THE VLASOV-POISSON-BOLTZMANN SYSTEM WITHOUT ANGULAR CUTOFF

RENJUN DUAN AND SHUANGQIAN LIU

ABSTRACT. This paper is concerned with the Vlasov-Poisson-Boltzmann system for plasma particles of
two species in three space dimensions. The Boltzmann collision kernel is assumed to be angular non-
cutoff with —3 < v < —2s and 1/2 < s < 1, where 7, s are two parameters describing the kinetic and
angular singularities, respectively. We establish the global existence and convergence rates of classical
solutions to the Cauchy problem when initial data is near Maxwellians. This extends the results in
[10, 11] for the cutoff kernel with —2 < v < 1 to the case —3 < v < —2 as long as the angular singularity
exists instead and is strong enough, i.e., s is close to 1. The proof is based on the time-weighted energy
method building also upon the recent studies of the non cutoff Boltzmann equation in [13] and the
Vlasov-Poisson-Landau system in [21].
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1. INTRODUCTION

1.1. Problem. We consider the following Vlasov-Poisson-Boltzmann system describing the motion of
plasma particles of two species (e.g. ions and electrons) in the whole space R?, cf. [23]:

O Fy +v-VoFy + E-V, Py =Q(Fy, Fy) + Q(F-, Fy), 11
atF—+U'va:F—_E'vvF—:Q(F—aF—)+Q(F+aF—)' ()

The self-consistent electrostatic field takes the form of E(t,z) = —V,¢, with the electric potential ¢
satisfying

—A¢ = / (Fy —F_)dv, ¢ =0 as |z| = occ. (1.2)
R3
The initial data of the system is given as
Fy(0,z,v) = Fy o(z,v). (1.3)

Here, the unknown Fi(t,z,v) > 0 stand for the velocity distribution functions for the particles with
position x = (x1,72,73) € R? and velocity v = (v1,v2,v3) € R? at time ¢t > 0. The bilinear collision
operator Q(F, G) on the right-hand side of (1.1) is defined by

QPG = [ [ Bo—ua)lF@)GW) - F@)G() duds,
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where in terms of velocities v and u before the collision, velocities v" and u’ after the collision are defined
by
, vt u v —u ,vtu v —u
V= 50 W=—g— — 50

The Boltzmann collision kernel B(v — u, o) > 0 depends only on the relative velocity |v — u| and on the
deviation angle 6 given by cosf = (o, (v — u)/|v — ul), where (, ) is the usual dot product in R3. As
in [13], without loss of generality, we suppose that B(v — u,0) is supported on cos@ > 0. Notice also
that all the physical parameters, such as the particle masses and the light speed, and all other involving
constants, have been chosen to be unit for simplicity of presentation. Throughout the paper, the collision
kernel is further supposed to satisfy the following assumptions:

e B(v— u,0) takes the product form in its argument as
B(v—wu,0) = ®(Jv — u|)b(cos )

with ® and b being nonnegative functions.
e The angular function o — b({c, (v — u)/|v — u|)) is not integrable on S2, i.e.

fis

b(cos @) do = 27r/2 sin fb(cos #) df = cc.
s2 0

Moreover, there are ¢, > 0, 0 < s < 1 such that

93325 < sinfb(cos ) < m, Vo< < g
e The kinetic function z — ®(|z|) satisfies
O(|z]) = Colz["
for a contant Cg > 0, where the exponent v > —3 is determined by the intermolecular interactive

mechanism.

It is convenient to call soft potentials when —3 < v < —2s, and hard potentials when v+ 2s > 0. The
current work will be restricted to the case of —3 < v < —2s and 1/2 < s < 1. Recall that when the
intermolecular interactive potential takes the inverse power law in the form of U(|z|) = |z|~~1) with
2 < £ < o0, the collision kernel B(v — u,0) in three space dimensions satisfies the above assumptions
with v = 2:‘;’ and s = ﬁ, and our restriction corresponds to the condition 2 < £ < 3 in terms of £. Note
v — —3 and s = 1 as £ — 2 in the limiting case, for which the grazing collisions between particles are
dominated and the Boltzmann collision term has to be replaced by the classical Landau collision term
for the Coulomb potential, cf. [35]. As far as the global classical solutions near Maxwellians to the pure
Boltzmann equation with angular cutoff in the absence of any force are concerned, we only mention Ukai
[33], Ukai-Asano [34], Caflisch [4], and Guo [16].

In the paper our goal is to establish the global existence of solutions to the Cauchy problem (1.1)-(1.3)
of the Vlasov-Poisson-Boltzmann system near the global Maxwellian equilibrium states. This issue was
firstly investigated by Guo [20] for the hard-sphere model of the Vlasov-Poisson-Boltzmann system in a
periodic box. Since then, the robust energy method was also developed in [19] to deal with the hard-sphere
Boltzmann equation even with the self-consistent electric and magnetic fields; see also [15, 17, 22, 24, 37].
However, the non hard-sphere case has remained open for general collision potentials either with the
Grad’s angular cutoff assumption or not. Until recently, Guo [21] made further progress in proving the
global existence of classical solutions to the Vlasov-Poisson-Landau system in a periodic box for the
most important Coulomb potential. One of the key points in the proof there is to design a new velocity
weight depending on the order of space and velocity derivatives so as to capture the anisotropic dissipation
property of the linearized Landau operator. Due to the recent study of the non cutoff Boltzmann equation
independently by Gressman-Strain [13, 14] and AMUXY [1, 2, 3], it is now well known that the linearized
Boltzmann operator without angular cutoff has the similar anisotropic dissipation phenomenon with the
Landau, cf. [5, 18]. Therefore, as mentioned in [21], it is also interesting to see whether or not the approach
in [21] can be applied to the non cutoff Vlasov-Poisson-Boltzmann system for the non hard-sphere model;
see also [32] and [25] for two recent applications.

On the other hand, basing on the time weighted energy method, [10, 11, 12] recently developed another
approach for the study of the Boltzmann or Landau equation with external forces for general collision
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potentials. The main difference with [21] is to introduce another kind of time-velocity dependent weight
function which can induce the extra dissipation mechanism to compensate the weaker dissipation of the
linearized collision operator in the case of non hard-sphere models, particularly physically interesting soft
potentials. Unfortunately, for the Vlasov-Poisson-Boltzmann system with angular cutoff, the problem was
solved only in the case of —2 < <1 and is still left open for the very soft potential case —3 < v < —2.
In this paper, building on [13] and [29], we will extend the results in [10, 11] for the cutoff kernel with
—2 <7 <1 to the non cutoff case —3 < v < —2 as long as the angular singularity exists instead and it
is strong enough, i.e., s is close to 1.

1.2. Reformulation. In what follows we will reformulate the problem as in [20, 19]. Denote a normalized
global Maxwellian u by

1 2
() = T P (—[v?/2).

Set Fly(t,x,v) = p(v) + /p(v) f£(t,z,v). Denote by [, -] the column vectors F = [Fy,F_], f = [f+, -]
and fo = [fo,+. fo,—]. Then the Cauchy problem (1.1)-(1.3) can be reformulated as

~A¢ = /Rg(f+ — V) d, ¢ =0 as [z = oo, (1.5)

with given initial data

f(0,z,v) = fo(z,v). (1.6)
Here, ¢ = diag(1,—1), ¢1 = [1,—1]. L are I" are the linearized and nonlinear collision operators, respec-
tively. For f = [f, f-] and g = [g+,9-],

Lf=I[Lyf, L_f],
Lef == {2Q (m w2 fs) +Q (1 {fx + fr o) }
and
L'(f.9) =[C+(f.9).T-(f,9)],
Ti(f,g)=p'/? {Q <H1/2fia ul/Qgi) +Q <U1/2f3Fa u1/2gi)} :

For later use, it is convenient to introduce the bilinear operator .7 by

T(g1,92) = ?Q (M1/291, u1/292)

= [ au [ dor Bl = o 20) fn (1) (0) = a1 () 0]
for two scalar functions ¢, g2, and thus L = [Ly,L_] and T' = [['y,T'_] can be rewritten as
Laf=—{27 (2 ) + 7 (fo+ f2n?) } (L8)
Li(f,9) = T(fx,9+) + T (f+, 9+).

1.3. Basic properties of L. For scalar functions f., the first part of the linearized Boltzmann collision
term Ly f in (1.8) can be splitted as

27 (,ﬂ/?,fi) =2 /R du /S do B(v —u,0)(f£(v') = fe()ut?(w)p?(u') + 20(v) f£(v), (1.9)

where

(1.7)

v(v) = /R3 du [3,2 do B(v —u,0) (ul/Z(u) - ul/Z(u')> 2 ().

The first term on the right-hand side of (1.9) contains a crucial Hilbert space structure, while for the
second term, Pao’s splitting

P(v) = 11(v) + v (v)
holds true, cf. [28], with the following known asymptotics

n() ~ (1+ )5, 1a(v) S (1+]0f)3.
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We now collect some basic properties of the linearized collision operator L as follows:

(i) Asin [13], L can be decomposed as L = N + K. Here for f = [fy, f_], Nf = [Ny f,N_f] is the
“norm part”, given by

Nof=-27 (Ml/{fi) — 212(v) f+
=2 [ du [ o B 0) (2 0) = Fao) R ) + 2 () (o),
Thus by using the pre-post collisional change of variables, Ayg satisfies the identity

Wt fe) = [ au [ o [ do Blo—uo)(e) = fa) Pt A )
+2/RS do 1 (0)] fi ()

Moreover, Kf = [K4 f, K_ f] is the “compact part”, given by
Kaf == (f+ F-n'?) +202(0)
— [ / do Blo o) () [(F4 + 1)) (W) = (F5 + ) 2(0)]
R3 52

+ 2V2( ) f+
(ii) Asin [19], the null space of L is given by

N =ker L = span{[LO]ul/Z, [0, 1]1"2, [os, vi (1 < i < 3), [Jo]?, [v)?] um} :

For given f(t,x,v), one can decompose f(t,z,v) uniquely as

f=Pf+{1-P)f.
Here, P denotes the orthogonal projection from L2 x L2 to .4, defined by
Pf={ay(t,2)[1,0]+a_(t,2)[0,1] +v - bt,2)[1,1] + (Jv]* = 3) e(t, 2)[1, 1]} v/, (1.10)

or equivalently P = [P, P_] with
Pof={as(t,z)+v-bt,z)+ (jv]> = 3)c(t,z)} VR
Notice that
[ 60 TP =0, Vo[ e .

