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An important physical model describing the dynamics of dilute weakly ionized plas-
mas in the collisional kinetic theory is the Vlasov-Poisson-Boltzmann system for which
the plasma responds strongly to the self-consistent electrostatic force. This paper is con-
cerned with the electron dynamics of kinetic plasmas in the whole space when the positive
charged ion flow provides a spatially uniform background. We establish the global exis-
tence and optimal convergence rates of solutions near a global Maxwellian to the Cauchy
problem on the Vlasov-Poisson-Boltzmann system for angular cutoff soft potentials with
—2 <« < 0. The main idea is to introduce a time dependent weight function in the
velocity variable to capture the singularity of the cross-section at zero relative velocity.
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1. Introduction

The Vlasov-Poisson-Boltzmann (called VPB in the sequel for simplicity) system
is a physical model describing the motion of dilute weakly ionized plasmas (e.g.,
electrons and ions in the case of two-species) in the collisional kinetic theory, where



May 9, 2012 11:15 WSPC/INSTRUCTION FILE M3AS-DYZ-s

2  Renjun Duan, Tong Yang and Huijiang Zhao

plasmas respond strongly to the self-consistent electrostatic force. In physics, the
ion mass is usually much larger than the electron mass so that the electrons move
much faster than the ions. Thus, the ions are often described by a fixed background
np(x) and only the electrons move rapidly. In this simplified case, the VPB system
takes the form of

nf+E&-Vaof +Vuo-Vef =Q(f, f), (1.1)

Ao = / fd¢—1, o(x) — 0 as |z| — oo, (1.2)
]RS

f(o,(E,f) =fo(x,§)- (13)

Here the unknown f = f(¢,2,£) > 0 is the density distribution function of the
particles located at & = (21, 72, 73) € R? with velocity & = (£1,&,£3) € R? at time
t > 0. The potential function ¢ = ¢(¢, z) generating the self-consistent electric field
V¢ in (1.1) is coupled with f(¢,z,£) through the Poisson equation (1.2), where
ny(z) = 1 is chosen to be a unit constant.

The bilinear collision operator ) acting only on the velocity variable, see Ref.
4, 14, 35, is defined by

Q) = [ 16-€Pa®)(£€0(e) - (10O dudee, (1)

where (&,&,) and (£, £.), denoting velocities of two particles before and after their
collisions respectively, satisfy

E=E6-[-¢&) ww, &=6+[E-¢&) ww, weS?

by the conservation of momentum and energy
E+&=¢E+€, [P+ =7+

Note that the identity |£ — &.| = |€' — £ ] holds.

The function |£ —&«|7qo(#) in (1.4) is the cross-section depending only on |€ —&,|
and cosf = (£ — &) - w/|€ — &, and it satisfies —3 < v < 1 and it is assumed to
satisfy the Grad’s angular cutoff assumption 0 < go(¢) < C|cosf|. The exponent
v is determined by the potential of intermolecular forces, which is called the soft
potential when —3 < v < 0, the Maxwell model when v = 0 and the hard potential
when 0 < v < 1 including the hard sphere model v = 1, go(6) = cont.| cos|. For
the soft potential, the case —2 < v < 0 is called the moderately soft potential and
-3 < v < —2 very soft potential, see Ref. 35. Notice 233135 that the Coulomb
potential coincides with the limit at v = —3 for which the Boltzmann collision
operator should be replaced by the Landau operator under the grazing collision.

It is an interesting problem to consider the nonlinear stability and convergence
rates of a spatially homogeneous steady state M for the Cauchy problem (1.1),
(1.2), (1.3) when initial data fy is sufficiently close to M in a certain sense, where

M = (27)"3/2¢71E1%/2
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is a normalized global Maxwellian. This problem was first solved by Guo 22 for the
VPB system on torus in the case of the hard sphere model. Since then, the case of
non hard sphere models, i.e. —3 < vy < 1, under the angular cutoff assumption, has
remained open. In a recent work '3 for the VPB system over the whole space, we
studied the problem for the case 0 < v < 1 that includes both the Maxwell model
and general hard potentials. However, the method used in Ref. 13 can not be applied
to the soft potentials, mainly because the collision frequency v(£) ~ (1 + [£])7 with
v < 0 is degenerate in the large-velocity domain.

In this paper we shall study the problem in the soft potential case by further
developing the approach in Ref. 13 with the following extra ingredients to overcome
the specific mathematical difficulties in dealing with soft potentials:

e a new time-velocity-dependent weight in the form of exp{(¢£)%[q + A\/(1 +
t)?]} to capture the dissipation for controlling the velocity growth in the
nonlinear term for non hard sphere models, and

e a time-frequency/time weighted method to overcome the large-velocity de-
generacy in the energy dissipation.

The approach and techniques that this paper together with Ref. 13 developed can be
applied to some other collisional kinetic models for the non hard sphere interaction
potential when an external forcing is present.

1.1. Main results

To this end, as in Ref. 22, set the perturbation u = u(t, x, &) by
f(t,x, &) — M = MY2u(t, z, ).
Then, the Cauchy problem (1.1)-(1.3) of the VPB system is reformulated as
D+ € - Vau+ Voo - Veu — %g Vapu — V- EMY? = Lu + T(u, u), (1.5)
Ayp = /]R's MY2ude,  ¢(z) — 0 as |z| = oo, (1.6)
u(0,,€) = uo(,£) = M™2(fo — M), (1.7)

where the linearized collision operator L and the quadratic nonlinear term I' are
defined by

Lu=M"% {Q (M,M”Qu) e (M1/2u,M) } :
I(u,u) = M_%Q (M1/2u7M1/2u) ,

respectively. Here, notice that due to (1.6), ¢ can be determined in terms of u by

1

-
4r|x| *

o(t, x) = /RB MY 2u(t, x, €) de. (1.8)
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By plugging the above formula into the equation (1.5) for the reformulated VPB
system, one has a single evolution equation for the perturbation u, see Ref. 12, 9.

Before stating our main result, we first introduce the following mixed time-
velocity weight function

wrg(t,€) = (67 [ e ], (1.9)

where 7 €R, 0< ¢ < 1,0 < A< 1,0 <9 <1/4, and (¢) = (1 + |£]?)'/2. Notice
that even though w; 4(t,&) depends also on parameters A and ¥, we skip them for
notational simplicity, and in many places we also use ¢(¢) to denote ¢ + G + e for
brevity. For given u(t, z,£) with the corresponding function ¢(t, z) given by (1.8),
we then define a temporal energy norm

lullvea®) = Y wiseq(t, 05| + IVod ()] v, (1.10)

lo]+[BI<N

where N > 0 is an integer, and ¢ > N is a constant.

The main result of this paper is stated as follows. Some more notations will be
explained at the end of this section.
Theorem 1.1. Let -2 < v <0, N > 8, ¢y > %,E> 1—|—max{N %0—%} and
qt) = ¢+ (Ht)ﬁ >0with0<g¢g<1l,0<AK], and 0 <9 < 1/4. Assume that
fo=M+M"2uy >0 and

// M2y dzd = 0. (1.11)
R3 xR3
There are constants g > 0, Cy > 0 such that if
> [lwis-ea(0,005u ] + || (1+ Il +167F Yuo| <o (112)
1

|| +IBI<N

then the Cauchy problem (1.5), (1.6), (1.7) of the VPB system admits a unique
global solution u(t,x,€) satisfying f(t,z,&) = M + MY2u(t,z,€) > 0 and

3
sup {|||U||\N,fz,q(t) + 1+ )% lullv,e-1,4(t)
£>0
+(1+1¢)7 HV2 t)HHN—l} < Coeo.  (1.13)

Remark 1.1. The condition (1.11) implies that the ionized plasma system with
electrons and ions are neutral at initial time. Due to the conservation of mass for
(1.1) or (1.5), the neutral condition (1.11) holds for all time ¢ > 0. Notice that
(1.11) together with ||(1 + |z|)ugllz, < oo can be used to remove the singularity
of the Poisson kernel and to induce the same time-decay rate as in the case of the
Boltzmann equation; see also Remark 3.1. Moreover, in (1.12), we put the extra
space-velocity weight 1+ |z| + |§|_# on ug in Zi-norm. This is necessary in the
proof of Lemma 6.1 concerning the desired uniform-in-time a priori estimate.
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Remark 1.2. The problem of the global existence for the very soft potential case
—3 < v < —2 is still left open. Despite this, we shall discuss in the next subsections
the main difficulty.

We conclude this subsection by pointing out some possible extensions of Theo-
rem 1.1. First, the arguments used in this paper can be adopted straightforwardly
to deal with either the VPB system with soft potentials on torus with additional
conservation laws as in Ref. 22 or the two-species VPB system with soft potentials
as in Ref. 21, 37. Next, it could be quite interesting to apply the current approach
as well as techniques in Ref. 20 and Ref. 31 to consider the Vlasov-Poisson-Landau
system 23, where Q in (1.1) is replaced by the Landau operator

QM. f) = Ve - { | BHE - ()T ©) - FOVer(€.) df*} ,
R3

where B%(£) is a non-negative matrix given by

B0 = (55— 52 ) ke, 2 -

Note that the soft potential for the Landau operator corresponds to the case —3 <
v < =2.

1.2. Strategy of the proof

We first recall several elementary properties of the linearized operator L. First of
all, L can be written as L = —v + K, where

v=v(&) ~ (1+[])

denotes the collision frequency, and K is a velocity integral operator with a real
symmetric integral kernel K (&,&,). The explicit representation of v and K will be
given in the next section. It is known that L is non-positive, the null space of L is
given by

N = span { M2, MY2 (1 <0 < 3), |gPMY2

and —L is coercive in the sense that there is a constant o > 0 such that, cf. 41828

—/]RS uLud§ > ko /]RS v(&{I — Plul?d¢ (1.14)

holds for u = u(§), where I means the identity operator and P denotes the orthog-
onal projection from Lg to N. As in Ref. 19, 20, for any given any u(t,z,§), one
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can write
Pu = {a(t,z) +b(t,z) - £+ c(t,z) (|¢° - 3)}M1/2,

a= [ MY?ud¢= | MY?Pudg,
R3 R3

b= [ eMVudg = [ eMPuds, 1<i<s,
R3 R3

1 1
c=3 /R (1€ — 3) MY2ude = E/RS (1€]* = 3) MY/?Pu de.

so that we have the macro-micro decomposition introduced in Ref. 19

u(tv Z, f) = Pu(t’ Z, 5) + {I - P}u(tv T, 5) (115)

Here, Pu is called the macroscopic component of u(t, z, ) and {I — P }u the micro-
scopic component of u(t, z,§). For later use, one can rewrite P as

Pu=Pyud Piu,
Pou = a(t, z)M'/2,

Pru = {b(t, ) - £ +c(t, ) (| —3)} M/,

where Py and P are the projectors corresponding to the hyperbolic and parabolic
parts of the macroscopic component, respectively, see Ref. 9.
To prove Theorem 1.1, we introduce the equivalent temporal energy functional

Eneq(t) ~ ullfy e q(0), (1.16)

and the corresponding dissipation rate functional

Drealt)= 3 [ ws-eat. 005 (1 - Phuto)|
la|+|BISN

+ W S w5~ Plu)]

leel+BI<N
+lal?+ D Ve (abie)|*. (1.17)
la]<N-1
We also introduce the time-weighted temporal sup-energy

3
Xnea(t) = sup Enegls) + sup (1+8)3En o 14(s)
0<s<t 0<s<t

+ sup (1+s)? ||V,”2L.<;S(s)||i]]\,,1 . (1.18)
0<s<t
Here, the exact definitions of En¢,4(t) is given by (5.16) in the proof of Lemma 5.2.
The strategy to prove Theorem 1.1 is to obtain the uniform-in-time estimates
under the @ priori assumption that Xy ¢ 4(t) is small enough over 0 < t < T for
any given T' > 0. Indeed,
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e one can deduce that there is a temporal energy functional En ¢ (t) satisfy-
ing (1.16) such that

d
%SN,&q(t) + I{'DNl,q(t) <0, (1.19)

for 0 <t < T, where Dy ¢,4(t) is given by (1.17), and moreover,
e by combining the time-decay property of the linearized system, one can
prove that

Xn () < C{eR g + X ea()} (1.20)
for 0 <t < T, where ey ¢, depends only on initial data u.

