds,

where A(¢) is the linear solution operator for the Cauchy problem on the linearized
homogeneous system corresponding to (3.35) in the case when S = 0.
Following the completely same proof as in [8], one can prove

(thn.1b) L emma 3.5. Let S = 0, and let [f, E, B] be the solution to the Cauchy problem
(3.35), (3.36) of the linearized homogeneous system. Define the velocity weight
function W = W (&) by

y+2s

W) =& 2 with —3<y<-2s, 0<s<L. (3.37)[def .w1]
Then, for £ > 0 and o > 0 with m = |a,

Wt f|| + |0*(E, B)|

<o (|wee,

1B Boll
Z
(1407 ([ it fo| + [Vittor (B, Bo))

where

3 | |
Om = 5+ ey B> 20y, (9 >0, 0.< j < (190

The following remarks are concerned with Lemma 3.5.

Remark 3.3. The weight W (£) is chosen as (3.37) so that W~1(§) is consistent
with the weak weight in the dissipation norm (1.12) induced by the linear operator
L. In fact, the similar result can be obtained even if the weight is replaced by the
other algebraic weights such as (§)77.

Remark 3.4. The extra (j+ 1) —th order derivative of the initial data is required
in order to deduce the time decay rate of [f,E,B]. This results essentially from
the coupling of the hyperbolic Mazwell equations but not due to the technique of
the approach, see [7] for the analysis of the Green’s function of the damping Euler-
Mazwell system.
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(lem.end) [ emma 3.6. Suppose l; — 1 > Ny > 14. It holds that
sup {(1+ )3 IVa(B, B)[ds + (1 + ) l(ax, b, B, B)* b S YE + X() (3.38) [Lom.ona. 1]
0<s<t

for0<t<T.
Proof. Recall the mild form

U(t) = A(t)Up + /0 t A(t — $)[S(s),0,0] ds, (3.39) [Ten-end .pi ]

which denotes the solutions to the Cauchy problem on system (3.1) with initial
data Uy = (fo, Fo, Bo), where the nonlinear term S is given by (3.2). The linearized
analysis for the homogeneous system in Lemma 3.5 implies

V. Pe. (AU} s S (1+)7F (wa‘s"”fouzl + |<EO,BO>L;>

07t S (W vier s + | vEar (B, o))

1<]a|<6

where Pp p means the projection along the electro and magnetic components in
the solution (f, E, B), W = W (€) is defined by (3.37), and constants /5, (49" are

chosen to satisfy

15 high . D
fow > = gt 5 2
3 27 3 4
and also £v, Zgigh are sufficiently close to 15/2 and 5/4, respectively. By interpo-
lation of derivatives,

5 low
IVaPo.s{A®UoHlns S (14+1)7F (HW% 5|, + |<EO7BO>L;)

F(1+1)73 Z (HWZQighaafoH + ||5a(Eo,Bo)||) :

3</a|<0

Applying this time-decay property to the mild form (3.39) gives

ds

t
Vo (BBl S 40 Yo+ [ (1) )
1

0

t )
+/(1+t—s)—% > w08 (s)|| s, (3.40) [1em.end.p2)
0

3<|al<9

W S ()

where we have used W (§) = W_ 2 (¢) <w_1/2(§) and the definition (1.15) for Y.
By applying Lemma A.2, it is straightforward to obtain

L WS s ey s (0. (B4D)ERL]
' 3<al<9

Here, we have used the choice of Ny —3 > 11, /1 —1 > Nj.
Recall X (t) norm, and hence

Zlow

sl

Eny gtz 5 (s) < (14 5>_%X(t>7 0<s<it.
: t2s,
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Plugging these estimates into (3.40), the further computations yield

sup {(1+ )8V, (B, B) [} } S V3 + X2(0). (3.42) [Tem- end.53]

0<s<t

Moreover, to obtain the time-decay of ||(a+,b, ¢, E, B)||, we use the linearized time-
decay property

IPAAMUM + | Pep AT S (14+1)71 (

low
W o], 1o ol )

3 high __ T 7

F (1407 (HW’Z4 Vi fo” + HV; (EO,BO)H) :
where Py means the projection along the f-component in the solution (f, E, B),
and constants £, foigh are chosen to satisfy /% > 3/2, Effigh > 3/4 and also £,
Ei”g " are sufficiently close to 3/2 and 3/4, respectively. Therefore, in the completely
same way for estimating ||V, (E, B)| gs in (3.42), one has

sup {(1+ )% (as,b,c, B, B)*} S V3 + X2(8). (3.43)[Lom-ond p2)

0<s<t
Thus, combining (3.42) and (3.43) gives the desired estimate (3.38). This then
completes the proof of Lemma 3.6. (]

Remark 3.5. Notice that in the proof of (3.41), the inequality Ny — 3 > 11 was
used, which then yields to require N1 > 14 in Theorem 1.1.