(iii) For any fixed (¢, x), L is nonnegative and further L is known to be locally coercive in the sense
that there is a constant A > 0 such that, cf. [26, 27]

(LA = (A= P)LLA=P)f) = A0+ o) =P

1.4. Notations. Through the paper, C denotes some positive constant (generally large) and A denotes
some positive constant (generally small), where both C and A may take different values in different places.
A < B means that there is a generic constant C' > 0 such that A < CB. A ~ B means A < B and
B < A. For multi-indices a = [, a2, 3] and 8 = [B1, B2, B3], 95 = 0alaa28a38518ﬁ28ﬁ3 and the length
of a is denoted by |a| = a1 + as + a3. o < a means that no component of o is greater than the
component of @, and o/ < a means that o/ < a and |o/| < |a|. (-,-) denotes the L? inner product in
R3, with the L? norm | - |3 or | - |. For notational simplicity, (-,-) denotes the L? inner product either in
R2 x R? or in R? with the L? norm || - ||. For £ € R, H’ denotes the usual Sobolev space. For ¢ > 1,

Z, denotes the space Z; = L*(R3; L9(R3)) with the norm || f||z, = |||l fl| .« HL2.

We now list series of notations introduced in [13]. Let S’(R3) be the space of the tempered distribution
functions. N denotes the weighted geometric fractional Sobolev space

Ny = {f € S'(R¥): |flw; < oo},
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with the anisotropic norm

5 _ g2 )L (f(v) = f(v))?
[flve = IF1Lz, / d’U/R3 dv’ ( T d(v, vt X<t
where (v) = /1 + |v|2, L? for £ € R denotes the weighted space with the norm

3 = [ doto)If@)P

the anisotropic metric d(v, v") measuring the fractional differentiation effects is given by

w1l = \flo = v+ o - ey

and 4 is the indicator function of a set A. In R x R?, we use || - [vs = H| “INs Lo

To the end, the velocity weight function w = w(v) always denotes
w(v) = (v) 7. (1.11)
Let £ € R. The weighted fractional Sobolev norm is given by

2 INF 2l (o)) INK
1, = Juthl2 + /de”/md' ROVl Y COTICH) N

|’U _/Ul|3+28

which turns out to be equivalent with
2 s
W't = [ o) [0 = A% (' (@)1 (0)

The velocity-weighted | - | n:-norm is given by

~r+2s+1 _ )2
Wty = [ r s+ o [ w0 L IO e

d('U7 ,U/)3+23

‘ 2

Notice that, cf. [13, 14],
2 2 2 2
|wef}L§+25 + |wéf’Hf/ S |w€f’N; S |wéf’H;+2

In R3 x R?,

wefHH; = H‘weﬂﬂg 12
2

we also use the anisotropic space NJ (R? x R?) containing the space-velocity derivatives, given by

and HwéfHNs = H‘wélea"Hm are used. For the integer K > 0,

2 2 2
w1 =l oy = 3 0 e
' lal+|B|<K

where we write

2 2 2
|wef|N;K = |wef|N;‘YK(R3) - Z |weaﬁf|N§(R3)

[B|<K
whenever only the velocity derivatives are involved. For integer K > 0, we define the Sobolev space

|f|HK = Z ‘aﬁﬂLz(Rs)a HfHHK = Z HangL2(R3><R3)'
IBI<K leel+18I <K
For integer K > 0 and ¢ € R, we define the weighted Sobolev space

W' g = D |00 S| amsys [0 lge = Do [0 OB ooy -
|B|<K |a|+|BI<K

0 s = 3 JotFous], o 0l = S [t

IBI<K lof+[BI<K

and

L2(R3xR3)

Finally, we define B C R3 to be the ball with center origin and radius C, and use L?(B¢) to denote
the space L? over B¢ and likewise for other spaces.
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1.5. Main results. To state the result of the paper, we introduce more notations. As in [21], for [ > 0,
a and B, we define the velocity weight function w;(a, 8) by

wy (o, B)(v) = wl+K—\a|—\BI(U) - <v>(—v)(l+K—|a\—|B\)7 (1.12)

where K is an integer. Corresponding to given f = f(¢,x,v), we define the instant energy functional & (t)
and the instant high-order energy functional Slh (t), for I > 0, to be functionals satisfying the equivalent
relations

~ ST EQIP+ Y e, B350, (1.13)

<K o +1BI< K
gy~ S NEMIEP+ Y [0°PAP+ D [wile,AO5A- P, (1.14)
<K 1<]al<K o+l <K

and define the dissipation rate functional D;(t) by

Dit)= Y I"E@IP+ Y NPF@IP+ Y [wiler, B)O5 X=P) Oy, (1.15)

la|<K-1 I<]a|<K lol+[BI<K

Here, E = E(t,x) is understood to be determined by f(¢,z,v) in terms of

1
= —V.0, (b_m*xpf’ Pf—/ (fy = f)Vu(v)dv.

The main result of the paper is stated as follows.
Theorem 1.1. Let -3 <y < —2s,1/2<s<1. Fixly >0, 1/2 < p <1, the integer K > 8, and define
) v+ 2s
41— )T'
Let fo(z,v) = [fo+(z,v), fo—(z,v)] satisfy Fx(0,2,v) )+ /(v fo - (x,v) >0, and
/R3 pf, dz =0, /RS(1—|-|96|)|pf0\dx<oo. (1.16)
Then, there are functionals &(t) and E]'(t) in the sense of (1.13) and (1.14) such that the following thing
holds true. If
€0 = VE+1,(0) + ||wl2foHZ1 +[[(1+ [z])poll 1, (1.17)

5(v+2s)
1

L=

is sufficiently small, where ly > is a constant, then there exists a unique global solution f(t,z,v)
to the Cauchy problem (1.4)-(1.6) of the Viasov-Poisson-Boltzmann system such that Fy(t,x,v) = p(v)+

V() f£(t, z,v) >0 and

6l0+l1(t) S/ 6 0 (118)
E,(t) S E(1+1)2, (1.19)
ELt) S E(1+t)"2, (1.20)

for any t > 0.

Some remarks are given as follows. Notice that [y can take zero while the choice of other parameters
l1, I, K and p could not be optimal in order for initial data to have the weaker regularity and velocity
moments. The restriction of those parameters is related to obtaining the following closed a priori estimate

X(t) S &+ X2(t) + X2(t)
with respect to the time-weighted energy norm X (¢) defined by
3 3
X(1) = sup Ean, (1) + sup (1+7)36,(r) + sup (1+7)3PEL (). (1.21)
0<r<t 0<r<t 0<r<t
Here, the parameter p is introduced to take care the time-decay of the high-order energy functional 5[3 (t).
The time decay rate (14-¢)~ 2~ for & (t) in (1.20) is not optimal compared to the linearized system; see

Theorem 4.1 given later on. It is then of interest to upgrade it to (14 t)~%/2, that is to prove (1.20) in
the case of p = 1, and we will make a further discussion of possibility at the end of the paper. Moreover,
similar results in the hard potential case v+2s > 0 with 0 < s < 1 could be considered in the simpler way,
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but for the soft potential case —3 < v < —2s in Theorem 1.1, the restriction s > 1/2 is necessary in our
proof due to the technique of the approach; we will clarify this point later. The assumptions concerning
(1.16) and (1.17) arise from the linearized analysis of the Vlasov-Poisson-Boltzmann system in order to
assure the strong enough time-decay rate of the linearized solution operator; see (4.25) in the proof of
Theorem 4.1.

In what follows let us point out several key technical points in the proof of Theorem 1.1. First of all,
we emphasize the role of the velocity weight w;(«, 8) in (1.12). Such weight was firstly introduced in
[30, 31] to deal with the time decay of the Boltzmann equation for soft potentials on torus, and it was
also used recently in [21] to investigate the Vlasov-Poisson-Landau system for Coulomb potentials. In
fact, the linearized non cutoff Boltzmann operator enjoys the anisotropic dissipation norm

11 2 110) 2 FI2 + (1) 3 (1 = A)E £ (1.22)
Then, in terms of this dissipation norm, the choice of w;(«, ) should depend on the weighted estimates
on the linear term v - V., f and two nonlinear terms V. ¢ -V, f and v -V, ¢f. For v- V. f, one has to
bound

(55 £, wi (. )35 £) (1:23)

with |a] 4+ |8| < K and |8] > 1. For simplicity of presentation, let f be purely microscopic, i.e. f =
(I - P)f. Since |8] > 1, the trick is to do the splitting 03 f = 0c,05_,, [ in the inner product term

above, write in a rough way the first-order velocity differentiation as J., = 8911/ 28(;/ 2, and further use

wi(a, B) = wi(a, §—e;){v)7 to gain the degenerate velocity weight, so that (1.23) can be bounded by the
dissipation norm

[(w)2 (1= Ay) 2 [wi(ev, B — )05, 1P + [[(0)2 (1 — Ay) 2 [wi(er + €3, B — €:)03 T f]]|?

up to some other controllable terms, where s > 1/2 was used. Notice that two terms in the sum above
correspond to the second term on the right-hand side of (1.22), and they also have velocity differentiation
whose order is |8 — ;] less than |5]. For V¢ - V, f, one has to meet with the estimate on the trilinear
inner product term

(0005701 £, i (0, )05 1)
with |a| + |8] < K and 0 < o3 < «. For this term, we use the same trick to make estimates as for (1.23)
by writing 8;;;% = aeﬁg_‘“f and 0., = 3/282/2 For v -V ¢f, one has to bound

(0t 005~ 1, w0, )05 f)

with o] + [8] < K and 0 < a3 < a. Since 0% f losses at least one space differentiation compared to
0% f, one can gain the velocity moment (v)7 from w;(a, 8) so that

[vilwi(er, B) < () wi(er — a1, B)

due to s > 1/2 once again. Therefore, one can use the first part on the right-hand side of (1.22) from
the dissipation norm to bound

Lol

The second technical point concerns the w;(«, §)-weighted estimate on the nonlinear term T'(f, f). The
corresponding results obtained in [13] can not be directly applied here, since the velocity weight function
depends on the total order of space-velocity differentiation. We will make some slight modifications
involving the distribution of weights. Essentially, whenever [v/|2 ~ |v|? + |u|?, instead of using w?‘(v') <
w? (u)w? (v), we estimate w?(v') as

Y+2s

T wi(a, B)03 f| dxdv.

Fwi(a - a1, 8957 f] | (v)

w%(vl) S, w2£(u) + w%(v)'

The third point is to design the time-weighted norm X (¢) in (1.21) to capture the dispersive property of
the Vlasov-Poisson-Boltzmann system in the case of the whole space R3. This trick has be been used in
[9] and the recent work [10, 11, 12], where the key issue is to apply the time-decay property of solutions
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to close all the nonlinear energy estimates. Specifically, due to the technique of the approach, one has to
deal with a term in the form of

1040 Lo Ei(1)

which can not be absorbed by the energy dissipation norm even under the smallness assumption on the
solution itself. Observe from the later proof that ||0;:¢|| L is bounded by the high-order energy functional
E(t) and hence is time integrable as shown in [21]. Thus, it is natural to use a kind of time-weighted
norm to close the a priori estimates. On the other hand, notice that the study of the time-decay property
for the linearized system with or without the self-consistent forces is now well established; see [7, 8, 36]
for hard potentials and [29, 11] for soft potentials; see also [38] in terms of the energy method only.