Therefore, by the local existence of solutions as well as the continuity argument,
XN .0,4(t) is bounded uniformly in all time ¢ > 0 as long as €y ¢,q4 is sufficiently small,
which then implies Theorem 1.1.

We remark that this kind of strategy used here was first developed in Ref. 11
for the study of the time-decay property of the linearized Boltzmann equation with
external forces and was later revisited in Ref. 10 for further generalization of the
approach.

1.3. Difficulties and ideas

We now outline detailed ideas to carry out the above strategy with emphasize on
the specific mathematical difficulties. Before that, it is worth to pointing out that
for the VPB system with soft potentials, the only result available so far is Ref. 24 in
which global classical solutions near vacuum are constructed. One may expect that
the work 32 and its recent improvement 34 by using the spectral analysis and the
contraction mapping principle can be adapted to deal with this problem. However,
we note that when the self-induced potential force is taken into account, even for the
hard-sphere interaction, with the spectral property obtained in Ref. 16, the spectral
theory corresponding to Ref. 32 has not been known so far, partially because the
Poisson equation produces an additional nonlocal term with singular kernels.

Fortunately, the energy method recently developed in 2%1? works well in the
presence of the self-induced electric field 223812 or even electromagnetic field 21397,
But due to the appearance of the nonlinear term ¢ - V,¢{I — P}u, the direct ap-
plication of the coercive estimate (1.14) of the linearized collision operator L works
only for the hard-sphere interaction with v = 1. Indeed with a bit weaker (softer)
than hard-sphere interaction, such a term is beyond the control by either the usual
energy or the energy dissipation rate so that even the local-in-time solutions can
not be constructed within this framework.

To overcome this difficulty, a new weighed energy method was introduced in Ref.
13 by the authors of this paper to deal with the VPB system with hard potentials.
Such a method is based on the use of a mixed time-velocity weight function

Alel

wpP(t,€) = (&) 7 e, (1.21)
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where £ € R, A > 0 and ¥ > 0 are suitably chosen constants. One of the most
important ingredients is to combine the time-decay of solutions with the usual
weighted energy inequalities in order to obtain the uniform-in-time estimates.

The main purpose of this paper is to generalize the above argument so that it can
be adapted to deal with the soft potential case. Compared with the hard potential
case, the main difference lies in the fact that at high velocity the dissipation is much
weaker than the instant energy. Our main ideas to overcome this are explained as
follows.

Firstly, similar to the hard potential case
factor

13 we introduce an exponential weight

wt (0.0 = {10 0+ 259 |}

in the weight function w, ,(¢,&) given by (1.9). Notice that ¢(t) := ¢ + \/(1 +t)?
satisfies 0 < ¢(t) < 1 by choices of ¢, A and ¥ as stated in Theorem 1.1, and
hence all the estimates on v and K obtained in Ref. 31 can still be applied with
respect to the weight function w; 4(t,&) considered here. A key observation to use
the exponential factor is based on the identity

2
(1. O0u9(0.,6) = 0 {1, a0, 2.9} + WS e (1.8)g(t2.6).

14-t)1+?

Thus one can gain from the second term on the right hand side of the above identity
an additional second-order velocity moment (£)? with a compensation that the
magnitude of the additional dissipation term decays in time with a rate (1+t) —(1+9)
With this, the nonlinear term &-V,¢{I—P }u can be controlled as long as the electric
field V,¢ has the time-decay rate not slower than (1 +¢)~(**?). Notice that in the
case of the whole space, ||V2¢| g~-1 as a part of the high-order energy functional
decays at most as (1 + t)_% and thus it is natural to require 0 < ¢ < 1/4.

Moreover, as used for hard potentials in Ref. 13, the first-order velocity moment
(€) in the exponential factor of (1.21) is actually enough to deal with the large-
velocity growth in £ - V,¢{I — P}u. The reason why we have chosen (£)? for soft
potentials is that one has to control another nonlinear term V,¢ - Ve{I — P}u. We
shall clarify this point in more details later.

The second idea is to control the velocity £ derivative of u. It is well-known
that V¢ u may grow in time. To overcome such a difficulty, we apply the algebraic

velocity weight factor, introduced in 2918,

wip_o(§) = (0, >,

in the weight w; 4(¢,€) given in (1.9) with 7 = |3| — ¢. This algebraic factor implies
two properties of the velocity weight: one is that wjj /(&) > 1 holds true due to
£ > |B], and the other one is that the higher the order of the £-derivatives, the more
negative velocity weights. The restriction ¢ > |8|, more precisely

€—1>max{N7€0—1}>B|,
2 v
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results from the fact that one has to use the positive-power algebraic velocity weight
wfm%(g) so as to obtain the closed estimate (1.20) on Xy ¢ 4(t), because not only
the nonlinear term & - V,¢u contains the first-order velocity growth but also initial
data is supposed to have an extra positive-power velocity weight (f)‘% in the
time-decay estimate (3.5) for the evolution operator of the linearized VPB system.

As pointed out in Ref. 18 for the study of the Boltzmann equation with soft
potentials, the dependence of the weight wij _ (&) on | 3] makes it possible to control
the linear term £-V u in terms of the purely z-derivative dissipation for the weighted
energy estimate on the mixed x-£ derivatives. However, the algebraic velocity factor
w‘vﬁl_ (&) produces an additional difficulty on the nonlinear term V,¢ - Veu in the
presence of the self-consistent electric field for the VPB system with soft potentials.
To obtain the velocity weighted derivative estimate on such a nonlinear term, one
should put an extra negative-power function (£)” in front of V¢ {I — P}u in the
nonlinear term V. ¢ - Veu so that the velocity growth (£)~7 comes up to have a
balance. Then, as long as

it is fortunate that the dissipation functional Dy g ,(t) given by (1.17) containing
the second-order moment (£)? can be used to control the term V,¢ - Veu.

At this point, it is not known how to use the argument of this paper to deal with
the very soft potential case —3 < v < —2. However, inspired by Ref. 23, we remark
that one possible way is to have a stronger dissipation property of the linearized
collision operator L, particularly the possible velocity diffusion effect. In fact, for the
Boltzmann equation without angular cutoff assumption, from the coercive estimate

L17 'it seems hopeful

on the linearized Boltzmann collision operator L obtained in
to deal with the case —3 < v < —2 for such a physical situation, which will be
reported in the future work.

Another ingredient of our analysis is the decay of solutions to the VPB system
for soft potentials. Recall that the large-time behavior of global solutions has been
studied extensively in recent years by using different approaches. One approach
which usually leads to slower time-decay than in the linearized level is used in
Ref. 38 on the basis of the improved energy estimates together with functional
inequalities. The method of thirteen moments and compensation functions proposed
by Kawashima in Ref. 27 which gives the optimal time rate without using the
spectral theory; see Ref. 15 and Ref. 37 for two applications. Recently, concerning
with the optimal time rate, a time-frequency analysis method has been developed
in 987, Precisely, in the same spirit of Ref. 36, some time-frequency functionals or
interactive energy functionals are constructed in *%7 to capture the dissipation of
the degenerate components of the full system.

Back to the nonlinear VPB system, the main difficulty of deducing the decay
rates of solutions for the soft potential is caused by the lack of a spectral gap
for the linearized collision operator L. Unlike the periodic domain 3!
careful and delicate estimate on the time decay of solutions to the corresponding

, we need a
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linearized equation in the case of the whole space R2. Following the recent work %8,
our analysis is based on the weighted energy estimates, a time-frequency analysis
method, and the construction of some interactive energy functionals, which gives a
new and concise proof of the decay of the solution to the linearized equation with
soft potentials. Here, we should mention the recent work 2 by Strain. Different
from this work, by starting from the inequality

O Ei(4) + kDy(0) <0,

we use a new time-frequency weighted approach together with the time-frequency
splitting technique in order to deduce the time-decay estimate on the solution u for
the linearized VPB system; see Step 3 in the proof of Theorem 3.1 and the identity
(3.18).

Finally we also point out a difference between the soft potential case and hard
potentials studied in Ref. 13 for obtaining the time-decay of the energy functional
EN0,q(t). The starting point is the Lyapunov inequality (1.19). In the hard potential
case, the Gronwall inequality can be directly used when the lowest-order terms
|(a,b,c)||* and ||V,¢||* are added into Dy ¢ 4(t). However, this fails for the soft
potentials because Dy ¢,4(t) given by (1.17) contains the extra factor v(£) ~ (&)
which is degenerate at large-velocity domain when v < 0. To overcome this difficulty,
we have used the time-weighted estimate on (1.19) as well as an iterative technique
on the basis of the inequality

Dy,z.o&) + (0, )OI + IVad (O > 6y 5_1 (1)

for any /; see Step 2 in the proof of Lemma 6.1 for details.

Before concluding this introduction, we mention some previous results concern-
ing the study of the VPB system in other respects, cf. 2%, the Boltzmann equation
with soft potentials, cf. 3323, and also the exponential rate for the Boltzmann equa-
tion with general potentials in the collision kernel but under additional conditions
on the regularity of solutions, cf. 6.

The rest of this paper is organized as follows. In Section 2, we will list some
estimates on v and K proved in Ref. 31. In Section 3, we will study the time-decay
property of the linearized VPB system without any source. In Section 4, we give the
estimates on the nonlinear terms with respect to the weight function w; 4(¢,€). In
Section 5, we will close the a priori estimates on the solution to derive the desired
inequality (1.19). In the last section, we will prove (1.20) to conclude Theorem 1.1.

1.4. Notations

Throughout this paper, C' denotes some positive (generally large) constant and
denotes some positive (generally small) constant, where both C' and x may take
different values in different places. A < B means A < %B and A ~ B means
kA < B < %A, both for a generic constant 0 < x < 1. For an integer m > 0,
we use H"., H;", H{" to denote the usual Hilbert spaces H™(R3 x R?), H™(R3),
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H™(R}), respectively, and L?, L7, L7 are used for the case when m = 0. When
without any confusion, we use H™ to denote H;" and use L? to denote L or L ..
We denote (-, -) by the inner product over L2 2.¢ For ¢ > 1, we also define the mixed
velocity-space Lebesgue space Z, = LQ(L?) L? (R3 Lq(Rd)) with the norm

2/q 1/2
Zy = (/ (/ |U(.’L‘,§)|qd$> df) , U= U(iC,f) € Zq'
R3 R3

For multi-indices o = (a1, a2, av3) and 8 = (B1, B2, B3), we denote 05 = 8;"8?, that
is, 0 = 031032052 8?11 8?228?33. The length of « is |a] = ay + as + a3 and the length
of B is |B| = B1 + B2 + Bs.

2. Preliminaries

Recall that L = —v + K is defined by

= //Rgxsz 1€ — & qo(0)M(E,) dwd€, ~ (1+ €))7,
and
ule) = / /RS € = &"ao (M2 (€)M (€ Ju(€) dwds,
//Rs € = &/ a0 (OMY2 (€)M )u(€!) dwds,
) //S € = & a0(O)MY/2(€)MY2 (€)u(s.) duwd.
- [ regutc .

We list in the following lemma velocity weighted estimates on the collision frequency
v(€) and the integral operator K with respect to the velocity weight function

wrg(€) = ()71 TEeR, 0<G<1.