3.5. The compensating energy estimate with weight. In this section we ob-
tain the uniform-in-time boundedness of the energy functional En,_1.¢, 1, (¢). No-
tice that this is consistent with the estimation on the linearized system. The main
observation in the nonlinear analysis is that those remaining terms in the energy
inequalities are time-space integrable.

(lem.n1bd) | eryma 3.7. Assume li1 —1> Ny > 14. It holds that
t
Sup gNl*Lel,)\o (S) + / IDN1*17417>\0 (S) ds 5 YE)Z + Xz(t)> (344)
0<s<t 0
for0<t<T.

Proof. Similarly for obtaining (3.21), one has

d 2
—ENI—1,61, 00 (t) + KDNy—1,61, 00 (t) S I](\Il)—l,él,)\o (t)

dt
Y (0wl 0, 0°) (3.45)
|O¢‘:N171
where IJ(\?l)—l,Zl,Ao (t) is defined by (3.22) with N; replaced by Ny — 1. Following the
same way as in the proof of (3.23) one can obtain that

2 — 1/2
TN ) S U6V | (DN -0, (1)

1
+ )\70(1 + t)l_‘_ﬂva(E, B)||H4DN1—17517)\0 (t)

—1/2

+ N (D11 0 (1) (3.46) [Tem-niba pi-o]
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Further using

sup. {Ewy-1(8) + En 1,000 () (14 87O |V (2, B) 3
0<s<t

+(1 + 5)%8N1*3,41*M7A0(S)} = X(t) = 527
it follows that

9 _3 1/2
I 1 e S DN, 1 2o (8 + (LD TIXODYE (). (3.47) [Lem.n1bd. p2]

From the Cauchy-Schwarz inequality, the right-hand second term of (3.45) is esti-

mated by
> (rpartat a0n)s S (oo o] 4 DioEr)
lo|=Ny—1 la|=N1—1 K

1_
5 77DN1—1,€1,>\0 (t) + EIDN1 (t)> (348)

for any n > 0. Then, by applying again the Cauchy-Schwarz inequality with 7 to
the right-hand second term of (3.47), plugging the resultant estimate together with
(3.48) into (3.45), and choosing > 0 small enough, one has

d = _3
agNl—lyéh)\o (t) + HDNl—Leh)\o (t) 5 DN1 (t) + (1 + t) gXZ(t)' (349)

Recall that from (3.34),

t
/ Dy, (s)ds S YE + X2(t).
0

Therefore, (3.44) follows by the time integration of (3.49). This completes the proof
of Lemma 3.7. g

3.6. Decay of the lower order energy. To obtain the closed estimate on the
energy norm X (t), it remains to obtain the time-decay of the lower-order energy
functional 5N1737[1774;25 2 (t) and En, —o(t) through the time-weighted estimate as
well as the iterative trick as in [8]. Notice that smoothness-loss and velocity-weight-
lossin & Ny 3.0, 2t25 3 (t) result from the regularity-loss of the electromagnetic field

and the degeneration of collisional kernels for soft potentials. Here we emphasize
that although the proof of the following lemma looks similar to that in [8], the full
details will be provided since most of subscripts in the energy functional En ¢ x(t)
take the completely different form, and one has to carefully check the validity of all
the estimates.

(em-nlwd) y o vma 3.8. It holds that

sup {(1+48)} €y, g, 2o, (5) + Ewy2(s)] | SYE+X2()  (3.50) 1em.nud.1]

0<s<t

for0<t<T.