The rest of the paper is arranged as follows. In Section 2, we list basic lemmas concerning the properties
of L and T" in the functional framework of [13]. In Section 3, we present series of the w;(«, 3)-weighted
estimates on all the nonlinear terms. Section 4 and Section 5 are concerned with the linearized analysis
for the time-decay property and the energy estimates to gain the macroscopic dissipation, respectively.
In Section 6 we make series of the a priori estimates through the energy method, and in Section 7 we
complete the proof Theorem 1.1.

2. PRELIMINARIES

In this section, we list two basic lemmas which will be used in the later proof. Recall w = w(v) = (v) ™7
in (1.11), and we always suppose —3 < v < —2s and 1/2 < s < 1. The first lemma concerns the coercivity
estimate on the linearized collision operators L; its proof can be found in [13, pp.783, Lemma 2.6 and
pp.829, Theorem 8.1].

Lemma 2.1. (i) It holds that
(Lg,9) Z X P)gll. . (2.1

(i) Let £ € R. There is C > 0 such that
2 2
(w2€Lg,9) 2 ||'LU€9HN.; -C HgHLz(Bc)-
(iii) Let B >0, £ € R. For any n > 0, there are C,, >0, C > 0 such that

(w*93Lg,059) 2 |[w'Dsg| e = Y [0 Dsiglly = Co 9725 -
B1<B

The second lemma concerns the estimates on the nonlinear collision operator I'. We point out that the
corresponding results obtained in [13, pp.817, Lemma 6.1] can not be directly applied here. One has to
make some slight modifications involving the distribution of weights. In fact, for the weighted estimate
on the triple inner product term (w%@gf(gl, 92), 95 g3), the weight w?’ was assigned to every one of
the three functions g;, g2 and g3 in [13]. When the integration with respect to space variable is further
taken, Sobolev’s inequality must be used to control the L°-norm of either g; or g so that the order of
z-derivatives should be lifted. However, the lifting is dangerous in the case when the weight w;(c, 8) is
used for soft potentials. This can be seen by noticing that ¢ depends also on the order of xz-derivatives
and hence the higher order x-derivatives are associated with the weaker weight.

Lemma 2.2. Let g; = [gi+,9i—] € C(R3 R?), 1 <i <3, and let || + |8] < K with o = a1 + a2 and
(B1,B2) < B. Then for any £ >0 and m > 0,
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(1) when |oq| + (51| < K/2,
‘(w%@gfi(gu 92), 0593, i)‘

Z / ‘8191 ‘w82gg‘ }w 8593|N§

a1+az a
(B1,82)<B

lao 4
+ E / ‘wa g1 ’8292‘ S‘w ngg‘Nsda:
v
ajtag=a N3
(1P <P

+Z/

atag=a
(81.82)<8

(ii) when |on| + |81 > K/2,
‘(wﬂﬁafi(gl,!h) 9593, i)‘

Z /’3191 ’wag 92‘ |waﬁg3|Nb

a]tag=a
(B1,82)<8B

DN

a]tag=«a
(B1,82)<B

+ [

a]tag=a
(B1:82)<B

a oo Y4
0! ’ , ‘w aﬁjgg‘m ’w 8593’1\15 dz
vy

191‘ ‘3 292’ |w 3,393|Nb

maalgl’ ‘w 8[3 92‘ |w£a§‘g3|N; dx

To prove the lemma above, we need to make some preparations by recalling some notations used in
[13, pp.791-792]. Notice (1.7) for the definition of 7. Consider the following inner product

(W03 7 (. ho).O5hs) = D 30 O (w T, (05 k. 52ha). DR )
B1+pP2+B.=B ar1tar=a

where

Ty, (b, he) = /R du /S do B(v —,0) |9, 1" (w) | [h1 () ha(v') = ha (wha(v)]

Let {n.}5=1 be a partition on unity on (0, 00) such that || < 1 and supp (n,) C [27%71,27%] . For

B, = B(v —u,0)b <<”:Z|a>) (v — v']). (2.4)

each k we use the notation
v

We now denote

ﬂf,z(hl,m,hg):/ du/ dv/ do By (v — u, 0)hy (u)ha(v)
R3 R3 S2

x [0, 11 2()]| By (0w (),

T (hy, ha, h3) z/ du/ dv [ do B.(v—wu,o)hi(u)ha(v)
R3 Rs Js2

x (95,12 (w)] o (0)w?(v).

On the other hand, we express the collision operator (1.7) using its dual formulation as in [13, Al]. In
fact, after a transformation, one can put cancellations on the function hs as follows

<w2€9(h1, hg), h3>
= /R3 du /RS dv'/z/ dmy B(v — u, 0 )hy (u)hs(v")w?(v') {ul/z(u’)hg(v) — 12 (w)hy(v') (2.5)

+ ZL(hy, ha, h3),



10 R.-J. DUAN AND $.-Q. LIU
where v/ = u + v — v’, the kernel B is given by

20 —v—u
B 4B (U - U, |21)’—U—u\>

)

[/ — ul|v — ul

while the corresponding dual operator .7¢ given by

T (hy, b, hs) = /R ! o s (o (0 /R du(u) [05, 172w

_ I 3+
x/ dr, B A
By | — ul3T7

is not differential at longer. In those integrals, dm, means the Lebesgue measure on the 2-dimensional
hyperplane EY defined by EY = {v € R®: (u —v',v —v') = 0}, and v is the variable of integration.
Note that in (2.5) we use 7/ with 3, = 0.

With the observation above, one can use the following alternative representations for 7 _f * as well as
%K,,[:

T (ha, ha, hs) :/ du/ dv'/ dry B (v —u,0)
R3 R3 Z’

X ha(w)ha(0) [0, 112 ()] ha()w (),

T (ha, hay hs3) :/ dU/ dv'/ dmy Be(v —u,0)
R3 R3 HI
X hy(u)ha(v') [ag“ulﬂ(u)} hs (v )w? (v").

Then for hy, ha, hs € S(R?), the pre-post collisional change of variables, the dual representation, and the
previous calculation guarantee that

+oo
(w* T (h1, ha), h3) = Z {yf’g(hbhz,h:s) - ff’e(hl,h%h;;)}
e . (2.6)
=T} (h1,ha,hs) + Y {«7f’é(h17 ha, hs) — Zﬁ’e(hhhz,h?,)} :

To the end ¢(v) denotes an arbitrary smooth function satisfying for some positive constant A\ that
C(0)] ~ e (2.7)

Now we collect estimates for the operators .7, 7e’ T and 7" appearing in (2.6), which can be used to
prove Lemma 2.2. Notice that only the soft potential case —3 < v < —2s with 1/2 < s < 1 is considered
here.

Proposition 2.1. Let k be an integer, m > 0, £ € R and ¢ defined by (2.7).
(1)

|w€h2

|75 1,z )| S 22 [

|2
L7+2s

lyf’z(hl,hz,h?,)’ < 2% |w4nhl|L2 |w€h2|H3+2s

and
|75 2, )|+ | T2 (ha, € o) | S 225 ™| [ "o

(i)
|Zn,€(hl’ hg, h3)| g 2255 }wimhl
|Z’{7Z(h17 hg, h3)| 5 225/{ |w—mh1

|wzh2

|w£h2

H?2 w 3L27
| whs

'

s

P ‘Hg L2
and

| Z5 (s b, Q)] [ Z5 (R, G )| € 22 w1 w0 ha 1
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(iii)
y}i,f [ <22sn h Zh
v (hay b, hs)| S e |w 2’L2+2
y+2s
28K ¥4 4
+2 ’w h1|L2 ‘hQ‘LiHs ‘w hs

-|—22$N ’w‘mhl |w£h2

| o [0 he]
H Lo 2s v42s

‘9ﬁ’€(h1, ha, hg)‘ <22 |y o | By

|12
L'v+2s

+ 2% Jw'hy |, halpe |w'hs (2.9)

+ QZSK ”U)_mhl |L2 ‘wehQ}Her%
and

[T ey O] S 2 w0 B | [0 (2.10)

|12
Proof. First of all, notice that (i), (ii) and (2.10) in (iii) are the same as in [13, pp.803-804, Proposition
4.1, 4.2, 4.4, and pp.808, Proposition 4.8], and only (2.8) and (2.9) are different. For brevity, we prove
(2.8) only. The key point is to assign the velocity weight to h; and hg in a better way. The following
inequalities will be frequently used in the later proof:

2_"‘|vfu|_1
/ Bi(v—u,0)do < |v— u|7/ 671725dp < 225K |y — w72, (2.11)
SQ 27&71'1)7”‘71
where we recall (2.4) and the geometric relation [v/ — v| = v — u|sin 4.
On the region |[v—u| > 1, the singularity of |v—u|772% is absent. Thus, by Cauchy-Schwarz’s inequality
and (2.11), we have

1

2
y—f,f(hl’ hQ, hB)‘ §225ﬁ </RS du /R\3 dv |’U _ u|2(’)’+23) <,U/>V2SM1/4(U/)h3(v/)w26(v/)>

SIS

” v hy (w)hs (v v/’y+25 1/4 u/ w2£ ’U/
([ [ avmaao)@y e w) -

1
2
§225ﬁ </ d'l}l <U/>'y+23|h3(vl)2w2€(vl))
R3

x ( /R S dvhl(u)|2|h2(v)|2<v’>’*+25u”4(u’)w”(v’))

The first factor on the right-hand side of (2.12) is bounded by |w£h3 . For the second factor, in the

|12
v+2s
case when [v'|? < %(|v|? + |u|?), since the collisional conversation laws imply pi (W) < ps (o) (u), it
follows that (v/)7+25u1/4(u ) w? (v') < (v)~™(u)~™ for any nonnegative constant m. In the case when
[v'[> > 2 (Jv[* + |u|?) which implies [v/|* ~ [v]? + |u|?, we have for £ > 0,
w?(v') S w(u) + w*(v),
and similarly (v/)72¢ < (v)712% 50 that

W) A () S (0 (0% () + 0 ()

~

Therefore, in both cases, the second factor on the right-hand side of (2.12) is bounded by

il fuhals |+ ] el

On the remaining region [v — u| < 1, where p/4(u")w?*(v') < p®(u)u’ (v) for some 0 < § < 1, it follows
that

9f’é(h1,h2,h3)‘522“/ du/ dv v — a1 by (u)ha (0) s ()]
R3 R3

|

X (p(u) (") p(u) p(v))?
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which from Cauchy-Schwarz and Sobolev inequalities, is further bounded by

s ([ i)

<[y )| ( [ a <v>”+25h2(v)2u5(v))2

<2 0 o]

This completes the proof of Proposition 2.1. O

Proof of Lemma 2.2. In terms of series of estimates obtained in Propositions 2.1, by applying the cancel-
lation inequalities constructed in [13, Propositions 4.5-4.7] and carrying out the similar procedure as that
of [13, Lemma 6.1], one can prove (2.2) and (2.3) and the details are omitted for brevity. This completes
the proof of Lemma 2.2. O

3. NONLINEAR ESTIMATES

The goal of this section is to make the weighted energy estimates on those nonlinear terms in (1.4).
The following decomposition will be frequently used in the later proofs:
L(f, f)=L®fPf)+T®fA{I-P}f)+T{I-P}f,Pf)
+T{I-P}f AT P}).
Recall (1.12) for w;(a, 8), and recall (1.13) and (1.15) for & (¢t) and D;(t), respectively. To the end we

always suppose —3 < 7 < —2s, 1/2 < s < 1, and K > 8. The first three lemmas of this section concern
the estimates on the nonlinear term I'(f, f).