Lemma 2.1 (Ref. 31). Let -3<v<0,7€R, and0< g 1. If |8] > 0, then
for any n > 0, there is C, > 0 such that

[ wa@0sonude > [ e (@105 de
R3 R3
_77 Z / 'rq |851’U,|2df C / / X|§|<QC < > VT|U‘2d£

181]<8
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If |B| > 0, then for any n > 0, there is C,, > 0 such that

’/R"wz’d(@aﬁ(Kf)gdg'S p> (/RS”@)wi,q(é)851f|2d£>§

[B11<18]

40 ([ o, @157 a¢) %} <[ [ o ela? d&)é @

For later use, let us write down the macroscopic equations of the VPB system
up to third-order moments by applying the macro-micro decomposition (1.15) in-
troduced in Ref. 19. For that, as in Ref. 9, define moment functions 0,;(-) and A;(-),
1<4,j <3, by

1
05(0) = [ (&~ DM, M) = 15 [ (€ - DM Pode, (22)
R3 R3
for any v = v(£). Then, one can derive from (1.5)-(1.6) a fluid-type system of
equations
8,504 + Vm -b= 0,
O+ Va(a+2¢)+V, - O({I—-Plu) — Vy¢ = Vi da,
] 5 ] (2.3)
Ore+ Vo b+ 2V, A{L=Phu) = V0 b,
Am¢ =a,
and
2 10
8t®ij({1 - P}u) + (‘Zb] + 8jbi — géwvz -b— E(Swvw . A({I — P}u)
2
= 0,(r+G) = 30,V,0 b, (24)

N ({I = Plu) + 0ic = Ai(r + Q)
with
1
r=—-¢-V{I-Plu+Lu, G=T(u,u)+ 5«5 -Vaou — Vo - Veu,
where r is a linear term related only to the micro component {I — P}u and G is a
quadratic nonlinear term. Here and hereafter, for simplicity, we used 9; to denote
O, for each j = 1,2,3. The above fluid-type system (2.3)-(2.4) plays a key role in

the analysis of the zero-order energy estimate and the dissipation of the macroscopic
component (a, b, c) in the case of the whole space; see 19:12:98:7,

3. Time decay for the evolution operator
Consider the linearized homogeneous equation

Deu+ & - Vau — V¢ - EMY? = Lu, (3.1)
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with
1

pE g . MY 2u(t, z,€) dE — 0 as |x| — oco. (3.2)

¢:_

Given ug = ug(z, &), e'Buyg is the solution to the Cauchy problem (3.1)-(3.2) with
u|t=o = ug. For an integer m, set the index o, of the time-decay rate by

3+m
Om = — a0
4 2

which corresponds to the one for the case of the usual heat kernel in three dimen-
sions.
The main result of this section is stated as follows.

Theorem 3.1. Set p = pu(€) := (£)"3. Let -3 <~y <0,£>0,a>0, m=|al,
by > 20,,, and assume

/ a0 dz = 0, / (1+ |2])]ac| dz < oo, (3.3)
R3 R3
and
o], + 007 | < . .
Then, the evolution operator etP satisfies
HugaaetBuOH + ||3O‘VIA;1PoetBuo||
<C(l+t) o (H,UZHOUOHZI + Hﬂzwoaauo” + (1 + |x|)a0||L;) (3.5)

for any t > 0.

Proof. The proof is divided by three steps.
Step 1. The Fourier transform of (3.1)-(3.2) gives
Ot + i€ - ki — ikg - EMY? = La, (3.6)

with —|k|2q§ = a. By taking the complex inner product of the above equation with

1, integrating it over Rg’ and using (1.14), as in ?, one has
o (a2, + 122 +/€Hl/1/2{I—P}ﬂ © <0 (3.7)
i Le " k|2 2= '

Furthermore, similar to derive (2.3) and (2.4) from the nonlinear VPB system, one
can also derive from (3.1)-(3.2) a fluid-type system of linear equations

(915(1 + VI -b= O7
Ob+Vi(la+2c)+V, - O{I-Plu) — V.0 =0,

Oc+ =V, -b+ gvz -A{I-P}u) =0,
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and
2
8,5@”'({1 — P}u) + (%'bj + 8jbi - gdijvx -b

1?0%% A{I=Plu) = 65;(r),
O ({T — Plu) + 9;c = Ay(r)

with r = =&+ V{I — P}u + Lu, where ©(-) and A(:) are defined in (2.2). From the

7

above fluid-type system, as in “, one can deduce

int ‘ |2 —|? ~12 /277 ~
AR EM (a(t, ))+n{1+|k|2’(a,b,c)’ +|a|}chV (I-Pla

2
2’ (3-8)

where £M%(a(t, k)) is given by

1

Sint(ﬂ(t, k)) — 1—|—|k|2{(1ké | A({I - P}ﬂ))

~ A 2 ~
+> (z’kjbm tikmb; — Z0mik b € ({1~ P}ﬁ))

jm
+K1 (ikd | l;) }

Therefore, for 0 < k3 < 1, a suitable linear combination of (3.7) and (3.8) gives

lal*

” ||L2 t 1z |k|2

+ kR EM (At k))}

#n{ll

Here, notice that since

L
BT

/\‘2

’(a, b, c)

+ a|2} <0. (3.9

e ate k)] < 0 {IHT - Pl + |@va |

we have taken xo > 0 small enough such that
la®

|k[?

Ll

e (3.10)

lalZz + g + maRE™ (alt, k) ~ |lalg: +

Step 2. Applying {I — P} to (3.6), we have
O{I —P}a+i€ - k{I — P}u = L{I — P}u + Pi - ki — i§ - kP4a.

By further taking the complex inner product of the above equation with 12 (£){I —
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P} and integrating it over RY, one has

S0 [l (T = Pyl + =1 - P
<n [ (KU-Pha 2O~ PY) d

+R [ (Pi¢-ka— i€ kP | p* ({1 - P}a) de.  (3.11)
]RS

It follows from (2.1) that for any n > 0,
[ G- Py @ - Pha) ag

< {”H 20— P}uH +Cy X0, (0 F 1~ PYa

}

H 12,000~ plal,

(3.12)

which further by the Cauchy-Schwarz inequality implies

[ s pha - pya) ac

2
+C, HVW{I ~P}i

2
<2 ta - e
3
Notice that over |k| <1,
R (Pi¢ - ki — i€ - kPa | 1> (O){I — P}a) dé X<
k>

-
<C (H 12 + 14 P ‘(Zb,\c)’z) .

Plugging the above two inequalities into (3.11) and ﬁxmg a small enough constant
n > 0 give

O T =Pa| y xwi<r + 5 || HIT - P}ﬂHiz X[k|<1

<C <H 2y 1&122 ‘(Zb,\c)f) . (3.13)

To obtain the velocity-weighted estimate for the pointwise time-frequency vari-

ables over |k| > 1, we directly take the complex inner product of (3.6) with p¢(£)a
and integrate it over R3 to get that

%aty +H L2807 — P}u

- [ (o H*PM\M(HW%%+%/ (KA1 = PYa | u2(€)a) de

+R (ik¢-§M1/2|u (g)a) e, (3.14)
R3
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Here, Cauchy-Schwarz’s inequality implies

—afe/ {1 Pl | 24 (6)Pa) de < C (Hu1/2{I—P}a 2L n

@oaf).

=% [ (ikd - €MY2 | ()Pt + {1~ PYa] ) dg

— 2

gC{Hul/Q{I—P}QQL —l—‘(a,b,c)‘ +|Z|z}

where |k|2|¢|2 = |a|2/|k|? due to the Poisson equation —|k|2¢ = a was used. From
(2.1), similar to the proof of (3.12), one has

» / (K{I— PYa | ;2()) d
RB

= [ (- Pyl i ©[Pa+ {1 Pha)) de

<l pyaf, +c, (2= eyalf, + |@vaf" ).

By plugging the above two estimates into (3.14), fixing a small constant > 0 and

2
using 1 < %X\k\zl’ it follows that

O [l 2z g1+ =T =Pl X

<C <H 1241 —

B L P

S ‘(a,b,c)’2> . (3.15)
Now, for properly chosen constants 0 < k3, kg < 17 a suitable linear combination
of (3.9), (3.13) and (3.15) yields that whenever ¢ > 0,
Oy Ee() + kDy(@) <0, (3.16)
holds true for any ¢t > 0, k € R3, where Ey(@) and D, (@) are given by

Ei@) = 13 + :,d TR REM aft, b))

+rg [T - P}ﬁHLg X|k|<1 + Ka ||ﬂeﬁ||ig X|k[>15

A2

Dy() = ||~ +lal”.

‘k|2 ’/—\ 2
b
1+|]€|2 (a’a 7C)

Due to (3.10) and the fact that P decays exponentially in &, it is straightforward
to check that for ¢ > 0,

L laP

E@(a) ~ H:ué |k|2
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Step 3. To the end, set

kP
ST

p(k)
Let 0 < e <1 and J > 0 be chosen later. Multiplying (3.16) by [1 + ep(k)t]”,

d

A+ ep(R)1)? (@)} + w[1 +ep()]? De(@) < J1+ep(b)]? L epll) Be(@). (3.17)
To estimate the right-hand term, we bound Fy (@) in the way that

laf*

o+
2
Lg

L Lan2 @
= HM u”L2 (X|k|§1 + X|k\>1) + BE

< L NE (o2 0 ~112 |d|2
S (|- P}a 7 |1 P“HLg)X\k\Sl + || U’HLE X|k|>1 + ThE
< [ufq1 - Pl e ab o+
S T = Praf s g + el xpz + 1@ b, 9 + 7o

That is,

E(a) < Ef (a) + E" (a),

. 112 12

Ej(a) = ||u {1 - P}UHLg Xik|<1 T H//“HLg X|k|>1>
lal®
k[
Therefore, for the right-hand term of (3.17), one has

J[1+ ep(k)t) " ep(k) By ()
S [+ ep(R)t) tep(R) Ef () + J[1 + ep()t]”~ ep(k) ET (@) :== Ry + Ro.

E"(@) = |(a,b,0)* +

We estimate Ry and Ry as follows. First, for R,

Ry = J[L+ ep(k)t)’ ~ep(k) E" (1)

2 1
_ J—1 512
= e/l +ep(k)1] { @0 + '“'}
L T R
i |09

1
< eJ[1 4 ep(k)t)? Dy(i).