Proof. First recall from Lemma 3.4 and Lemma 3.7

t
gNl (t) + 5N1*1,@1,>\0 (t) +/ DNI (8) + ’Dlel,fl,)\o (S) ds 5 YEJQ + XQ(t)' (351)
0
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To obtain the time-decay of £y 5, a2+ 4 (t) and En, _2(t), we will make the
time-weighted estimate. For brevity of presentation we write
JN/ Ao (t) = Z <3aE ) 5”1/27w\2a|757)\08af>'
la|=N
From the proof of Lemma 3.2 and Lemma 3.3, cf. (3.8) and (3.21), one has the

Lyapunov inequalities

d— _
&y (t) + KD, 1 (1) S TG, (1),

dt
d
@€N172,f1* «{«2}»—35 Ao (t) + I{DN172’E17 w;st Ao (t)

(2) (2)
<IN172,£17%35,)\ (t) + le 2,01 — w;"‘S,,\O(t)‘

(3.52) [Ton-atud 52

Those terms on the right can be estimated as follows. Similar to (3.12), it holds
that

70 gy < g1/2

N1 1( ) ~EON =30 — w+2s’)\0(t)5N1—1(t) + )1+19DN1—17£17>\0(t)

(1+t
+1/2 1/2
+EMaOEV L aiae (DD, (1),

1/2 (t) < X'/2(t) < § is small enough for the first

term on the right and applymg the Cauchy-Schwarz inequality to the third term
on the right, it then follows from the first equation of (3.52) that

Here, noticing that 5

— 220

d—= _
ZEN-1(t) + kDN, -1 (2)
§ _
5 (1 + t)1+19 DNl_l’él’)‘O (t) + gNl_l(t)gN1—3751—’y

Moreover, similar to (3.46), it holds that

5, (0 (3.53) [Tt 3

(2) 1—9 o1/2
IN1—2,Z1—%3S,)\ &)< (1+1) Eni_ 3gl_ﬂ7/\0(t)Dlezélf%fs,)\o(t)

1
+ )\70(1 + t)1+19|‘vx(E7 B)||H4DN172 €1*%,3S1>\0 (t)

—1/2
+En 2 (DD, g0, 220 5, (1);

which by using X (¢) < 62 for the first two terms on the right and the Cauchy-
Schwarz inequality for the last term, further implies

@)
Ly —ar—ag2e 3 () S 0D, g gy ag2e 5, (1): (3.54)

Again from the Cauchy-Schwarz inequality with n > 0,

2 + 21 ..
T 05 5 (@ o 4 T100). (0.5 omniuane
2

|a|=N1—

f

Then, by plugging (3.54) and (3.55) into the second equation of (3.52), taking the
sum of the resultant inequality multiplied by a proper small constant x; > 0 and
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another inequality (3.53), and using smallness of § > 0 and 1 > 0, one has

d

% {?Nl_l(t) + /@151\7172,417@55 o (t)} +K {51\/1—1(25) + mDleurw;zs Ao (t)}
)

S A o DMLt (t) + Eny 1 ()€, _54, 2220 (). (3.56)[Lem.n1ud. pé]

Further from multiplying it by (1+ t)%JrE with € > 0 fixed small enough and taking
the time integration, it follows

(1 —+ t)%‘i’f {ENl_l(t) —+ 5N1727217'y+237)\0 (t)}

2y

2y

t
+ / (]' + S)§+E {ﬁlel(S) + DN1*2,€1*’Y+257)\0 (8)} ds
0
t
SYG+ / (1 +5) 727Dy, 14 00(5) ds
0

t
N ./ (1 +S)§+65N1*1(8)5N173,Z1*%2S7/\0(s) ds
0

2y

t
[0 B a(6) + £y, (0)} ds. (357) Femntea
0

Here, since € > 0 is small enough, the second term on the right is bounded by
Y§# + X2(t) directly by (3.51), the third term on the right is bounded by

5% sup {(1 + 8)%+EEN1—1(3)} )

0<s<t

due to the fact that

sup {(1 + 5)%51\{173,417%25,)\0 (3)} < X(t) <8,

0<s<t Bl

and the fourth term on the right is bounded by YZ + X?(¢) by noticing
?N1*1(t) + 5N1—2,Zl—%725,)\0 (t) < 5Nl (t) + DNy —1,61,00 (t> + H(ai’ b,c, B)HQ’

and further using (3.51) as well as Lemma 3.6. Hence, we arrive from (3.57) at

sup {(14 )17 (Enya(5) + - ng2e 5, () }

0<s<t 2

t
+/ (1+s)3+e {ﬁNl,l(s) +DN172,41J+25)A0(3)} ds S Y2+ X2(t). (3.58)[Tem.nivd.p8]
0

27y

In a similar way to obtain (3.56), starting with the Lyapunov inequalities

d— _
ZEn-2(t) + KDy —a(t) ST (1),

d
P IR S WO Rt SN WAREE= W ()