(3.1)

Lemma 3.1. Letl >0, |o| + |8] < K. It holds that

-

((Co(f, £), F2) S EF ODu(1), (3.2)
| (w?(a, B)OST(f, ), 051 — P2) )| S &2 (H)D(1), (3.3)
| (w(0, 0)0°T 1 (f, ), 0°f2)| < EF (D). (3.4)

Here and hereafter, we denote I+ f = fi.

Proof. For brevity, we only prove (3.3) in the case when v = 8 = 0, and the other two estimates (3.2)
and (3.4) can be proved in the similar way. For this, we set

J1= | (wf(0,0)TL(f, ), Ix — P1)f)

and denote Jy 1, J1,2, J1,3, J1,4 to be the terms corresponding to the decomposition (3.1). Now we turn to
estimate these terms one by one. First, for Jp 1, recalling (1.10) and applying Lemma 2.2 with £ = [ + K,
one has

)

Jl,l 5 H(ai=b> C)“H1 va(aﬂ:abﬂ C) ||wl(070)(1i - P:t)fHN:; )
where we have used Sobolev’s inequalities
l(ax,b,0)llzs < lax, b, [mrs [l(ax, b,¢)lLe S [ Velax, b, o).

For Ji 2, by using (2.2) in Lemma 2.2 with ¢ = + K, it follows that

T2 S l(az b, Ol [wi(0,0)(Te = PL)fll . S [Valaz,b,e)|a [wi(0,0)(Ie = PL)flly.
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In the same way, Ji 3 has the same bound as J; 2. Finally, for J; 4, due to Lemma 2.2 and Sobolev’s
inequality, we obtain

Jia S = Po)flall oo wi(0,0) (T — P) f s
+ (0, 0) (L = P [|(Ls =Pl | 0,0} = P2l
[0 (X = Pa) f] o | o 000,00 (L =P )£,
S 30 197 = P £ wn(0,0) (L — P) fI3.

la| <2

+ [lwi(0,0)Ix = PL) f]| Y [[0%(Ix — Pi)fll s [[wi(0,0) (I = Px) flly,
laf<2

Y men, 505 e = Py || ln(0,0)(T — Po) S,
lon | <2,]81]<2

Now the desired estimate (3.3) in the case when a = 8 = 0 holds by combing all the above estimates.
This completes the proof of Lemma 3.1. 0

Lemma 3.2. Let ((v) be a smooth function satisfying (2.7), and let || < K. Writing
OT(f,f)= Y, T@"f0"f),
a1 tas=a
one has

H v oo an| < gt wpt o (35)

Proof. With Lemma 2.2 in hand, (3.5) can be verified directly by applying Sobolev’s embedding inequal-
ities, and details are omitted for brevity. O

Lemma 3.3. Let ¢ > 0. It holds that

Yot N S D (w0 D W (3.6)
lal<1 jal<1 T al< T
Moreover,
y42s 2
[ TG Dl s + 0TGN, S D w054 (3.7)
Jal+18]<5

Proof. First of all, (3.6) has been proved in [29, pp.21, Proposition 3.1]. Then applying (3.6) and Sobolev’s
inequality, we have

[’ TCF )]s §/Ra > |wfaaf|iz+25 3 [wor g, da

v+2s
la|<1 la|<1
oo p|2 0o g2
§supZ|w8f|L2 / Z|waf|H4 da
x v+2s JR3 v+2s
la|<1 la]<1
2
Laa’ YT 2
SID DN A N D (A P

lo’]<3 T2 |al<1

Therefore HwZF(f, f)HH1 is bounded by the right-hand term of (3.7). As in [29], HwZF(f, f)||Z1 can be

estimated in the completely same way as for Hwef( 1 f)H - and details are omitted for brevity. This
completes the proof of Lemma 3.3. ) O

The following two lemmas concern the estimates on v - V,¢f1. As in [21], for simplicity, we use e; to
denote the multi-index with the ith element unit and the rest ones zeros.
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Lemma 3.4. Let 1 < |a| < K, and 1 > 0. Suppose \/E(t) < & for a constant § > 0. Then, it holds that

-

> (0090 i, e w0, 0007 f1) S EF (H)Dy(t). (3.8)

1<|a | <]
Proof. In terms of fy = (I —Py)f +PLf, set

Z (vi6a1+ei¢6a_°‘1Pif, ei¢w12(a, O)GO‘fi)

1< <]

+ ) (0o tega T (I — Po) f, e Pwi (0, 0)0° P f)

1< |<]a]
Y (0090 (L~ Py) f e u(0,0)0% (L — Pa) f)
1<]ar|<]e]
=Jo1 + Joo + Jo3.
Notice by Sobolev inequality that
|9l S IVadllm S VE() <. (3.9)

For Jy 1, one has

|J2,1

DY /R o7t

1<|oa <

|8°‘*“1 (ai, b, C)|8afi|L3d:U,

where for |ag| < [K/2], the integrand is bounded by

sup [0 T g] - |07 (ax, by o)| - 107 felzz,
while for || > [K/2] + 1, it is bounded by

sup [077 " (a, b, c)| - 0" o] - [[0% frl 2.
Thus, by Sobolev inequality,

ol S IV20llans 3 {10 (0w be)ll0 iz }

1<]a|<K

Similarly, for Js 2, one has

|J2,2

5 Z /1;{3 |8041+G11¢||6a—a1(1i_Pi)f’L£ |8a(ai,b,c)‘d.’1¢

1< <]

S S suplomteg
o |<[K/2] *
+ Y sup |0t (e — Py fle - 979 - 10 (ax, byo)|
o [>[K /241 *

SIVEglar D 0%ax, b0l D 0%(Te = Px)frz.

I<lel<K lo| <K

oee (Ls — P fllz - 10 (s, b0l

Finally, for Jo 3, since 1/2 < s < 1, it is straightforward to see

lwi (e, 0)v;| S wi(a— ey, 0)<v>7+25.
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Therefore, one has

s X[ e

1<]a1|<]al
x Jwi(e,0)0% (e = Pe)f 2, da
< Z sup [0 T g| - [|lwi(a — €;,0)0* (I — Pi)f”mﬁ
1<|on|<[K/2] © ’
x [lwi(e, 0)0% (T = Pe) fll 2
—+ Z Sup"wl(a*ei,())aaial(]:i *Pj:)f|L2+2 : ||8al+ei¢

la|>|on [>[F/2]+1 ©
% Jun(a, 0)0% (L = Pe)fl 2,

SIVEOlars D fwile,0)0%(Le = Pe)felis
la|<K

|7~Ul —e¢;,0 aa o (I:t - P:t f|L2

where we have used |a — 1| < |a — ¢;] in the case when 1 < |a| < [K/2], and |a — a1] + 2 < |a — ¢
in the case when |a| > |ay| > [K/2] + 1. Collecting all the estimates, (3.8) follows. This then completes
the proof of Lemma 3.4. g

Lemma 3.5. Let 1 < |a| +|8] < K with |B] > 1, and I > 0. Suppose \/&(t) < & for a constant § > 0.
Then, it holds that

ST (Gami0m 00575 (L — Pu)f e Pui(a, HOF (L — PL)f) SE (D). (3.10)

lay|+[B1121
log|<lal,|B1|<1

Proof. For brevity, we denote the left-hand term of (3.10) as J;. As in Lemma 3.4, we prove (3.10) by
considering the following two cases. For the case |a;| < [K/2], from (3.9), one has

Nfnte = an,8 - 8355 (M
X ||wi(er, B)0g (I — Pj:)fHLiHS ,

which is further bounded by the right-hand term of (3.10). For the case |ay| > [K/2] 4 1, it is similar to
verify

BEBS

"r+2€

| Ssup [wn(e = a1, 8~ B)I5E) (L — Pu)f

x |Jwi(a, B)0F (L — Pﬂ:)f”Lz+ ,
~y+2s
which is also bounded by the right-hand term of (3.10). This completes the proof of Lemma 3.5. O

L

Y+2s

The following two lemmas concern the estimates on V,¢ -V, fi.

Lemma 3.6. Let 1 < |a| < K, andl > 0. Suppose \/E(t) < 6 for a constant § > 0. Then, it holds that

> (090 i e w0, 0007 1) S 5 (t)Dy(t). (3.11)
loa|<lef
Proof. Denote the left-hand term of (3.11) by Jy. When «; = 0, by taking integration by parts with
respect to v;, one has

Jy Ssup |0%¢
xr

/ / |8afi|2|3eiwlz(oz,0)|dxdv
r3 JR3

SIVedllgz wila; 0)0% fell [lwila, 0)0% fellpz < &7 (O)Di(?),

’Y+25

Tl

where the inequality |9, w? (v, 0)] < (v) 72 w? (e, 0) has been used due to —3 <y < —2sand 1/2 < s < 1.