< eJ[1 + ep(k)t]’ {

Thus, one can let
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where k > 0 is given in (3.16), such that
Ry < gu + ep(k)t]” Dy(a).
For R;, we use the splitting
L= Xu2(©) <1+epti)] + Xp2(©)>[1+ep(k) ] (3.18)
so that
E{ (@) = E{ (ax,2(©)<[1+epyt]) T B (@X,2(0)> 11epryr)) 7= B < (@) + B[~ (@)
with

EI<(a) = / 124 {1~ PYaf? dex
(&) Z[1+ep(k)t]

o PG
2(6)<[1+ep(k)1)

B> (a) = / J2EIT — P déx <
(€2 (1repe]

/ 2€(§)|ﬁ|2d§X|k\21~
p2(&) 2 [1+ep(k)t]

Thus, with this splitting, R; is bounded by
Ry = J[L+ep(k)t]" " ep(k) Ej (a)
< J[L+ep(k)t)" " ep(k){E; < (@) + B~ (a)}
< eJ[1+ep(k)t)’ p(k)E{= (0)
+J[L 4 ep(k)t] " tep(k)EL” (0) := Ryy + Ria,
where we have used
BI<(3) < [1+ ep(k)t) ELS, (1),

For Ry1, notice that

p(k)E{= (0) < p(k) (|| {T - P}ﬁHig X|kl<1 + Hue_lﬁHng X|k|>1)

< 1= Pyl + o) (@0
< C1Dy(4)
for a generic constant C; > 1, and hence
Ry1 < Cred[1 + ep(k)t]” Dy(a).
One can make eJ further small such that

Cl€<] S

%\E

and hence

Rux < T[1+ ep(k)t) Do),



May 9, 2012

11:15 WSPC/INSTRUCTION FILE M3AS-DYZ-s

The Vlasov-Poisson-Boltzmann System for Soft Potentials 19

To estimate Ry2, let p > 1 be chosen later and compute
Rz = J1+ ep(k)t] Pep(k) - [1 + ep(k)) 7~ EL> (a)
< I+ ep(k)t) Pep(k) - BTy ().
Noticing that the estimate
B iy (@) < Bl iy 1(0) S By yip1(2) < By yip1(do)
holds true by (3.16) due to £+ J +p—1 > 0, one has
Riy < J[1 + ep(k)t] Pep(k) ey sip—1(io)-

Therefore, collecting all estimates above, it follows from (3.17) that

G401+ ok Bx(a)} + 511+ ep(h)1) Del)
< J[1+ep(k)t] Pep(k) Epy.g4p—1(tio)-

Integrating this inequality, using

t o
[t o] Peptiyis < [ 4n)rin =, < oo
0 0
for p > 1, and noticing J +p — 1 > 0, one has
[1+ ep(k)t) Eo() < Eq(iio) + JCpEry g1p1(i0) S (1+ JCp) By yip1(io),
that is, whenever £ > 0,

Eo() S [1+ ep(k)t) ™ Evg yyp—1(io),

for any t > 0, k € R?, where the parameters p, € and J with
p>1,0<e<1, J>0, C’lngg.
are still to be chosen.
Now, for any given ¢y > 20,,, we fix J > 20,,, p > 1 such that {4 = J +p—1
to have

Eo(a) S [1+ ep(k)t] ™7 Ergqy (o).

Since J > 20,,, in the completely same way as in ? and ' by considering the
frequency integration over R? = {|k| < 1} U {|k| > 1} with a little modification
of the proof in 2527 one can derive the desired time-decay property (3.5) under
conditions (3.3) and (3.4); the details are omitted for brevity. This completes the

proof of Theorem 3.1. O

Remark 3.1. The rate index o, in (3.5) is optimal in the sense that it is the same
as in the case of the Boltzmann equation. In fact, from 3234, one has

0 HE VAT | < C(1 4 1) (o, + 0"u)
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for any ¢t > 0, where L the linearized Boltzmann operator in the case 0 < ’y(ﬁ 1.
0l

Here, different from the hard potential case, the extra velocity weight ()2 in
(3.5) on initial data ug for soft potentials —3 < v < 0 is needed. Moreover, as we
mentioned before, the condition (3.3) is used to remove the singularity of the Poisson

kernel and recover the optimal rate index o,,, otherwise, only the rate (1 +t)’%+‘%‘
can be obtained, see ? and references therein.

4. Estimate on nonlinear terms

This section concerns some estimates on each nonlinear term in G = TI'(u, u) + %{ .
Vadu — V¢ - Veu which will be needed in the next section. For this purpose, to
simplify the notations, in the proof of all subsequent lemmas, w. is used to denote
wrq(t,€). That is

R A
wr = wrg(t, ) = <f>weq(t)<€> o alt)=a+ m’

where 0 < ¢(t) < 1 is fixed and 7 = || — ¢ < 0 depending on the order of velocity
derivatives may take different values in different places. Moreover, we also use in
the proof

u; = Pu, wus={I-Plu.

Now we turn to state the estimates on the nonlinear terms. To make the presen-
tation clear, we divide it into several subsections. The first subsection is concerned
with the estimates on I'(u, u).

4.1. Estimate on T'(u,u)

We always use the decomposition

I(u,u) = T'(Pu,Pu) + T'(Pu, {I — P}u) + T'({I — P}u, Pu)
+TH{I-Plu,{I—-Plu). (4.1)

Recall
F(fvg) = F+(fag) _Fi(fvg)
= [ - e | [ oo d
R3 S2
a0 [ le- e | [ woa) 6.

Our first result in this subsection is concerned with the estimate on I'(u, u) both
without and with the weight.
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Lemma 4.1. Let N >4, £>0, 0 < ¢(t) < 1. It holds that

(D, w),w) < Clla,b, o)l [Vala b - |71/ {1 = P

a 1/2 2
+CLIValab, g + Y [|0g{I— Plul| H” a- P}uH (4.2)
laf+|Bl<4
and
<I‘(u, u), w%z’q(t, H{I - P}u>
< Cll(a,b,0) [ [Vaa,b, o)l - [#/2{1 - Pl
1/2/|,,1/2 2
+ CENea} || P gt T - PYa| . (43)
Proof. We will prove only (4.3), since (4.2) can be obtained in the similar way by
noticing (I'(u, u), u) = (I'(u, u), {I — P}u). To this end, set
I = <F(u,u), wzgﬁq(tf){l — P}u> ,

and denote Iy 11, 11,12, 11,21, 11,22 to be the terms corresponding to the decomposi-
tion (4.1). Now we turn to estimate these terms term by term.

FEstimate on I 11: Since I'(u1,u1) decays exponentially in &,
L < c/ I(a, b, ¢)? HVWWHLQ dz < C|/(a,b, )|l | Va(a,b, )] - Hy1/2u2H,
R3 3
where Holder’s inequality with 1 =1/3+41/6 + 1/2 and Sobolev’s inequalities
(@, b, ¢)llzs < Cll(a,b,c)l[m,  [[(a;b,0)llLs < Cl[Ve(a,b,c)]
have been used.

Estimate on I 12: For the loss term,

T <C [[[ | )] b.(©) - u? (Oluale)] dode

2 2
< C sup [(a,b,0)| - [ 2w e(@us | < CIVaab,e) i [v12we(us
z€R3
where we have used in the first inequality
[ le—ermi e e < ey (4.4)

for ¢ > 0 and —3 < v < 0. For the gain term, using Holder’s inequality, Iiu is
bounded by

{/// € = &V qo(O)MM2 (& )w? o (&) |ur (€ )ua (&) dwdfdf*dw}l/z

x { J[[]1e-eraem e @ dxd&d@dw}l/z C(45)
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From (4.4), the second term in (4.5) is bounded by ||1/1/2w_g(§)u2|’. By noticing
(§) < min{(£L)(¢"), (€%) + ()} and

w_(§) = (§) et
< O(E) ) AW IOE) < Cur_y(€w_i(€')  (4.6)

for ¢ > 0, the first term in (4.5) is bounded by

L , 1/2
c{ / SO € M (§i)l(a,b7C)IQIU2(£’)I2}

IN

. 1/2
¢ {/ € = & qo(0)w? (€)M = (£)|(a, b, C)|2u2(§’)|2}
Z,6,6x,w

y 1/2
C{/sg |§'—§il7qo(9)w24(€')M2(Si)(a7b70)l2lu2(€')|2}

, 1/2
:0{ / Ié—ﬁ*l”qO(9)w2e(£)Mq?(6*)I(a,b70)|2|u2(§)l2} ,
z,8,&.,w

where we have used [Pu(£.)| < C|(a,b,¢)|M9/2(£L) with 0 < ¢/ < 1 in the first
equation, M'/2(¢,) < C, the inequality (4.6) and w_g(£,)M9/2(¢}) < C in the
second equation, the identity [£ — & | = [¢/ — &.| in the third equation and the
change of variable (¢,&) — (&', &,) with the unit Jacobian in the last equation. Thus,
from (4.4), the first term in (4.5) is bounded by Csup, |(a,b,c)| - ||v*/?w_g(&)uz]|-
Therefore,

2

If15 < C|Vala,b, o) |

V1/2’u}_g(€)’b@‘
Estimate on I 21: This can be done in the completely same way as for I; 12, so that

2
Ia1 < C[9a(a, b, Ol [/ 20— e(€)ua|

Estimate on I 92: By 3! |

2

Ioa < C{ENLq (O} || 2w T — PYu[ (4.7)

and for brevity we skip the proof of this term.
Now, the desired inequality (4.3) follows by collecting all the above estimates.
This completes the proof of Lemma 4.1. D

For the weighted estimates on 95T'(u, u), we have

Lemma 4.2. Let N > 8, 1 < |a| + || < N, £ > |5] and 0 < ¢q(t) < 1. For given
u=u(t,z,§), define uap as uap = 0% if |3| = 0 and uap = OG{I—Plu if |B| > 1.
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Then, it holds that

<8,8T(Ua u)7 w|2,8\7€,q(t7 g)ua5>

< C||(a7b7 C)HHN ||Vz(a,b7 C)HHNfl

P 2uas |+ C{Enea ()} D). (48)

Proof. Take «a, 8 with 1 < |a| 4+ |8 < N. Write
a — B a a a
85 (f,9) = Z Cﬁoﬁlﬂzcalvazro (8ﬁ11f’ 8ﬁ229) )

where the summation is taken over 8y + 81 + 82 = 8 and a1 + as = «a, and I’y is
given by

T (ag; f.05 g) . (ag; f.0% g) -1y (ag; f.0% g)
= //Rxs 1€ — &17q0(0)0p, {MW(&*)} 951 [(£)0529(&") d§dw
—0529(&) //Raxsz 1€ — &7 q0(0)0g, [Ml/Q(g*)] 95" f(€.) dE.dw.
In what follows we set

I, = <F0 (ag;u,agju) ,w|25|_e,q(t,§)uaﬁ>

and denote the terms corresponding to the decomposition (4.1) as I 11,1212, I2.21
and I3 99. These terms will be estimated term by term as follows.

Estimate on I 11: Notice that T'g (6;‘11111, ag;ul) decays exponentially in £ since
—3 <+ < 0. Then,

It < c/ 0% (a, b, ¢)| - |82 (a, b, c)| - Hz/1/2ua/3’
R3

) dx
Lg

V1/2ua5 ‘ .

< C”(a,bv C)HHN Hvﬂi(a’bv C)HHN*1

Estimate on I 12: For the loss term, since
Fus [ le-ermoMEE) {ME )" b))

x [0522(6)| - 0y o(©) s (€]

<c [ dr o™ (@bl [ ds (@) uty o(6) |05ual€)uas(€)].

we have for |a;| < N/2 that

T30 < Csup 0% (0, b, )] - ||/ 2wy (€005

% [/ (€)uas | < C{Ew eI Div (),
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while for the case |a1| > N/2, we can get that

1y <C [ do 0% 0,01 [ 20095, /20116 o
3

2
Lg

< Csup |/ 2wppy (€052 107 (@b, Ol || 2wy (€)1t
x ¢

< C{ENLa O} Divea(t).
For the gain term 1;127
1{12 <

[ le-ermontt ) {M¥ )i @b.01)
@,8,84,w

X

3322112(5/) : w\25|—e(f) [uap(§)]-

We now turn to deduce an estimate on the right-hand side of the above inequality

by considering the two cases |ag| < N/2 and |aq| > N/2, respectively. In the case
of |a1] < N/2, we have from Holder’s inequality that

1212 < /da: |0% (a, b, ¢)|

[ e ePmonas cm €uty (o) |o5ze)

2}1/2
y y , 1/2
{ /g = 6O (€M (€ (6) € } (49)

As for estimating the first factor in (4.5), we have

2

[l oM (€M € (6) o520t
<C

[ le- €1 q0(O)MF (£)MF (€ )w?s (€ )us_y(€])

2

dgrus(E')

2

<C [ 1€ - Era@MT (€ (€)[05ua(E)

=C

)

7 2
e el M (€ et (€) |05 ua(6)|

which is bounded by Hz/l/wa,g(f)@gjugH;. Moreover,
[l O (€M €y (©) s )
<C [ le- eIMEEuly () luap(©OF
§,6x

<C Hvl/Qw\m%(ﬁ)UaB i

-
Lg



May 9, 2012

11:15 WSPC/INSTRUCTION FILE M3AS-DYZ-s

The Vlasov-Poisson-Boltzmann System for Soft Potentials 25

Therefore, plugging the above two estimates into (4.9), in the case when |a;| < N/2,
we have
I$,5 < Csup|0™ (a,b,c)]| - Hyl/zwlﬂl,g(g)ag;ugH
1/2
| < C{Ena®} Dwviad).

x H”mwlm—z(ﬁ)uaﬁ
The discussion for the case |a1| > N/2 is divided into the following three subcases:

In Dy = {|&] > 1]¢]}, we have

1;121 < C’/dx |0% (a, b, ¢)|

/f 5 € — EP a0 (O)MF (©MF (€) [022ua(€)uas (6)]

Here, by Holder’s inequality, we can deduce that

/}E g €~ & q(O)ME (M (&)

< { | le-ermonMt Mt )
f,f*,w

082 us( Y uas (€|

N

)
< [, le-eraomt o e) uap(©)F}

< CHlll/QagquH

O52ua(¢)

=

V1/2uaﬂ .
L2 L2
3 3

Therefore, we have in this subcase that

< C{EN g} * Drpg(t). (4.10)

12+,12 < C'sup Hul/Qag‘;uQHLz [0% (a, b, c)|| - Hul/Zuag
z €

Secondly, we consider the region Dy = {|¢,| < 3¢[,]¢] < 1}. In this case, we can

get that

I3 195 < C/dff |0 (a, b, c)|

/5 € — &7 q0(0)MF (€)MF (£]) |052us (€ uas(€)]
Similarly as in (4.9),
[l O (€M (€5 s €)
<O 20gzus], [ ual -

Le
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Hence, as in (4.10), the above two estimates imply

190 < C{ENq(1)}* Dy ag(2).