< 7(2) (2)
~ IN1—37€1—#7)\0 (t) T jN1—37€1—#7)\0 (t)7
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one can prove

d (= _
Gt 1B 20+ maE g asm 5 (0} 45 { D a0) + k2D, g, aim s, (0}

) _
S A+ oo Dy g, ag2e 5, (8) + En—2(D)En, 50, 2220 (1)

~

for a properly chosen constant ko > 0.
Further multiplying it by (1 + t)%"‘6 and taking the time integration gives

(148)27 {ENl—z(t) LR IS WREEZ B (t)}

t
3. [=
+/(; (1+S)2+ {DN1*2(S)+DN1—3,€1—#,/\0(8)} ds

t
1 _
SY§ + / S(1+8)2 "Dy, Ly, _agze 5 (s) ds
0

t E —
N / (1 + S)%+€5N1*2(8)5N1—3,€1— 2E2s N, (S) ds
0

~

t
+/ (1 —|—s)%+€ {§N1_2(s) +En, 3.0, _at2s /\0(5)} ds. (3.59)[lem.nivd.p9]
0 v

Here, notice again that € > 0 is a fixed constant small enough. Then, the second
term on the right is bounded by Y@ + X?(¢) by (3.58), the third term on the right
is bounded by X?2(t) due to

sup {(1+5) (Exy-2(s) + Ex, g e 5, (5)) | < X(0),

0<s<t
and as before, the fourth term on the right is bounded by
CL+1)° (Y5 + X2(t))
by noticing
gNr2(t) + 5N173’5177+25 Ao (t)

=
/S 51\71—1(75) + DN172,€1*%’387)\0(75) + H(a’ivbv CvB)||27

and further using (3.58) as well as Lemma 3.6. Therefore, the desired inequality
(3.50) follows by putting these estimates into (3.59). This then completes the proof
of Lemma 3.8. O

3.7. Global existence. We are now in a position to complete the

Proof of Theorem 1.1. Recall X (t)-norm (1.14). From Lemma 3.4, Lemma 3.6,
Lemma 3.7 and Lemma 3.8, it follows that

X(t) SYE+ X3(t).

Since Y is sufficiently small, (1.16) holds true. The global existence follows further
from the local existence (cf. [38]) and the continuity argument in the usual way. O
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APPENDIX A

In this appendix, we collect some known basic estimates needed in the proof of
the main result of the paper. We first list the following propositions which have
been proved in [4].

Proposition A.1. Suppose 0 < s < 1 and v > —3. Then, there exist two generic
constants C1, Cy > 0 such that for any suitable function g,

Cil{I - Plglp < (Lyg,9) < 2(Lg.9) < Colglp,
O {lof,, +ol2e} <ol < Colgli: .
Cu{{1-Plgfh.  + HI-Phgll: | <(Zg.g) < Calgl.

(L1L21) Proposition A.2. Suppose 0 < s < 1 and v > —3. Then, one has

/2"

To~lglia oo Cilglis, = Cololle <A S \glya+

+v/2 /2’

3
(Lag. W] S 11 ol Clo,

1/10%
Lo |H h‘Lz, 91D = (Z19.9) =

— 10
(L1L22) Proposition A.3. Assume 0 < s <1,y > —3, |3| > 1. Then, one has

(03 Lag, | S [1| [t

Hg‘ﬁ‘ "u 2

(basic nonop) Proposition A.4. Assume 0 < s <1, v > max{—3,—3/2 — 2s}. Then, one has

(T (F9) ) S{ 17112 flp

> ,l9ID + 19l

S+v/2

Aglealflez, b b,

(expo split) Proposition A.5. For any integer k > 2 one can write

+min {|flzzlglzz,_,

k+2

= (u™ — pd) E et ’“+§ Qg pbe

* l=

1

2
(&, &) + Z ai,guii’subi’s-

i=1

Above, «;; are real numbers for all i and j, and the other exponents are strictly
positive, at the exception of by 2 =0, and with b; 3 > a; 3.

With Proposition A.4 in hand, as in [17, pp.819, Porposition 6.1] one can prove

(estimates on nonop2) Lemma A.1. Let €(&) be a smooth function that decays in & exponentially, and let
la| < N, N > 8. Writing
°T(f.f)= Y. T(Of0F),
a1 tas=«a
one has

1/2

H/ (91 F,9°2 f)¢ dgH<5”2 V2.

We also borrow the following result from [30, Proposition 3.1].
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(lem.non.z1) Lemma A.2. Let £ > 0. It holds that

and

2
lweT (f, g2 S lwefla2 s
v/2+s

leeZ (5 Dy + e 7 G Dl S 0 sz

la]+|BI<11
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