Whenever o > 0, one can write
Jo = Jy1 + Jao,
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with
Jap= Y (0960 M Puf, e ui(a, 0007 i)
1<]as|<]a|
Jiz= Y (0070 Iy — Py) f,e*fwi(a, 000 f+) .
1< e |< ]

We now estimate J4 ; and Jy o as follows. By using the similar argument as for estimating J5 1, we deduce
that

J1a SIVESlama > {10 (@b, Oll- 10 Fallrs } -

1<|a|<K
To estimate Jy 2, we use the trick as in [21]. First of all, notice that Jy 2 can be written as

Ta= ) { (0260, [wila — a1, 0)w™ % 07 (Le = Po)f| e ui(a, 0w~ F 0%/ )

1< as <]l
- (80‘1"’6%851. [wl(a -, O)w_laTl‘} w—‘%}'aa—al(li -Py)f, ei‘z’wl(a, 0)8O‘fi) }
1 2
=Ji5 + 713

For the term sz) , it is straightforward to estimate it by

C/ ’8“”“"%’ ’wl(oz—041,0)8(1_0‘1(Ij[—Pi)f‘Lz+ |wl(a70)8°‘fi|Lz+ dx
R3 Y+2s Y+2s

IVl S (0,000 (L ~Pa)fIRs 3 w00 felZ -

la|<K 1<|al<K

For JfQ) , noticing 1/2 < s < 1, by the Parseval identity, one has

1
7 < /
R3

</

/ 1€ Fy [wl(a — o, O)w_@aa_”1 (IL— Pi)f} Fo {wl(a, O)w’%aafi} df‘
R3
X ‘8a1+5i¢

dxr

SIS

(§)2F, {wl(% O)W_@aafi}

(fﬁ]—‘v [wl(a - ahO)w_%aa_o“(Ii — Pi)f}

Lg Lg
x [0%1F¢ig| da
5/ ’wl(a - a1, O)w_‘aTl‘a"_al(Ii — Pi)f‘ ’wl(oz, O)w_‘aTl‘@afi‘
R3 H; H;
X |6'a1+ei¢> dx
V2ln s S w00 (W —Pf S (e 0)0° fl
la| <K 1<|a|<K

where F, is the Fourier transform with respect to v-variable, £ denotes the corresponding frequency
variable, - denotes the complex conjugate, and i = 4/—1 € C is the pure imaginary unit. Collecting the
estimates above, this completes the proof of Lemma 3.6. d

Lemma 3.7. Let 1 < |a|+ |8| < K with |8] > 1, and | > 0. Suppose /& (t) < & for a constant § > 0.
Then, it holds that

S (0005 (1 = Pa) e uf(a, )5 (L — Pa)f) S & (ODI(E). (3.12)

a1 <a

Proof. (3.12) can be proved by using the same argument as for Lemma 3.6, and the details are omitted
for brevity. O
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4. THE LINEARIZED SYSTEM AND TIME-DECAY
In this section, We consider the Cauchy problem on the linearized system with a nonhomogeneous
source h = [hy, h_
Oifyr +v-V, fi:t\fv Vied+ Lfr = hg,

AR pf—/RE}(er—f,)\/ﬁdv, ¢ — 0 as|z|] — oo, (4.1)

ftli=o = fo,+,

where hy (t,z,v), fo.x = fo,+(z,v) are given. Notice that for the nonlinear Vlasov-Poisson-Boltzmann
system (1. ) and (1.5), the nonhomogeneous source takes the form of

hs :ivx¢'vvfi:F§Vx¢'vfi+ri(f>f)v (4.2)
which satisfies the mass conservation laws

(hee. /D) = 0. (4.3)
Whenever the linearized system is homogeneous, i.e. h = 0, the formal solution to the Cauchy problem
(4.1) can be written as the mild form

f=15)fo, (4.4)
where S(t) denotes the solution operator for the Cauchy problem on the linearized system without any
source. For an integer k > 0, set the index o of the time-decay rate by

3k

Ok = Z + 5
The time-decay property of S(t) is stated in the following
Theorem 4.1. Recall w = w(v) = (v)™7. Let =3 <y < —=25,1/2<s<1,1>0andk >0 be an
integer, and let 1, > op(y+ 2s)/v. Assume that

| ondz=0, [ (+lablon|ds <
R? R3
where
oi= [ (s = fo .
Then, for f(t) = S(t)fo, it holds that
[t £ O]+ IVEE@O S (4077 ([0 foll, + 10+ eDog 0 + [0t VER]) . (@45)
for any t > 0.

Before proving Theorem 4.1, we make some preparations as follows. Firstly, for the later use in the
general situation, let us consider the linearized system (4.1) with the nonhomogeneous source h satisfying
(4.3). As in [20], one can derive the corresponding local conservation laws. In fact, from multiplying
the first equation of (4.1) by /i, v;y/p (j = 1,2,3) and % (Jv|* = 3) \/& and then integrating them over
v € R3, one has

Oiay +V, -b=-V,- <’U\//j, (Ii — Pi)f>, (4.6)
Ot {bj + (vjv/, Ix = P1)f)} + 0j(ax + 2¢) F E; (@)
_<U'vx(1i_Pi)fvvj\/ﬁ>+<hi_[/ivvj\/ﬁ>7 '
O {C+ ! ((Jol* = 3) v/, (T = Pi)f>} + lvx b=— E (v-Vu(Ie =P f, (Jv]* = 3)y/1)
6 3 6 (4.8)

1
+ 5 (e = La (0~ 3)VR).
Moreover, we need the equations of high-order moments. For that, as in [6, 7], we define the high-order
moment functions Z(f1) = (Ejk(f+));3y3 and I(f1) = (1 (f+), D2 (fx), H3(f+)) b

=(Fe) = (o~ DV f2), () = {0l = 5oy f)
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Then, by taking the velocity integrations of the first equation of (4.1) with respect to the above high-order
moments, one has

O{Z);({Ie — Py }f) +2c} +20;b5 = Ej(re + ha), (4.9)
OEje({Ie — PL}f) + 006 +0kb; + Vo - (v3/h, (I — P1) f)
= Ejk(re + ha) + (haes /1), J#F,
IL;({Ie =Py }f) +0jc = 1;(re + hy), (4.11)
with 7y = —v -V {I+ — P1}f + Ly f. Here, notice that we have used (4.6) to derive (4.10).

Consequently, as in [8], by taking the mean value of every two equations with £ sign for (4.6)-(4.8)
and noticing (h+, /1) = 0, one has

) ((”_;(L)+Vw~b=0,

(4.10)

a++a

6tbj + 8j (2_ + 26) + %@-Ejk({l — P}f . [1, 1]) = %(h_l,_ + h_,’l}j\//j>, (4.12)

3
1 5 1
Ot 502t § SO PIF (L) = g (he s (0 =3
for 1 < j < 3, and similarly, it follows from (4.9)-(4.11) that
1 1
8t {QEjk({I — P}f . [1, 1]) + QC(Sjk} + 8jbk + 8kbj = §Ejk(’l“+ +r_ + h+ + h_),

I;{I-P}f-[1,1]) + 0jc = %Hj(r—&- +r-+hy+ho),

for 1 < j,k <3, and §;;, denoted the Kronecker delta. Moreover, in order to obtain the dissipation rate
of the electric field E, by taking the difference of two equations with =+ sign for (4.6) and (4.7), one has

5t(a+ —a,)—&—vw G:O, (413)
0G+V(ay —a_)—2E+V, - E(I-P)f-q1) = (h— Lf, [vy/p, —v/pl), (4.14)
where
= (v, I=P)f - q1). (4.15)
Notice that the second equation of (4.1) gives
Ve -E=ay —a_. (4.16)

Now, we will prove Theorem 4.1 by using as in [8] the following lemma whose proof is omitted for
brevity. To state it, in what follows we let h be identical to zero and let f(t) = S(t)fo be the solution
to the Cauchy problem (4.1) with h = 0. Some more notations are given as follows. For two complex
vectors 21,29 € C3, (z1|22) = 21 - Z2 denotes the dot product in the complex field C, where Z3 is the
complex conjugate of z3. §(£) denotes the Fourier transform F,g with respect to the variable x, where
for notational simplicity we still use £ to denote the corresponding frequency variable. In fact, one has

Lemma 4.1. (i) For any t > 0 and £ € R3, it holds that
O {If12 + B} + N =P)ff, <0.
(ii) There is a time-frequency interactive functional £ (t,€) defined by

et =Y 5 (i1 - Py - [1.1)

J=1

3
+r Y (ﬁgji)k + ﬁgki)jgajk({l —P}f-[1,1]) + 2@5jk)

J,k=1

+”°2Z< a++a,‘ ])
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with two properly chosen constants 0 < ke < K1, such that for any t > 0 and £ € R3,

lnt(t 5) >‘|£‘2
ORI TP

(iii) There is 0 < k3 < 1 such that for any t > 0 and £ € R3,

R (Gli€(ay —a))
1+ g2

(Ias +a-12+ b +1e) S T - PH P,

— k3R (G|E) + May — a_|? + N EJ?

<HI- P}

(iv) Let [f, E] be the solution to the Cauchy problem (4.1) with h = 0. Then there is a time-frequency
interactive functional £ )(t,ﬁ) such that

int
ewe ~ |7 + 18P,
and for any t > 0 and £ € R3,

o) Alg)? 2
aelee+ g {71, ey <o (47

The proof of Theorem 4.1. It follows from the first equation of (4.1) that
HI—P)f+it-v(I-P)f+ LA-P)f
= (I-P)(E-v)\/fig — (I—P) [ﬁg.upﬂ 4P [ﬁgw(IfP)ﬂ ,

which yields that for any [ > 0,

1 2 - -
~9, lut(@ - P)ﬂ R <L(I —P)f,w(I- P)f>
2 B B . (4.18)
=R (A= P)(E-v)y/jigq + (1 P) [ -vPf| — P [ig- v(1 - P)f] .0 (1 - P)f)
Notice that from Lemma 2.1,
" 2
R<L(IfP)f, {I-P)f >>>\‘w (I- P)ﬂ fc‘(IfP)ﬂ :
2 L2
St2s Be
and also the right-hand term of (4.18) can be bounded by
2
CEP +oeP i, +nwa-pyi,
+2a Y+2s
for small > 0.
Plugging the above estimates into (4.18), one has
2
afut@-p)f| +afuta-pi  <IBPeR|], +ja-mi, o @)
L2 L o, L as Lae
In a similar way, starting with the first equation of (4.1), the direct weighted estimates also give
. 2
fat wﬂ +A]wﬂ < |E|2+]ﬂ . (4.20)
'y+2s LBC

In the case when [£| > 1 which implies |¢]?/(1 + [£]?) > 1/2, one can combine (4.17) and (4.20) to
obtain

ot (.6 + M| 7], +1BE P <o (121)
+2s

where &1(t,€) is defined by

2
&1(t,€) = {5522(@5) +ra \wlﬂz,} Xigiz1
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for a constant x4 > 0 small enough. In the case when |¢| < 1 which implies |[£[2/(1 + |£[?) > |€]2/2, one
can combine (4.17) and (4.19) on |¢] <1 to obtain

OuEL(E€) + Ng[? {\w i, + |E|2} Yel<1 <0, (4.22)
'Y+2s
where &°(t,€) is defined by

&0(0.9) = {020, + rs o' 1= ) 7] L

for a constant k5 > 0 small enough. Therefore, for [ > 0, by introducing

8(,6) = E6,6) + 61(1,) ~ |l f (1,6, +1BP,

it follows from (4.21) and (4.22) that

it €) + AL {‘wlff +|J§|2}<o
’ 1+ [¢[? L2, -

that is,

€1? -1t
0 (1,€) + A w
G A e
Now, basing on the above estimate (4.23) for any [ > 0, one can use the trick in either [29] or [11] to
deduce the desired estimate (4.5). We here use the trick in [29] to deal with the velocity degeneration.
In fact, for j > 0, it follows from the Holder inequality that