At last, we consider the region D3 = {|¢,] < 1[¢],[¢| > 1}. In this domain, [ —&,| >
11¢| and hence

€ — &7 <ClE <O+ €] + 673,
Thus,

Hua <€ [arj@nel [ (i +le ) )

x M% (E)M* (€)wly_(©) |05 (€ uas(©)]. - (411)

From Hdlder’s inequality,

[ iR 416 @M (€OMF (€t (©)]05 ua(€ uan)|

Nl

{ [ e oM (€M 05| |

Nl

X {/5,5*@(1 + €12 + \€*|2)%q0(0)M%(5*)1\/[%/(5;)%23'_2(0 |uaﬁ(£)|2}

=¢ Hvl/wa_e(g)ag;quLz ' H”l/gw\m—e(f)uaﬁ
13

L’

€
where the computation similar to the estimate on the first factor in (4.5) by using
|€12+ &% = €2 +]€L)? instead of |€—&,| = [/ —&L| has been performed. Therefore,

If1p < C / dz 0% (a,b,¢)|

X Hyl/Qw‘B‘iz(f)agj’MQHle . Hy1/2w‘m,4(f)ua5 12
3 3

< Csup |/ 2wy (057 ua|| , - 107 (@b, - ||/ 2wy (€t
@ €

< C{EN (D)} Divyeg(t).

Estimate on I 21 : For the loss term, due to

Iy, < /dx |0%% (a, b, ¢)|

Oz (€. it (€)

)

[ le-eraomt oM e
§:8xw
we have by Holder’s inequality that

Iya1 < Csup |0 (a,b,0)] - [0 s - [ uas |
x
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for |ag| < N/2, and

I < Csup |2 05 s |- 16°2 a,bi0)] - 1! 2t
z 3

for |ag| > N/2. Hence, in both cases,
Iyon < C{ENq()}'? Dieg(t):

For the gain term, by noticing that

Iy <C / dz 10°* (a, b, o) /5 €~ &.q0(0)

75*1
M (EOMF (€ () |05 ua(€Duan©)].

then, in the same way as for I}, when |as| < N/2, we have

I < Csup|0% 0, b, )] - ||/ 2wy (€005,

X HVl/lem—z(ﬁ)uaﬁ ’ < C{Enuq®)}? Diveg(t).
While when |as| > N/2,

sup Hu%ag;uQH , - 19%2(a, b, )| - HVl/QUaBH over Dy U Do,
z L2

L2

1;21 < C{ sup Hl/1/2w|ﬁ|_g(f)8§qu‘
xT

x 10°%(a,b, Ol - [0/ 20151t

’ over Ds.

Therefore, for each as,

Iy < C{EN (1)} D g(t).

Estimate on I 95: As for (4.7), by 31 |

Iy 90 < C{f‘:N,z,q(t)}l/z Dne,q(t),

and we also skip the proof of this term for brevity.

Now, (4.8) follows by collecting all the above estimates. This completes the proof
of Lemma 4.2. O

4.2. Estimate on £ - Vizou

This subsection concerns the estimate on £ - V,¢u. To this end, we first have the
following result on the case of zeroth order derivative.
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Lemma 4.3. Assume that u and ¢ satisfy the second equation of (2.3). It holds
that

<;§-Vz¢u,u> < f—/ 1b]?(a + 2¢) d

+ C{ll(a,b, )2 + [IVedllar + [Vl - VD] }
x {Vw(a,b, O + HVW{I . P}UHQ}

+ C[Vadl| i || €

(V21— P}uH (4.12)

Proof. Setting I5 = <%§ - Vzou, u> and noticing v = Pu+ {I — P}u = u; + uo,

3

m=1

12,7

First, for I3, as in , using the second equation of (2.3) to replace V¢ yields

131—/qu (a+2c d$—2dt/ |b| +2€
2dZv, - V.- A — V.-
—|—/RS\b| {GV b—|—3V (u2) 3V¢ b} dx

+ / bla+ 2¢) - {Vy(a+2¢c) + V- O(uz) — Vypa} de,
R3

where O(-) and A(+) are defined in (2.2). Further by the Hélder, Sobolev and Cauchy-
Schwarz inequalities, the above equation implies

1d

I 2
31_2dt |b| (a+ 2c¢)dx

+C{ll(a,,0)ll 2 + Vol - [IVab} |V (a, b, )|
+C|(a,b, 0)llzr= { [ Au)I* + O (u2) [} -

Noticing
IAGw2) | + 1O )| < € |2 |

then I3, is bounded by the right-hand term of (4.12). Next, for I3 2 and I3 3, one
has

Iso < / IVoo)| - Hglfl/zulH . HV1/2u2’
R3 Lg

< O/ V20| - [(a,b,0)| - H”W“Q‘
s

) dzx
Lg

dx

2
LE

2
< C||Vad| {||Vl.(a,b, c)||2 + Hy1/2u2H }
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and

2 2
Iys < OVl (60202 < CJIV201 0 [ (€012

Therefore, (4.12) follows from all the above estimates. This completes the proof of
Lemma 4.3. O

For the case of higher order derivatives with respect to x variable, we have

Lemma 4.4. Let N >4, 1 <|a| < N, and £ > 0. It holds that

1
<aoz (25 : vz¢u> 7w2l,q(ta§)aau>

2
<OVl Y {H<g>1/2wz,qu,s)aa{I—P}uH +||aa<a,b,c>2}.
1<]|al<N
(4.13)

Proof. Let I be the left-hand term of (4.13). Corresponding to v = Pu+{I—-P}u,
set

3
I, = Z Iy = <3a (;5 . Vx¢ul) 7w2—z(§)3au>
m=1

+ <5a <;5 : Vx¢u2) ,w24(§)5aul> + <3a <;€ : Vx¢u2> ,w25(§)8au2> .
(4.14)

For 14, one has

1
Iy = Z s, <2§ . Vm[“)"_“lqba“lul,wFMe(f)aau>

lea |<[af

<c Y /Rs|Vzaa_o‘1¢|-\3al(a,b,c)|-||8“u||L§ dz.

[ar]<]al

Here, when |ag| < N/2 and |ay]| < |a, the integral term in the summation above
is bounded by

sup [0%* (a, b, ¢)| - ||V, ¢|| - 0%l ,

and when |ay| > N/2 or ay = «, it is bounded by

sup [V,0°~* ¢| - |07 (a, b, c)|| - [|07u]] .
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Thus, by the Sobolev inequality, I 1 is bounded by the right-hand term of (4.13).
Similarly, we have for I, » that

ha<C 3 [ [9.00 0] [0 ual - 0%(a,b0)] do
R3

[ar|<|f

sc Y w0l [V 6 - 0 a,b o)

{laa|<N/2}n{ar<a} ©
+ ) sup [V,0° 16| - 0% ug| - 10 (a. b, )]
{lo1|>N/2}0{an=a} *

which is also bounded by the right-hand term of (4.13) by Sobolev’s inequality.
Finally, for I, 3, since

1473 <C Z /R3 |VI80¢1¢| . H|£|1/2w74(§)80&7a1u2‘ L

lea |<|al ¢

X H|§|1/2w_g(§)8o‘uQ’ dz,

2
LE

it can be further estimated as for I, ; and I4 5. Therefore, (4.13) follows from (4.14)
by collecting all the above estimates. This completes the proof of Lemma 4.4. O

For the case of higher order mixed derivatives with respect to both & and x
variables, we have

Lemma 4.5. Let N >4, 1 < |a|+ |8| < N with || > 1, and £ > |5]|. It holds that

(05 (3¢ Veol1- Phu) cuty (93T~ Phu)

2
<OIVElans Y [ wpp gt OO~ Phu[ . (415)
la|+]BI<N

Proof. Due to
1
<8§‘ (25 ) V1¢U2) 7w25_g(£)8§‘w>

« 1 a1 o «
= Z Calazcg1ﬁ2 <28ﬂl§ V.0 ¢8ﬂ2 u2; w|2ﬂ|—4(5)85u2> )

where the summation is taken over oy + as = « and 1 + B2 = 8 with || < 1,
and for simplicity we denote each integration term in the summation as I5. We now
prove (4.15) by considering the following two cases: For the case |ay| < N/2, we
have

)

I5 < Csup| V.07 9] - [ I¢]1/ w1057 ua)| - |10y () uz
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which is bounded by the right-hand term of (4.15). For the case |a;| > N/2, it is
easy to see that

)

I5 < Csup H|§|1/2w|3‘,g(€)5§ju2‘
T

IV €2y (€05 e
3

which is also bounded by the right-hand term of (4.15). Therefore, (4.5) follows by
combining both cases above. This completes the proof of Lemma 4.5. O

4.3. Estimate on V¢ - Veu
Now we turn to estimate V;¢ - Veu. For the case with only derivatives with respect

to x variable, we have

Lemma 4.6. Assume —2 < v < 0. Let N > 4,1 < |a|] < N, and £ > 0. It holds
that

(0% (Voo - Veu) , w2, (t,€)0u)

<OVl { X Qw05 {I- P’
la|+|B|<N,|BI<1

+ V2 (a,b,0) [Frr }o (4.16)

Proof. Denote the left-hand side of (4.16) by Is and write it as
Is =11 + Z Co ands21(1) + I 22(1) }
ar1taz=a,lai|>1
with
Igq1 = <V;c¢ - Ve0%u, w3£(§)8“u> ;
Isa1(on) = (V0% ¢ - Ved™uy, w? ) ()0%u)
16,22(011) = <V13a1¢> . V§8a2U2, wa[(f)aau> .

We estimate term by term as follows. To estimate I¢ 1, notice

Vew? (€) = (—270) (5)‘2‘75—1v€<§>e2q(t><6>2
+ (&)™ 2IDE” L 2g(£)V(€)? < C(E) 220" = C()w? ,(€),

where (£) > 1 and the fact that both q(t) = ¢ + A/(1 +¢)” and V¢(¢) are bounded
by a constant independent of ¢t and £ have been used. Then, from integration by
part,

2

)

lox = (=570 Velu? (1[0 ) < Cowp [, (@) 0_r(0%u
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which is bounded by the right-hand side of (4.16). For I 21 (), it is straightforward
to estimate it by

loai(@) £C [ V,079] |9 (a.b,0)] - [0%u] . do
R
< C[[920] s {IVaa b ) im0l }
To estimate Ig 22(cv1), notice (€)772 > 1 due to —2 <y < 0 so that

w2 ,(€) < (E)wi_e(&) - (E)w_e(€).
Thus,

Ig22(n) < C/RS Va0 @] - [{€)w1-e() Ve ual s - (O w—e(§)0%ull 2 dz

< CHVinHHN—l Z H<§>w\m_z<9§u2!|2
la|+]B8|<N,|B|<1

+(we(€)oul}
which is further bounded by the right-hand side of (4.16). By collecting all the

above estimates, it then completes the proof of Lemma 4.6. DO

For the case of higher order mixed derivatives with respect to the £ and xz
variables, we have

Lemma 4.7. Assume —2 <y < 0. Let 1 < |a|+|8] < N with || > 1, and £ > |B].
It holds that
(95 (Va6 - Vell = Pu) sy, (1,05 {1~ Phu)

<CIV20) v D [(Ows—eg (£ O~ Phul*. (4.17)
la|+|BISN

Proof. Similar to the proof of Lemma 4.6, one can rewrite the left-hand side of
(4.17) as

(Ve V31— Phu,wdy_()95{1— Pu)
+ Y <vmaa1 ¢ Ve {1 - Phu,wy_,(€)95{I - P}u> .

ar1tas=a,lar|>1

Then, similar to arguments used to deal with I 1 and I 22(e1) in Lemma 4.6, (4.17)
follows and the details are omitted for brevity. This completes the proof of Lemma
4.7. ]
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5. A priori estimates

We are ready to deduce the uniform-in-time a priori estimates on the solution to the
VPB system. For this purpose, we define the time-weighted sup-energy Xy ¢ (t) by
(1.18), and suppose that the Cauchy problem (1.5)-(1.7) of the VPB system admits
a smooth solution u(t,z,&) over 0 < t < T for 0 < T < co. We will deduce some
energy type estimates on the basis of the following a priori assumption

sup Xnq(t) <6, (5.1)
0<t<T

where ¢ > 0 is a suitably chosen sufficiently small positive constant.

5.1. Dissipation of (a,b,c)

Recall the fluid-type system (2.3)-(2.4) derived from the VPB system (1.5)-(1.6) and
also (2.2) for the definition of the high-order moment functions ©(-) and A(-). In
this subsection, we are concerned with the dissipation of the macroscopic component
(a,b,c).

Lemma 5.1. There is a temporal interactive functional EX(t) such that

gl < cllal+ >0 (19T =Phu(®)] +19°Vala,b,0)P) ¢ (5:2)

la] <N -1

and

d in [
ZER @+ lall?+ Y (10°Va(a,b, o)l
la|<N-1

<cy Hvl/Qé)“{I—P}uHQ
\

al<N

+Cen ) Y Hle/Qaa{I—P}uHQ—i- S josabol’ s (5.3)

la|<N 1<al<N

hold for any 0 < t < T, where the simplified notion En¢(t) = Ene,q(t) with ¢ =10
has been used.

Proof. Basing on the analysis of the macro fluid-type system (2.3)-(2.4), the de-
sired estimates follow by repeating the arguments used in the proof of ° for the
hard-sphere case and hence details are omitted. Here, we only point out the repre-
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sentation of £1(¢) as

£int (1) = / V0% - A(0°{I — P}u) dz

lo|<N-1

+ ) Z/ (86% +0;0b; — 6 iVa aab)e)ij(a“{I—P}U)dw

|a|<N—-11j=1
/Bo‘aﬁa

\oz|<N 1

for a constant x > 0 small enough. O

5.2. Construction of Eneq(t)

We are ready to prove the energy inequality (1.19). In this subsection we consider
the proof (1.19) in the following

Lemma 5.2. Assume —2 <y < 0. Let N > 8, (> N and q(t) = ¢+ ﬁ >0
with0 < ¢<1,0< A< 1 and 0 <Y < 1/4. Suppose that the a priori assumption
(5.1) holds for 6 > 0 small enough. Then, there is En g q4(t) satisfying (1.16) such
that

d

%51\/7&(1(15) + H’DNVg,q(t) <0 (5.4)
holds for any 0 <t < T, where Dy 4(t) is given by (1.17).

Proof. Tt is divided by three steps as follows. Recall the VPB system (1.5)-(1.6).

Step 1. Energy estimates without any weight: First we consider the zero—th order
energy type estimates. Multiplying (1.5) by u and integrating it over R? x R? gives

1
th {H 1%+ V.02 } (Lu, u) = (T'(u,u),u) + <2§ . Vz¢u,u>.

By applying (1.14), (4.2) and (4.12) to estimate three inner product terms above
and then using (5.1), one has

1d
/
g Il 4192017 = [P+ 20)do 4 o272 - P
Cé
< CB1V.la.buo) |+ 5 gy | (€30 = Ph| < CoDw ). (59

Next we consider the energy type estimates containing only x derivatives. Applying
0 with 1 < |a| < N to (1.5), multiplying it by 0%u and then integrating it over
R3 x R? gives

o, |12 leY leY feY
S0l + 19V} — (Lo, o)

= (0°T(u,u), 0%u) + <6a (25 . ngbu) ,8au> + (=0%(Vy¢ - Veu),0%) .
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After using (1.14), (4.8), (4.13), (4.16) and then taking summation over 1 < |a| < N,
one has

LS fjoral + 1oovaoly +x Y [vona- eyl

1<|a|<N 1<[a|<N

< Cla,b, v Vala bl > [t/

1<]al<N

’ +C {5&“1(]5)}1/2 Dleq (t)

+C[Vadll v S HOwsg(t, OFHI— Pl
Jad-+181< 18] <1

+ ||Vx(a, b7 c)”iIN—l }7

which under the a priori assumption (5.1) implies

Ld

O SRR (L LR P Y S Sl st e

1<la|<N 1<|a|<N
< CéDn g (t). (5.6)

Step 2. Energy estimates with the weight function wjg|_s 4(t,&):

Step 2.1. By applying {I— P} to the equation (1.5), the time evolution of {I—P}u
satisfies

04T~ Pyu+£-Vo{I - Plut Voo Ve{I— Pyu+ v(€){I - Plu
— K{I—Plu+T(u,u)+ %g Vb1 - Plu+ [P, ToJu, (5.7)
where [4, B] = AB — BA denotes the commutator of two operators A, B, and T
is given by
To=€ Vot Vab Ve~ 56 Vap.

By multiplying (5.7) by w?, (t,€){I — P}u and taking integration over R? x R,
one has
1d

3 g l-a(t; {1 = Phull® + (v(€), w? o (t, O {I - P}ul*)

1d
+(—5 et HI- PHP)

= <K{I - P}uv wg[,q(ta 5){1 - P}U> + <F('LL, U), wzé,q(ta 5){1 - P}U>
+{~Vat - Ve{I = Plu,w?, (£, T — Plu)

+ <—;§ ! qub,’wQ_g,q(t,f)HI - P}u|2> + <[[Pv 7:25]]“’ wQ—Z,q(t7£){I B P}u> : (5'8)
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For the left-hand third term of (5.8), notice

1d A\
2dtw25’q(t §) = m<€> w eq(t £).

From (2.1), Holder’s inequality in x integration and Cauchy-Schwarz’s inequality,
the right-hand first term of (5.8) is bounded by

T e S
+ Cy [[xgtac, (€T = Phul| - [1/2w-00(t, )41 - Pl

2 2
< 277HV1/2w_€’Q(t’£){I_P}UH +O"HV1/2{I_P}UH ,

for an arbitrary constant 7 > 0. The right-hand second, third and fourth terms of
(5.8) are bounded by CéDp ¢4(t), where we have used (4.3) for the second term,
velocity integration by part for the third term and also the a priori assumption
(5.1). For the right-hand last term of (5.8), it is straightforward to estimate it by

([P, ToJu, w2 (£, E){T — P}u)
2 2
§17H1/1/2{I—P}UH +C,,{HV1/2VI{I—P}UH + ||Vx(a,b,c)||2}

2
+ Gy 19l { [0 - P+ 19t 17
for n > 0. Plugging the above estimates into (5.8) and fixing a properly small
constant n > 0 yield

1d

gt T~ PYull® [0 g0, € (1~ P

e 606 O Pl < oD 0

+C {HVW{I . P}uH2 n Hyl/va{I - P}uH2 +|[Va(a,b, 0)2} . (5.9)

Step 2.2. For the weighted estimate on the terms containing only = derivatives, we
directly use (1.5). In fact, take 1 < |a| < N, and by applying 9% to (1.5) with

Lu=L{I-P}lu=—v{I-Plu+ K{I - P}u,
multiplying it by w%e)q(t, €)0%u and integrating over R? x R3, one has

1d

5o e (0% ul® + (V€0 (T = Phu,u? (1,0 )

1d N
(5 et O, 10% )
— (KO*{1 - P}u,w?, (t,£)0"u) + <a@vw¢ CEMY2, w2 M(t,g)aa@

+ <80‘F(u,u) — 0%(Vao - Veu) + 0% (;g . ngbu) ,w2_é7q(t,§)8°‘u> . (5.10)
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For the left-hand terms of (5.10), one has

<V(§)8°‘{I — Plu, w%z’q(t, f)é)"‘u)
- Hul/%,z,q(t, )9 {1 — P}uH2 + (V€)1 — PYu,w” (£, £)0*Pu)

> 5 |0 ea(t. 90T - PYa| — Cll0% @b, o)

1
2
and

Ld X9
<_2dtw2_é,q(t7€)a |8°‘u|2> — m ||<£>w_€yq(t7§)aau”2

AY

Z 50 e 1) w—e.4(, )0 {T = Phul® = C[|0°(a,b,¢)||*.

For the right-hand first term of (5.10), one has

(KO“{I—Pu,w?, (t,€)0"u)
< (|| 2w-ra(t. 99" (T = Phu| + €, | xig1<2c, (€700 {T - Pu |

X Hyl/2w4)q(t,§)8"‘uH
< Onlv 2wyt 0 (1~ P

2
O R S T AT
where 7 > 0. For the right-hand second term of (5.10), we have that for n > 0,

<aavz¢ M2, w?, (1, 5)5)0‘u> <7 Hul/Qa"‘u ‘2 + G, 109V, 0)

< Cn[v2on =P+ €, {lal? + 192 b0}

For the right-hand third term of (5.10), from Lemma 4.2, Lemma 4.4 and Lemma
4.6, it is bounded by

CODN,1,q(t) + (1+Ct(;1+19 { S QW —eq(t. T~ Pl
Jal+|BI<N

+ || Va(a,b, c)||i,N,1 } < CdDnyq(t). (5.11)

Putting the above estimates into (5.10), taking summation over 1 < |a| < N and
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fixing a small constant > 0 give

LD S WS Ca
1<|al<N
T S LTS e S
1<]al<N
K N 2
T 1%:@ @ 2wt 0%

< 6D t)+C 129001 P ? b,c)|? 2
< Neq(t) + S|l { bull +IVa(a,b,¢)||n-1 + lall
1<]al<N
(5.12)

Step 2.3. For the weighted estimate on the mixed x-£ derivatives, we use the equation
(5.7) of {I = P}u. Let 1 < m < N. By applying 9§ with 3| = m and |a|+ 8] < N
to (5h.7)7 multiplying it by w%mfl’q(t,f)ﬁg{I — P}u and integrating over R3 x R3,
one has

d
%@ wip1-e.q(t, )95 {1~ Pul*
+ {05{r(€)0° {1~ Phu}, wly_y (1,95 {1~ Phu)
d
(=g gt 105 1= P Yl
= <85K8a{1 — Plu,wly_y, (t,€)050° (I - P}u>

+ <8§ (F(w) ~ V.6 Ve{I—Plu+ %g Ve {I - P}u) ,

Wig)_g,q(1,€)IG{T — P}u>

+(~105,€ - VI {I = Phu,ufy (.05 {1 - Phu)
+ <ag [P, Tolu, why (1, €)93 {1 - P}u> . (5.13)
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For the left-hand second term of (5.13), one has
(0 {r(©)0°{T — Pu},wly ., (t,€)950° {1~ Phu)
> [0/ 2wjs) gt )05 (T - P}uH2
—n >0 | Rt )05, 1 - P}uH2
1B11<I8l

2

i

~ Cy | erac, (€901 - Pl

where 77 > 0 is arbitrary, and it is noticed that

‘X|g|§20n (&) 1A= g1 — P}uH <C Hul/zaa{I — P}uH :

For the right-hand first term of (5.13), we have that for n > 0,

<85K8Q{I — Plu,wly_y ()5 {I - P}u>

<<n > HV1/21U|5|fz,q(t,§)5§1{I—P}UH
[811<18]

+ O [xj¢1<20, () 11790°{1 — Plu

} ' Hvl/lem_z,q(t,g)ag{I N P}UH

2
<O Y | Pwie (1,605, 1 Pl
[B11<18]

+ HVI/QGO‘{I - P}uH2 .