2 ~
Lt |E|2} <0. (4.23)

yt2s 2 . 3/(G+1) .
a(1.€) <6708 (1.8 [P ,e>s{\wl ) +|E2} s (X3}
L2 +J 2y
which implies

g}j*”/j(t,g)g{‘ - ﬂ +1E } llfwzq(t,ﬁ)s{] - ﬂ +|E } 8] (0,9,

Then, (4.23) together with the above estimate give

52
08(t,6) + A 08 e (0. <0

By solving the inequality, one has

oe1/j 1)) 2 o1y
367 0,6) = 616 < —AtH'WéiJ%fs (08

Therefore, for any [ > 0 and j > 0, it holds that

A 2 —J
(t 6) l+ ’v+2‘~‘ (O 6) (1 + 7t . 1 _|f||§|2> . (424)

Here we have used the fact that &(0,€) < &, ; p2e (0,¢). By integrating (4.24) over |¢] > 1,

-J
2k o d <<1 >\t> %8 0 (0,6)d
/E>1 [§17 &1t €)d€ 5 /5 1\fl HJT( €)d¢

<A+

l+ 7+25 k
ENY fo

b

where we have used

~ _ o~ o 2
/ |&[2¥| Eo|2de = €122 (g |PdE < / E1%F] - 17 17dE S ||VE fo” -
[£]>1 [€1>1 [E1>1
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On the other hand, over |{] < 1, one can let j > 20y so that

AP > o
2k o ,€)d <1 — . E i 0,£)d
/£<1§| 1(, ) §S/|£|<1 + FREPRTEE €] ”JT( £)d¢

<(1+t)29k @“Hj%zs(O,E)HLm
3

5(1 +t)—20k {le+] 2~ fOH ) —+ ||(1 + |x|)po||i1},

where the fact that
1Eol e = ||I€1- lpfoHL?o SN+ 12D ool (4.25)

has been used. Then, the desired estimate (4.5) follows by taking ¢, = "Y;?S with j > 20,. This
completes the proof of Theorem 4.1. O

5. MACROSCOPIC DISSIPATION

This section is concerned with the analysis of the macroscopic dissipation basing on the linearized
system (4.1) with the nonhomogeneous source h satisfying (4.3), which will be applied in the next section
to the energy estimates on the nonlinear Vlasov-Poisson-Boltzmann system (1.4) and (1.5).

Lemma 5.1. Let [f, E] be the solution to the Cauchy problem (4.1) with the nonhomogenous term h sat-
isfying (h, /i) = 0. Let K > 8 be an integer. Then, there are two time-frequency interaction functionals

Eime(t) and @@szth( t) satisfying
EmIS Y 10 fIP+ Y [lo“El?,
lo|<K le|<K—1 (5.1)
[Emi OIS Do NO°PFP+ Y 0°@=P)fIP+ D [0°E|?,
1<|al<K la|<K la|<K—1
such that for any t > 0,
D)+ > [10°Valax,b,0)|* + Ml(ay — al)[I* + A E|?
la|<K-—1
(5.2)
S D MA=P Sl + Y ISkl
la| <K la|<K—1
and
O () + A Y 110°Valaz, b o)l + AlValas —a )P+ A D [0°E|?
1<la|<K—1 la|<K—1
(5.3)
S 2 1aA=P iy, + > I<@dh|’,
la| <K o] <K-1
where ((v) is defined by (2.7).
Proof. Take a with |a| < K. By denoting
a 1 o a
£l (8) =5 (V20" e, TI(0°{T ~ P}f - [1,1)))
3
1
+ K1 Z <8j8abk + 8k8“bj, §Ejk({1 — P}E)‘Xf . [1, 1]) + 28ac§jk> (5_4)
4k=1
. (vxa a9 “‘,aab) ,
2
one can use the same argument as in [6, Lemma 4.1] to obtain
Le )+ MoV (as +a )b AP S Y 107 AP + @I, (55)

lo/|<[a|+1
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and similarly, as for obtaining (iii) in Lemma 4.1, one has

d (e} (67 a'
GV 0y —a )+ A Y 0¥ (e — )
la|<|e/|<|a]+1
S Y 107 A- PSR + ¢ R (5.6)
lo’|<|af+1

To include the zero-order term ||E|| in the dissipation, from applying 0% to (4.14) and then taking the
inner product with 0FE over R? x R3, we have

200°E|? <(8,0°G,°E) + |(8°V, - E(I = P)f - 1), 0°E)| + (Vo (as — a_),0°E)
+[(0%(h = Lf, [vy/p, —v\/p]), 0°E)|

g%(aaG,aaE) (987G, 0,0°F) + ¢|0°E|? (5.7)

C
+ = {I10°Va @ =PI + 0°9aas — an)|> + 0% — L1, loy/i, o) 2}

where in the last inequality we have used integrations by part in the t-variable and the Cauchy-Schwarz
inequality with e. Notice that from (4.13) and (4.16),

—(0°G,0,0°E) = (0°G,0°V. A7V, - G) S 0G| < [0°(1 = P)f%. (5:8)
Therefore, (5.7) together with (5.8) imply

d ’
— 307G E) + IO°EIP S > 107X =P)flFs + 10°Valar —as)|” + ¢RI (5.9)
lo|<[er|+1

Now, we define

EXMt) =

wnt

% (V0% T(O°{I — P} f - [1,1]))

1<|a|<K -1

3
1
+ K1 Z Z <6j8abk + 8k8“bj, iEjk({I — P}@O‘f . [1, 1]) + 28ac5jk)

1<|a|<K—1j,k=1

Y <vmaa++a“,3%>+ S (0°G,V,0°(as —a))

2
1<|a|<K -1 1<]al<K -1

—rg »_ (0°G,0°E),

ol <K -1

for a suitably chosen constant 0 < kg < 1. It is straightforward to see that the second equation of (5.1)
holds true and also (5.3) follows by taking the sum of (5.5), (5.6) and (5.9) X k¢. In a similar way, basing
on the obtained estimates, &%, (t) can be constructed to satisfy both the first equation of (5.1) and (5.2).

This completes the proof of Lemma 5.1. 0

6. THE A PRIORI ESTIMATES

In this section, we are going to deduce the uniform-in-time a priori estimates on the solution to the
Cauchy problem (1.4)-(1.6) of the Vlasov-Poisson-Boltzmann system. For this purpose, we define the
following time-weighted energy norm X (t) by

X(t) = sup &1, (1) + sup (1+7)2&,(r)+ sup (1+ T)%ﬂ’é’l}é (1), (6.1)
0<r<t 0<r<t 0<r<t
with all involved parameters fixed to satisfy
1 1
73<’y<728,§§s<1,ZOZO,K28,§<p<1, (6.2)
and . 5
I = vtz (6.3)
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where the construction of the temporal energy functionals & (¢) and £/ (t) will be given in the following two
lemmas. Suppose that the Cauchy problem (1.4)-(1.6) admits a smooth solution f(¢,z,v) over 0 <t <T
for 0 < T < oo, and also the solution f(t,z,v) satisfies

sup X (t) < 6o,
oS, X(D) < o (6.4)

where dy > 0 is a suitably small constant.

Lemma 6.1. For any l with 0 <1 <ly+ 1y, there is & (t) satisfying (1.18) such that

d

7 61() + ADi(2) < (|0 L E1(2) (6.5)
holds for any 0 <t < T, where D;(t) is defined by (1.15).
Proof. Tt is divided by three steps. Notice that (1.4) can be rewritten as

[0 + v;0% F 0“0, | f+ + = ((’)elqbvz) fr £ (0% pvi)/i+ Laf =T+(f, f). (6.6)

Step 1. Energy estimates without any Welght: Applying 0% with |a| < K to (6.6) and taking the inner
product with e*?9% f over R3 x R3, one has

1
(040 i, €00 fx) + (00" [, €007 [) & o (0% 60:)0” [, €300 [
+ ((aeq‘,—i-a(évi)\//j’ 6afi) 4 (Liaaf, aafi)
1 _ _
=F X|al Z Cgl 5 ((aez+a1 qsvi)aa oy f:|:7 eiqﬁaafi)
1< | < (6.7)
£ XJa| Z o ((86i+a1¢8;*a1 fi, eﬂ:¢8afi)

1<|an|<]al
F ((0°F*pvi) i, (1 - e79) 0° f)
+ (L:taafv (1 - ei(b) 80(f:l:) + (8a1—‘i (fv f)a ei(baaf:t) ’

where x| = 1 if [af > 0, and x| = 0 if |a| = 0. Now we sum the above equations with + and estimate
the resulting equations term by term.
The first term on the left hand side of (6.7) is just

Fo|e T o rn)
+

2dt

As in [21], the extra factor e is designed to treat the second term. In fact, from integration by parts,

: 1 ,
(0074 i, 200% f) & 5 (0% 60)0° fe, 00" f2) = 0.
Recalling (1.2), (4.13) and (4.16), one has

S (0 o)V fs) = 5|07V
+

Notice that by (2.1),
D (Le0™f,0% fx) = A|(T = P)O" fIf3:,

+
and by Lemma 3.4 and Lemma 3.6, the first and second terms on the right hand side of (6.7) are bounded

by C\/& (t)Dl (t)

We denote the third term on the right hand side of (6.7) as J;. Notice
sup [1—e**| S [|9]l S Vol S do- (6.8)

z€R

For a = 0, by Cauchy-Schwarz and Sobolev inequalities,
Js SIVaslP s fllae S VEDDi(E)
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while for |a| > 1,

B S Vbl Y {10°V.0)?||uton s

1<|a|<K

|} s VamDio.

For the fourth term on the right hand side of (6.7), recalling (1.10) and (1.8), and then applying Lemma
3.1, one has

[(L+0”f, (1 —e*2) 0% f1)| =|(L10* (X — PL)f, (1 — ?) 0°f1)|
S [ 100~ Pl 0l V.l (6.9)
R3

SIVad |2 [0%(X = P) fllns

0 fllne S VEBDI().

For the fifth term on the right hand side of (6.7), by Lemma 3.1,

> (0°Tw(f, £), =007 f2) S VEBDI(D).

+

Furthermore, one can apply the estimate (5.2) in Lemma 5.1, where for the term involving h defined by
(4.2), through splitting f into Pf + (I — P)f and using Lemma 3.2, it can be bounded as

Yo K@ nl* S &®Di). (6.10)

lo| <K ~1

Therefore, by combing (5.2) and all the estimates above, we conclude in this step that

s Shrenft 5 e ol

la|l<K + lal<K

+A D 10°V(aw, b, )l + Ml(ar = an) [P+ AIVLSIP + A Y (T P)o* [l (6.11)

la|<K—1 la|<K
Shodlle > 310 fal? + (VED) + &) D),
la|l<K =+
where the constant £ > 0 is small enough.