As in (5.11), from Lemma 4.2, Lemma 4.5 and Lemma 4.7, the right-hand second
term of (5.13) is bounded by CéDy ¢,4(t).
For the right-hand third term of (5.13),

<—[[ag7g VLI = Phu,wly (1, €)95 {1 - P}u>

S S <_aﬁlg V05T~ Plu,wly_, ()05 {I P}u>
Bi1+B2=p4,|81]=1
2
< Hvl/Qw\mJ,q(ta §)og{I - P}UH
2

)

+ Z Hyl/2w\52\fe,q(t, )05, {1 - P}u‘
|al+IBI<N.| 81| =181

where 77 > 0 is arbitrary, and we have used

Wisj—0,q (8 €) = Wig14 1 —,g(t W a1 10,4(, )
< OV (Qwipi—r,q(t,€) - VP (E)w) ) —1,4(t, )
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The right-hand last term of (5.13) is estimated as

(031P. Tolhw w1, 31~ Phu) < |20 1 — Py

FC (1 H19a0l3) . 3 o201 P + 190, 2n s
la]<N

for n > 0. Therefore, by plugging all the estimates above into (5.13), taking sum-
mation over {|8] =m, |a|+|8] < N} for each given 1 < m < N and then taking the
proper linear combination of those N — 1 estimates with properly chosen constants
Cm >0 (1 <m < N)and n > 0 small enough, one has

1d &
s On > wiseea(t O~ Phul|”
m=1 |a|+[BI<N,|B|=m
2
e Y|P 105 T - P
la|+|BI<N,|8|>1
K o 2
T (1+1)+9 Z [{€)ws1—,q(t, )05 {T — P}ul|

l+]BI<N,[B]=1

1/2 2 2
< C0Dw )+ C 3 3 [0 2w gt 0™ (1= Phu| + 190,60l
la|<N
(5.14)

Step 3. The proof of (5.4): We take a proper linear combination of those estimates
obtained in the previous two steps as follows. First of all, since 6 > 0 is sufficiently
small, the linear combination M; x [(5.5) + (5.6)] + (5.3) for M; > 0 large enough
gives

d | M o2 o 2\ 2 int
G5 | 2 (bl +10°9.0”) = [ pa+20)de| + e

lo| <N

1/2 2 2 2
#1830 [0 T — P+ alP + IV, ) § < COD (),
la| <N

(5.15)

where the corresponding energy functional is equivalent to ||u||%2(HN) + V2% n -

Now, the further linear combination Mz x [Mz x (5.15) + (5.9) + (5.12)] + (5.14) for
My > 0 and M3 > 0 large enough in turn gives

d
agzv,e,q(t) + KD o,q(t) < CoD g q(t),
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where En 4 4(t) is given by

ENe,q(t)
M .
=My (M2 5| 32 (j0mul 4 107V,0l) = [ R(a+20)do | + e

|| <N

Fllw—eq(tOI=Plul® + Y Jw—q(t,€)0%ul*

1<]al<N
3 2
+2.Cn ) (w1 2,4 (1, ©)O5{T — Pul|”. (5.16)
m=1L |a|+|B|<N,|B|=m

Notice (5.2). It is easy to see that

En.q(t) ~ lull .4 (1)-

Therefore, (5.4) follows from the above inequality since § > 0 is small enough. This
completes the proof of Lemma 5.2. O

6. Global existence

Recall (1.18) for Xy ¢ (t). To close the energy estimates under the a priori assump-
tion (5.1), one has to obtain the time-decay of En,¢—1,4(t) and || V26|35 1. The key
is to prove the following

Lemma 6.1. Assume —2 < v < 0 and f]RS ag(z) dx = 0. Fiz parameters N, Ly, ¢
and q(t) = q—i—ﬁ as stated in Theorem 1.1. Suppose that the a priori assumption
(5.1) holds true for 6 > 0 small enough. Then, one has

Xnq(t) < CLeR g+ Xnea()?} (6.1)

for any t > 0, where e 4 is defined by

o _2f
evea= 2 [wisea0 OF5uol + | @ +lal + (&7 uo|
la|+[BI<N

(6.2)

1

As preparation, we need an additional lemma concerning the time-decay esti-
mates on the macroscopic quantity (a,b,c) in terms of initial data and X ¢(t).
Here and afterwards, for notational simplicity, we write Xy ¢(t) = Xn,¢,4(t) when
¢ =0, and in a similar way, ex ¢ = en 0 and En () = Enp,0(t) will be used.

Lemma 6.2. Under the assumptions of Lemma 6.1, one has
@) + IVa¢ @) < COL+1)75 {ene + Xne(®)} (6.3)
and

Hvzu(t)HLg(Hﬁ’*?) + Hviéﬁ(t)H <O+ t)fg{GN,z + Xne(t)}, (6.4)
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forany 0 <t <T.

Proof. By Duhamel’s principle, the solution u to the Cauchy problem (1.5)-(1.7)
of the nonlinear VPB system can be written as the mild form

t
u(t) = eBug —I—/ =BG (s) ds
0

with G = 1 Vy¢u — V6 - Veu + I'(u, u). Notice that PoG(t) = 0 for all t > 0
and the condition (3.3) holds. Applying Theorem 3.1, one has

[u@®] + V2o (@)l

3

<C(l+1t)” 4{H gZouo‘
Z1

I H<€>_%EOUOH +[](1 + |$|)a0“L}E}

' 2 10
+C/O(1+ts4{H ~3q(s ‘Z

+ H<g>3‘0G(s)H} ds  (6.5)
and

Vo)l e a2y + V2o

5

<C(14+1t) {H gfﬂuo]Z +||(1+m|)a0L;}

t
1+t—s)" 4 ’ zto ’ . (6.
se ot {f o, e} 00

where we recall that £y > 207 = 2(3 4+ 1) = 5/2 is a constant. In what follows, we
shall estimate the right-hand time integrals in the above two inequalities.
To do that, we claim that

H oot ‘ + > H<5>_%Zoaa0(t)HSCgN,eﬂ(t), (6.7)
la]<N-1

+ |[©FVau|

L2(H™?)

@7 Fv.a0)|

Z1

for any 0 < t < T. Here, recall / > 1 4+ max {N,%O — %} In fact, one has the

following estimates.

Estimate on terms containing ¢: Direct calculations yield

H<f>% {—w Veut it vxasu}

Z1
< C||©#aell ez {IVeullzz + () lul 2

< C119.01{[[(©) FoVeu] +||e) -3+ u]}

< C|[V.9] {Hw_%zo(t,fwguH oo} 63)

Here, by recalling the assumption ¢ —1 > % — 1 (6 8) is further bounded by

2
CEN—1(1).
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Similarly, by applying LS°-norm to the low-order derivative terms and using
Sobolev’s inequality, one also has

>

lal<N-1

(&)~ 3t {—Vm(b -Veu + %5 : quﬁu} H

< C|Veolgn Z l|lwigi—e—1)(t, )05 u|| < CENe—1(2).

lo|+[BI<N

Estimate on terms containing I'(u,w): First consider
20D (u, u) ‘ <C ‘
i3 5 SCX |

where Hélder’s inequality has been used. For the loss term, by noticing

“2OTE (ullzz, llullzz) || (6.9)

2
Lg

= (lullzz, lullz2 ) = u(®)ll2 / / 1€ — £ q0(O)M (€) () | 2 dEdoo
< Clu(©)l|z2 - (€)7 sup (€. 2z,

S %

one has

€= #00" (llullzz. lullz)

< Csup () lz - €@ #
13

< C(IVeull + V2ul) [[w_s ,,(t:€)u]| < CEn (D). (6:10)
For the gain term,
Ji(t,€) = (72T (lullzz, llull2)
"60/ 1€ = &7a0(O)M 2 (&) [[u(€l) |2 [a(€)]] 2 déudeo.
We then consider the following three cases:

In Dy = {|¢.] > 5[¢]}:
Ji(t,€) < <§>‘;Z°/§ €~ &P a0 (M (€)ME (&) u(€l)]| 2 (&) | 2.

From Holder’s inequality, as before, Jy (¢, ) is bounded by

c<§>%+%v{ / € — & q0(O)M (&M “2<s>||u<s;>||%g||u<f’>||%g}

B

so that

q

172 () xm, |72 < C/ €~ &P a(OMT (€)M T(f)““(ﬁi)“%g||U(§/)||2Lg

SC/ € - &M (€)M qT(f)IIU(E*)IIQLgIIU(f)IIQLg

)

< Campfu(e)l - | ute.)F < Coxen

"E7
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In Dy = {|¢&| < £[¢], €] < 1}: From Hélder’s inequality, one has

=

()Xo, < { /5 Xal€ — €[ 7a0(6)M? (€ |u(E) 2 ule /)|%3}
In Dy, |€ — & > %|§| and moreover,
€< 2061 +16.1 < Dlel, 1 < 206l +1¢] < 26l

These imply that in Ds,

€ — &7 < Cmin{ |7, 1€ x| <3, 17 |<3-

Then, using the above estimate and then taking change of variable (£, &,) — (£/,£L),
one has

17 ()xp, |72 < € e X, 1€ = &7 g0 (OYMZ (&) [[u(€L) 172 (€)1 72

= C/55 Xlel<a.fe.|<s min{[€]7, [€ Hu(€) 172 |u(©)]I72

< Osgp lu(@)ll72 - ull* < Céne-1(t)*.