Step 2. Energy estimates with weight function w;(«, 8):

Step 2.1 One can rewrite (6.6) as

[0 + 0:0% F 990, |(1e — Py)f + %(aEiQSUi)(Ii —Pu)f+Le(Ie —Py)f (6.12)
6.12

=~ [0+ 0 F 000 P f F 5 (07 pu)Paf F (9% gui) i + T/, ).
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By multiplying (6.12) by e*?w?(0,0)(I+ — P1)f and taking the integration over R® x R?, one has

1(0,0)(Is — Py) fH +Z Li(Ly — Py)f,w?(0,0)(Iy — Py)f)

- ;zi: (£0,¢(1x — Py f, e=%wi(0,0)(Ie — PL)f)

=3 (La(Te = Py)f, (1 — e*?) w}(0,0)(Ix — P1)f)
+
+ ) (£0°¢0.,(1e — Py)f,e=wi(0,0)(1L — P1)f)
+

(6.13)

= (Yoo gu)Pos, e oui 0, o><IiPi>f)

((0% dvi)y/1t, w7 (0,0) (I — P)f)

_H

] HM e

(10¢ + v;0% F 0% ¢0e, ) Py f, e=?w} (0,0)(IL — Py)f)

+> (T(f, ), e wi(0,0)(Ix —Py)f),

where we have used the identity
< 0 (I —Py)f £+ o (38 ¢vi) (I — P1) f, e*Pwi(0,0) (1 — Pi)f) =0.

Now we further estimate (6.13) term by term. The third term on the left hand side of (6.13) is bounded
by

|9kl % w0001 ~ Py

For the left-hand second term, it follows from Lemma 2.1 that

D (La(Te = Pi) f,w}(0,0)(Te = P) f) > AJwy(0,0)(T - P) f];

+

v: — CllX=P)fll2(sc)-

Similar to estimating (6.9), the first term on the right hand side of (6.13) is bounded by
2
IVl a2 [wi (0,0)(T = P) fly, -
The right-hand second and third terms of (6.13) are bounded by C+/&;(¢)D;(t), where we have used the
velocity integration by parts for the second term and (1.10) for the third term, as well as the a priori

assumption (6.4). From Cauchy-Schwarz inequality with n and the local conservation laws (4.12) and
(4.13), the right-hand fourth and fifth terms are bounded by

(0, 0)(T = P) £,

+C R Vadl? + [Valax,b,0) + D (I P)f|

lo| <1

?Vg +&()Di(?)

For the nonlinear term I'y, Lemma 3.1 implies

Z(Fi(faf), 0w (0,0)(Ix — P1)f) S VE()D(t)

+
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Plugging all the above estimates into (6.13) and fixing a properly small constant > 0 yield

(0,001~ Po) ||+ A lun(0,0)1 - P) 11,

E0)

Sl 3 o un0.0/8 - P i (6.14)

+||vz¢>||2+||vx<ai,b,c>||2+Z||a“<17 s + {Vam + &) } D).

|| <1

Step 2.2. For the weighted estimate on the spatial derivatives, we start with (6.6). In fact, take 1 < |a| <
N. By applying 9“ to (6.6) and taking the inner product with e*®w?(a,0)0f1 over R? x R?, one has

2dt Z | wile, 0007 f | + i, 000° 15, = Cllo £I17

SN0l ZH@ Fun(o, 00 2]+ YD 508 (O 00) 9T e (0,007 )

+ 1<|o¢1|<\a|

YY) O (07T g0 [ e Owi (o, 000 f) +Z (0% ¢v;) /i, e Pwit (o, 0)0° f)

+ Jail<]al
+ > (L0 f, (1= e*2) wi(@,000% fx) + (0°T<(f, f), e*Pwi(a,0)0% f+) ,
+
(6.15)

where we have used Lemma 3.1 and the fact that
1
(v:0% T fi, eFPwE(,0)0° f1) £ 3 ((0° ¢v:)0* fi, w7 (ar, 0)0* f1) =

From Lemma 3.4 and Lemma 3.6, the right-hand second and third terms of (6.15) are bounded by
VE()Dy(t). For the right-hand fourth term of (6.15), by Cauchy-Schwarz inequality with 7, one has

S (04 bue) s P (0,0)0° f2) < nlwne, 0)0° I, + C |l 6.

+

From Lemma 3.1, the right-hand fifth and sixth terms of (6.15) are also bounded by +/&;(¢)D;(t). Putting
those estimates into (6.15), taking summation over 1 < |a| < K and fixing a small constant n > 0 give

ax X |

E0)

(o, 0)0° fiH A D w0007 f %,

+ 1<|a|<K 1<|a|<K
£o og |I? o
SR eFun(o, 00|+ Y V.00 (6.16)
1<]a|<K =+ 1<]a|<K
+ Y 0%+ VEB D)
1<|el<K

Step 2.8. For the weighted estimate on the mixed derivatives, we start with (6.12). Let 1 <m < K. By
applying 9g with |3| = m and [a|+[B] < K to (6.12), taking the inner product with eFPw?(a ,3)05 (I —
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P.) f over R? x R3, one obtains

eF wy(a, )05 (1 — Ps) fH +Z 05 L+ (Ie — Py)f,wd(a, )05 (1 — P1)f)

Je

5 3 (905 (L — Pu)f, = wf (o, )05 (L — P))
= (6.17)
J7
18
=Y (05L(@e —Po)f, (1 - *) wi(a, )95 (e —PL)f) + D Jum,
+ m=9
Jsg
with
=Y Y o» (iameiqsag;gl (Ls — Py)f, e*w?(a, B)05 (L — Py) f) ,
+ |aa|<lal
Ju=Y_ Y Cn ( 0t 0 P f, e P wi (o, B)0F (T — Pi)f) :
* |aa|<lal
I = = 3 (550 00105 P 1. = ublr O (s - P ).
+

Ja=-Y > ool (i;(aaﬁeiaﬁaﬁlvz)aa S (I — P f, e™%wi (o, B)05 (1 — Pi)f) ;

+  Jagl+B1]>1

[B11<1
and
J13 — Z Z Cal ,B1 < (8o¢1+e d)aﬁlvz)aa (‘“Pif, wl (a,ﬁ)ﬁg(li — P:I:)f) s
+ Japl+iB11>1
1811<1
Ju==30 3 C8 (E0M T pvs) i eFwi (o, B)OF (L — PL)f)
T |ea|<|ef
Jis == ([0 + vi0*] 95P 4 [, eTPwt(a, B)05 (1 — P1) ),
+
and

JlG = — ZCE (aa+e (Ii - Pj:)f7 iQSU)l( 76>8g(lﬂ: - Pi)f) )
+

g == C5 (957 P f (0, )05 (L — Pu)f),
+

Tis =Y (95T<(f, f),e™wi(a, )03 (I« = P4)f)

+

where as before we have used
<vza(’+e (I —Py)f £ (5“(15%)55 I+ — Po)f, e*w}(a, B)0F (I — Pﬂ:)f) =0.
Now we turn to estimate J; (6 < ¢ < 18) term by term. Lemma 2.1 yields

Jo 2 [[wrlo, 35X~ P)|, =0 Y [w'a, (T=P)f|[y, = Cy 0™(X = P)fll7a(p,,
B1<p

It is straightforward to see that J7 is bounded by
o 2
Clls¢| Lo |[wi(er, B)OF (X = P)F|".
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From Lemma 3.1, Jg and Jis have the same upper bound /& (t)D;(t), and so do Jy and Jy2 by Lemma
3.7 and Lemma 3.5. Moreover, since there is the exponential decay in v in the terms Jyg, J11 and Ji3,
one can verify that they all have the upper bound /& (t)D;(t)

Next, by Cauchy-Schwartz’s inequality with n and local conservation laws (4.12) and (4.13), we obtain

JuSC D> 0°Vadl® + n [Jwila, B)05 (T - P f||NN

la|<K—1

Jis Snluwntes 805 (1~ P)f 3,

+O D N0VLlP+ Y 110°Valas,be)lP + Y 10* (X = P)fllx; + ENODit) o,

la|<K-1 la|<K -1 la|<K
fe fey 2
J17§C Z ||a Vx(ai,b,c)Hz+n||wl(a,ﬂ)8B(IfP)f||N$
o] <K -1

For the remaining term Jig, since || > 1, by writing
(0575 (1 = P} oo, )05 (L — P) )

(aa+e7<xi—Pi>f, Fowp(a, )0, 05 o, (e — Ps)f)

and then doing the similar calculations as Jy4 2, one obtains

< ! ol 4 2

J Oé/ -

16 Z le(@ B8 )8/3 (I P)fHNS
|a!|+]8"|< K v
187|=18]-1

Therefore, by plugging all the estimates above into (6.17), taking the summation over {|8| = m, |a|+|8| <
K} for each given 1 < m < K, and then taking the proper linear combination of those K estimates with
properly chosen constants C,, > 0 (1 < m < K) and 7 small enough, one has

d K to 2
SICD S W B O LIRS

[Bl=m,|al+]B|<K +

LED DR CHEIC S V[

|Bl=m.|al +]8]<K (6.18)
Sl > el B A=P)fP+C Y (e, 007 (1= P) I3,
|Bl=m,|a|+|BI<K lo| <K
+C Y 0Valan b P+ 0D [0°Va6l? + C{VED + &) | Dilt).
la|<K-1 la|<K—1

Step 3. We are in a position to prove (6.5) by taking the proper linear combination of those estimates
obtained in the previous two steps as follows. The combination Cy X [C X (6.11) + (6.14) 4 (6.16)] +(6.18)
for C; > 0 and C5 > 0 large enough gives

%gl(t)+xpl()<||at¢uma {\/& +51} (1), (6.19)

where & (t) is given by

&(t)

{ > ZHwaafiH + 3 10°Vadl? + mt<>}

la|<K *+ la| <K

+H€%wl(0’0)(1i—Pi)fH + > ’8%101( 70)3afiH
1<|a|<K
N icm e % wia, /)05 (1 — o) | ]
m=1  |gl=m,jal+|8I<K *
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Noticing (5.4), it is easy to see

o~ S 0°Va02+ Y [0PLR+ Y [fwile, AO5A-P)F|”.

|| <K lo| <K laf+IBI<K

Recalling the a priori assumption (6.4), the desired estimate (6.5) follows directly by (6.19). This com-
pletes the proof of Lemma 6.1. O

Lemma 6.2. For any | with 0 <1 < ly, there is E}(t) satisfying (1.14) such that

d

£5zh(t) +AD(t) S [[Valaw, b, ) (O)]° + 000 = (1) (6.20)
holds for any 0 <t < T, where D,(t) is defined by (1.15).

Proof. By letting |a| > 1 in (6.7), repeating those computations in (6.7)-(6.10) and combing (5.3), one
can instead obtain

i % o 2 re% 2 K,h
XD DN I il I S U Ao 0

1<la|<K * 1<]a|<K
XY 100V (awb )2+ Al Valas - o)

1<]al<K -1 (6.21)
FAIVISI® + AIVLo)* + A Y 1T =P)o*fly.

1<]a|<K

> S lladlee 19 el + 1A= PR, + (VEWD + &) Dild).

1<la|<K *

Moreover, taking the inner product of (6.12) with e*?(I. — P)f over R3 x R3 gives

%Z% e . - Pi)fHZ + 3 (La(le — PL)f, (I — PL)f)
T +

+ Z +(0%pvi) /i, I+ —P1)f) — ; Z (£0rp(Ie —PL)f, e (1 —Py)f)

+

=3 (Le(@e —Py)f, (1— ) Qe = PL)f) = > (; + (0% ¢v;)) Py f, e (I — Pi)f)

+ (6.22)

+
= (0% gvi) /i, (e = 1) (Te = Py)f) = Y (9P+f,e**(Ie — P1)f)
+ +
=Y (00 Pyf, et (A —Pi)f) = Y (F0“¢0e, Prf, e (11 — P1)f)
+ +

+> 0 (Ca(f, ), e (I = PL)f).

+
Now we turn to further estimate (6.22) term by term. In light of (4.13), (4.15) and (4.16),

3 (07 0 VR (L = Pa)f) = ~(6, VaG) = —(6,0:80) = V.6

+
It is also straightforward to get from Lemma 2.1 that

S (La(le = Pa)f, (I = Po)f) 2 AT = PSR, -

+

The first term on the right-hand side of (6.22) can be bounded by +/&;(¢t)D;(t) according to the estimate
(6.9). The second, third, sixth and seventh terms on the right-hand side of (6.22) are also dominated by
VE(t)Dy(t), where we have used Sobolev’s inequality for the second, third and sixth terms and Lemma
2.2 for the seventh term. For the fourth term, by the definitions of P and I — P

Z (O Psf eIy —PL)f) = Z (OPLf, [e0 — 1] (I —P1)f).

£ +
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Recalling (6.8) and the local conservation laws (4.12), (4.13), and applying Sobolev’s inequality as well
as Cauchy-Schwarz’s inequality with A, it follows that

A
Y (@Pyf. e (e —Po)f) | STINA =PI, + [IValaz. bl + [Vao|*] [Vao |

+

IV 0l3n V(X = P) )% +E(0Di)

A
<7 IT=P)fI3 + &ODI).
For the remaining fifth term, by Cauchy-Schwarz’s inequality with A,

A
S (00 Paf, = (L~ Pu)f)| S T IA=P)I, + [ Valas, b o)

+

Therefore, combing all the estimates above, one has

1)

to
e 2

2 2 2
(1 —Po)f| + V.9 }+A||<I—P>f|N.;
+

(6.23)
E)
e 2

(L~ Po)f|| +19a(as. b, 0l + { VED + &)} Di(o).

Shosl= |
+

As in step 3 in the proof of Lemma 6.1, a suitably linear combination of (6.21), (6.23), (6.14), (6.16) and
(6.18) yields

LEL 1)+ XDU(1) S IV, b, + 100l 20 0) + { VED + E(1)} Dutr),

which hence implies the desired estimate (6.20) under the a priori assumption (6.4). This completes the
proof of Lemma 6.2. 0

7. PROOF OF GLOBAL EXISTENCE

In this section we prove Theorem 1.1 through obtaining the closed uniform-in-time estimates on X (t)
in the following lemma. Recall (6.1) for the definition of X (¢) with (6.2)-(6.3) for the choice of the
corresponding parameters.

Lemma 7.1. Consider the Cauchy problem (1.4)-(1.6). Assume that
[ opndo=0. [ 1+ fablog|do < .
R3 R3

where pg, = [ga(fo,+ — fo,—)\/Itdv. Define e by
€0 = Vo1, (0) + [[w fo| 5, + 1L+ [x])pgo 1,

W is a constant. Then, under the a priori assumption (6.4) for o9 > 0 suitably small,

where 1y >
one has

X(t) <&+ X3+ X2(t), (7.1)
forany0<t<T.
Proof. We divide it by three steps.
Step 1. It follows from (4.13) and (4.16) that
O = -0 0(ay —a ) =AY, -G,
where G is given by (4.15). Then, by Sobolev and Riesz inequalities,
0613~ S IV200] - V30061 S 1G] - VGl S €L (1) S (14072 (1), (72)

Here notice 3/2+4p > 2 since p > 1/2. By applying Lemma 6.1 in the case when [ = [y + [, one has from
(6.5) that

d
%510+11(t) + ADyy 41, (1) S 1069l Lo Eig 11, (1),
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which together with (7.2) and Gronwall’s inequality as well as (6.4), imply

glo+l1 (t) 5 €l0+l1 (O)ec Jo 12e¢()llzoo dr 5 5lo+ll (0) ,S 6(2) (73)
forany 0 <t <T.
Step 2. We begin with (6.20) with I =l in Lemma 6.2, i.e.

d
%51}3 () + ADiy (t) S |V (ax, b, ) ()1 + [10:0] = &L (2).- (7.4)
As in [30, 31], at time ¢, we split the velocity space R3 into
E(t) = {(v)772 <P} EC(t) = {(v) 777> >t 7P}, (7.5)

where recall v+ 2s < 0 and 1/2 < p < 1. Corresponding to this splitting, we define El};’low(t) to be the
restriction of £/ (t) to E(t) and similarly €h P9 (1) to be the restriction of & (t) to E°(t). Then, due to

(7.5) and (1.14), it follows from (7.4) that
d i
S0 () + MR () S IVLP I + 11006 1 €1 (1) + 1771 (1),

which by solving the ODE inequality, gives

t
ER (1) S e M ER(0) + / dr e M=) (||vaf(T)||2 + 1|0l L £ (1) + TPTER I (7 )) . (76)
0
In what follows we estimate those three terms in the time integral on the right-hand side of (7.6). First
of all, by (7.2),
[l iy (1) S (€0 (1))F S (146" FPEXE(R). (7.7)
Next, one can prove '
LML) S (1412 (7.8)
In fact, it is straightforward to see from (7.3) that for any 0 <t < T,
E(8) S ER(E) S (1)) S Engs () S €

5 2s
On the other hand, noticing that ¢%/2 < w21-» e on the set F¢(t) and l; is given by
5  v+2s
41-p) ~ 7

one has from (7.3) that
5l};7hlgh (t) 5 t75/25l0+11 (t) /S 6(2)t75/2'

Therefore, (7.8) holds true. Finally, one also can prove

IVPFOI+ VIl S (1457 {eo + X(1)} (79)
In fact, recalling (4.4), the solution f(t,z,v) to (1.4) can be written as
f(t) (t)fo + / St —r)
with
h=qVae¢-Vof - v Vadf +T(f, f)- (7.10)

Notice (h+, /@) = 0. Applying Theorem 4.1 in the case when k =0 and o1 = 5/4, it follows that
VPO +IVZel S IV fO + [VE4]

t
Saalt+0 7+ [ @t (b, + T i

where in the homogeneous part, we choose [, = lo with l5 > , while in the nonhomo-
geneous part, for later use, we choose [, such that
5 2 2
M<l*§Kf5+7+ 5_
4y 2y

o1(y+2s) _ 5(y+2s)
v 4y

(7.11)
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In fact, K > 8, -3 <y < —2s and 1/2 < s < 1 imply that
Y+2s  |v+2s <3—2s
vy T 2

€[1/2,2],

and hence
3 2 2 2
(v+ 5)’ o 21 +25) cK 5 )E2
4 4 2y
so that it is valid to choose I, as in (7.11). By using the direct calculations on the collision operator,
cf. Lemma 3.3, one can deduce that

K>5+

|whT(f, f S (1),

iz,
[utaVed- Vuflly, + || Go- Voor| | < &40,

Z le*f +2s ,@f‘s Z “wl0+K—5agf

loe|+]B]<5 lo|+181<5
which can be guaranteed by lo + K —5 > [, — A’+2S due to lp > 0 and the choice of I, as before. Then,

||w h ||Z N‘c"lu()

where we have used

)

Furthermore, in a similar way, one has
[0"aVa(Tatr- V)| + ||u" S0 Vo (T200)| 5 €4(0),

|whV.I(f, f) H<£lo t),
which imply
[ h(®)]| 7, + [l V@] 5 & (1)

With the above estimates and then using &, (t) < (1 +t)~%/2X(t), one has

t
VRSOl + V30l Sl +07 4 x0) [ e e
0 .
S+ (e + X (1)),
which is the desired estimate (7.9).
Notice that one has the following inequalities

t 5
/ ef)\(tpf-rp)(l +T)7(%+p)% dr SJ (1 +t)7(%+027p)’
0

t
/ e M= 4 )T dr < (14-1)73,
0

and .

/ e N1 4 1) dr < (L44)7 37, (7.13)
Then, plugging (7.7), (7.8) and0(7.9) into (7.6) and using 1/2 < p < 1, one has

Eh ) < {eg X3 +X2(t)} (1+)~57, (7.14)

forany 0 <t <T.
Step 3. In the same way to prove (7.12) basing on (7.9) and (7.10), one can show

I+ V20l S (1475 {0+ X (1)} - (7.15)
Noticing &, (t) ~ [[PfII> + | V20> + £ (t), (7.15) together with (7.14) give
E,(t) S (1+1)"2 {eg + X3 —|—X2(t)}. (7.16)

Now, recall (6.1). The desired estimate (7.1) follows from (7.3), (7.14) and (7.16). This completes the
proof of Lemma 7.1. g
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The proof of Theorem 1.1. Tt is immediate to follow from the a priori estimate (7.1) that X (¢) < €2 holds
true for any 0 < ¢t < T, as long as ¢ is sufficiently small. The rest is to prove the local existence and
uniqueness of solutions in terms of the energy norm &4, (t) and the non negativity of Fy. = p+ /nf,
and the details of the proof are omitted for brevity; see also [21, 32] and [13]. Therefore, the global
existence of solutions follows with the help of the continuity argument, and the estimates (1.18), (1.19)
and (1.20) hold by the definition of X (¢) (6.1). This completes the proof of Theorem 1.1. O

Finally we give a remark on the possibility of upgrading the rate (1 —l—t)_%_p in (1.20) to (14t)~%/2 that
corresponds to the case p = 1. In fact, due to the technique of the paper it seems difficult to achieve such
optimal rate for £ (¢). The main reason is that the energy dissipation rate Dy, (t) in (7.4) is degenerate at
large velocity for soft potentials, and thus, although the first term on the right-hand side of (7.4) decays
with the optimal rate (1 + ¢)~5/2, it is impossible to deduce from (7.4) the optimal time decay of Er(t)
because of the inequality (7.13). On the other hand it is still possible to obtain the optimal time decay
of only those high-order space differentiations in El}é (t) by applying the linearized estimate (4.5) to the
nonlinear system. Indeed, define

W= > (IVEOI* +IVEE®)IP).

1<k<K,

Then, with the help of Duhamel’s principle as well as Theorem 4.1, similar for obtaining (7.12), it is
straightforward to show that

E(t) S g1+
for an appropriate choice of Ky in terms of K large enough.
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