In Dy = {|¢&| < £[¢,|¢] > 1}: In this case, as in the proof (4.11) for I2+,123a from
Holder’s inequality, we can deduce that Jp(¢,€) is bounded by

clg 3o [ (141P +16R) ml@ME €I Il )

B

which further implies that ||Jy(t)xp, |32 is bounded by
g

¢ . (O (L4 1€ +1€:17)7 qo(O)M = (&) (€L 172 lu(€)]172

<C e {(€) 7% + (€7} (L4 16 +16:) qo(0)M (&) (€D 172 (€))7

<C e {7 + (€))L IEP +1€17) Iul€)lZz ()12

Thus, it follows that
(O, 2 < € [© @ yde - [ lu(6)] e,
e [l ude. - [ lu(@); de

2
< Clw sy 0 Ou| ful? < Cona (0
Collecting the above estimates, one has the estimate on the gain term

€)= # 0+ (Jull sz, vl 22)

L2 < C'||J1(75)||L§ < CENy-1(1).
3
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Combining the above with (6.10) and recalling (6.9), we have
3o ’
[ #oraw)

Now, we consider the L2-norm of (¢)~3%9°T(u,u) with |a| < N — 1. Notice

3 H<5>"‘°aa MH<0 DS ZH €)= 0T (914, 9%y )H

la|]<N-1 |a|<N—-1a1t+az=a

<C 3 > X @rEert (190l 10 uliz)

|[a|<N—1aj+as=a,|a1|<N/2 £

+C Z Z ZH éol—\i ||8a1UHL2 IV, 6a2u||H1)

|a|<N—1aj+as=a,|la|>N/2 *+

< CEN(T). (6.11)

2
Li

Lg

where Sobolev’s inequality || f||zec < C||V, f|[z: has been used. Then, as for (6.9),
one has

> @ #eorw w)|| < Ceveate).

la]<N-1
This together with (6.8), (6.9) and (6.11) give (6.7). O
Hence, (6.7) together with (1.18) imply

@ -#a(s)|

. + Z H<g>*%foaaa(s)H < CEny-1(s)

la]<N-1

<C(+3s) 77 sup (1+8)7EN1(s) <C(1+5)"2 Xn(t),
0<s<t

for any 0 < s < t < T. Further plugging the above estimate into (6.5) and (6.6)
yields (6.3) and (6.4), respectively, where the following inequalities

»t-w

/t(1+ts)3(1+ $)"2ds < C(141t)" 1
0

»Mc

/t(l—l—t—s) f(14s) tds<C(l+10)
0

together with (1.16) and (5.16) for the definition of Ex ¢4 have been used. This
completes the proof of Lemma 6.2. O

Proof of Lemma 6.1: We divide it by three steps. Recall (1.18) for Xy s q(2).

Step 1. From Lemma 5.2, the time integration of (5.4) directly gives

sup 51\/7@7(1(8) < 5N,g,q(0) < 06%7g7q- (6.12)
0<s<t

Here, noticing A;¢(0, z) = ag(x), we have removed [|V;(0,2)||%~ from En,e,q(0)
by the definition of (1.10) or (1.16) in terms of the inequalities

IVagoll < Cllaoll 35’ laoll %
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and
||Vi¢0||HN—1 = ||ViA;1a0HHN71 < CHQOHHN*L
Therefore, En,,4(0) < Cey 4, holds true with ey ¢4 given by (6.2).

Step 2. Take 0 < € < 1/2 small enough. Recall (5.4). Notice that (5.4) also holds
true when ¢ is replaced by ¢ — 1 since all the conditions of Lemma 5.2 are still
satisfied under the assumption that £ > 1+ N and supg<,.r Xnq(s) < d with
6 > 0 small enough. Thus, it holds that

d
2 ENe-14(t) + DN g-1,4(t) < 0.
Multiplying the above inequality by (1 + t)3/2%¢ gives

d 3 € 3 €
A0 En (O] + K0+ 3 Dm0 (0)

2

Similarly, from (5.4) with ¢ replaced by ¢ — 1/2 and further multiplying it by (1 +
t)1/2+¢ one has
d

14 1.
s+ nErey, 0] s+ 0Dy @)

< (3 + e> (1+8)2TEns14(t). (6.13)

1 i
< (2 + e) (L+ 1) 3y 1 ,(1) < CExy 1 (1), (6.14)
Observe from (1.10), (1.16) and (1.17) that
Dy i) + 10, )@ + IV @)* = 6 51, (2)

holds for any given /. Then, from taking the time integration over [0,¢] of (6.13),
(6.14) and (5.4) and further taking the appropriate linear combination, one has

(1+1)2Ene-1,4(t) < CENe4(0)
+ C/ 1+ )2+ (b, ) (s)|1* + | Vas(s)|?} ds.
0

Here, applying the first estimate (6.3) in Lemma 6.2 to the right-hand time integral
term of the above inequality and noticing

t
/ (14 )31 +8) 3 ds < C(1+ 1),
0
it follows that
(L4 8)3Enm1,4(t) < CENg(0) + C(L+ ) {k s + Xy (1)),

which implies

sup (14 8)2EN—1,4(8) < C {0y + Xne(t)?} (6.15)
<s<t
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holds for any 0 < ¢ < T'. Here, En,4(0) < Ce?\,’&q has been used.

Step 3. Notice
9200+ < C{IV21? + 1¥saln-a} < O {IV201 + 1Vl pn |-

Then, it is direct to deduce from (6.4)

sup (1+5)% | V3g(s)|Fn1 < C {ehv + Xne(t)} (6.16)
0<s<t
Hence, the desired estimate (6.1) follows by summing (6.12), (6.15) and (6.16). This
completes the proof of Lemma 6.1. ]

Now, we are in a position to give the

Proof of Theorem 1.1: Given —2 <y < 0, we fix N, ¢ and ¢(t) = ¢ + ﬁ as
stated in Theorem 1.1. The local existence and uniqueness of the solution u(t, x, )
to the Cauchy problem (1.5)-(1.7) can be proved in terms of the energy functional
ENne,q(t) given by (1.16), and the details are omitted for simplicity; see Ref. 22.
Then, one only has to obtain the uniform-in-time estimate over 0 < ¢ < T with
0 < T < 0. In fact, by the continuity argument, Lemma 6.1 implies that under the
a priori assumption (5.1) for § > 0 small enough, one has

Xnq(t) SCexpy 0<t<T, (6.17)

provided that ey, defined by (6.2) is sufficiently small. Recalling the condition
(1.12) for initial data ug which coincides with (6.2), the a priori assumption (5.1)
can be closed. Then, the global existence follows, and (1.13) holds true from (6.17),
(1.18), (1.16) and (1.10). This completes the proof of Theorem 1.1. O

Acknowledgment

The research of the first author was supported by the General Research Fund
(Project No. 400511) from RGC of Hong Kong. The research of the second author
was supported by the General Research Fund of Hong Kong, CityU No.103108, and
the Croucher Foundation. And the research of the third author was supported by
the grants from the National Natural Science Foundation of China under contracts
10871151 and 10925103. This work is also supported by “the Fundamental Research
Funds for the Central Universities”.

References

1. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu, T. Yang, The Boltzmann equation
without angular cutoff in the whole space: Qualitative properties of solutions, Arch.
Rational Mech. Anal.. DOIL: 10.1007/s00205-011-0432-0.

2. R. Caflisch, The Boltzmann equation with a soft potential. I. Linear, spatially-
homogeneous, Comm. Math. Phys. 74 (1980) 71-95.



May 9, 2012

48

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

11:15 WSPC/INSTRUCTION FILE M3AS-DYZ-s

Renjun Duan, Tong Yang and Huijiang Zhao

R. Caflisch, The Boltzmann equation with a soft potential. II. Nonlinear, spatially-
periodic, Comm. Math. Phys. 74 (1980) 97-109.

C. Cercignani, R. Illner and M. Pulvirenti, The Mathematical Theory of Dilute Gases,
Applied Mathematical Sciences, 106. Springer-Verlag, New York, 1994.

L. Desvillettes and J. Dolbeault, On long time asymptotics of the Vlasov-Poisson-
Boltzmann equation, Comm. Partial Differential Equations 16 (1995) 451-489.

L. Desvillettes and C. Villani, On the trend to global equilibrium for spatially inho-
mogeneous kinetic systems: The Boltzmann equation. Invent. Math. 159 (2) (2005)
245-316.

R.-J. Duan, Dissipative property of the Vlasov-Maxwell-Boltzmann system with a
uniform ionic background, STAM J. Math. Anal. 43 (2011) 2732-2757.

R.-J. Duan and R.M. Strain, Optimal large-time behavior of the Vlasov-Maxwell-
Boltzmann system in the whole space, Comm. Pure Appl. Math. 64 (2011) 1497-1546.
R.-J. Duan and R.M. Strain, Optimal time decay of the Vlasov-Poisson-Boltzmann
system in R3, Arch. Rational Mech. Anal. 199 (2010) 291-328.

R.-J. Duan, S. Ukai and T. Yang, A combination of energy method and spectral
analysis for studies on systems for gas motions, Frontiers of Mathematics in China 4
(2009) 253-282.

R.-J. Duan, S. Ukai, T. Yang and H.-J. Zhao, Optimal decay estimates on the lin-
earized Boltzmann equation with time dependent force and their applications, Comm.
Math. Phys. 277 (2008) 189-236.

R.-J. Duan and T. Yang, Stability of the one-species Vlasov-Poisson-Boltzmann sys-
tem, STAM J. Math. Anal. 41 (2010) 2353-2387.

R.-J. Duan, T. Yang and H.-J. Zhao, The Vlasov-Poisson-Boltzmann system in the
whole space: The hard potential case, J. Differential Equations 252 (2012) 6356-6386.
R. T. Glassey, The Cauchy Problem in Kinetic Theory. Society for Industrial and
Applied Mathematics (STAM), Philadelphia, 1996.

R. Glassey and W. Strauss, Decay of the linearized Boltzmann-Vlasov system, Trans-
port Theory Statist. Phys. 28 (1999) 135-156.

R. Glassey and W. Strauss, Perturbation of essential spectra of evolution operators
and the Vlasov-Poisson-Boltzmann system, Discrete Contin. Dynam. Systems 5 (1999)
457-472.

P.T. Gressman and R.M. Strain, Global strong solutions of the Boltzmann equation
without angular cutoff, J. Amer. Math. Soc. 24 (2011) 771-847.

Y. Guo, Classical solutions to the Boltzmann equation for molecules with an angular
cutoff, Arch. Ration. Mech. Anal. 169 (2003) 305-353.

Y. Guo, The Boltzmann equation in the whole space, Indiana Univ. Math. J. 53
(2004) 1081-1094.

Y. Guo, The Landau equation in a periodic box, Comm. Math. Phys. 231 (2002)
391-434.

Y. Guo, The Vlasov-Maxwell-Boltzmann system near Maxwellians, Invent. Math. 153
(2003) 593-630.

Y. Guo, The Vlasov-Poisson-Boltzmann system near Maxwellians, Comm. Pure Appl.
Math. 55 (9) (2002) 1104-1135.

Y. Guo, The Vlasov-Poisson-Landau system in a periodic box, J. Amer. Math. Soc.
25 (2012) 759-812.

Y. Guo, The Vlasov-Poisson-Boltzmann system near vacuum, Comm. Math. Phys.
218 (2001), no. 2, 293-313.

Y. Guo and J. Jang, Global Hilbert expansion for the Vlasov-Poisson-Boltzmann
system, Comm. Math. Phys. 299 (2010) 469-501.



May 9, 2012

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.

38.

11:15 WSPC/INSTRUCTION FILE M3AS-DYZ-s

The Vlasov-Poisson-Boltzmann System for Soft Potentials 49

S. Kawashima, Systems of a hyperbolic-parabolic composite type, with applications
to the equations of magnetohydrodynamics, thesis, Kyoto University (1983).

S. Kawashima, The Boltzmann equation and thirteen moments, Japan J. Appl. Math.
7 (1990) 301-320.

C. Mouhot, Explicit coercivity estimates for the linearized Boltzmann and Landau
operators, Communications in Partial Differential Equations 31 (2006) 1321-1348.
R. M. Strain, Optimal time decay of the non cut-off Boltzmann equation in the whole
space, preprint (2011).

R. M. Strain, The Vlasov-Maxwell-Boltzmann system in the whole space, Commun.
Math. Phys. 268 (2) (2006) 543-567.

R. M. Strain and Y. Guo, Exponential decay for soft potentials near Maxwellian,
Arch. Ration. Mech. Anal. 187 (2008) 287-339.

S. Ukai, On the existence of global solutions of mixed problem for non-linear Boltz-
mann equation, Proc. Japan Acad. 50 (1974) 179-184.

S. Ukai, K. Asano, On the Cauchy problem of the Boltzmann equation with a soft
potential, Publ. Res. Inst. Math. Sci. 18 (1982) 477-519.

S. Ukai and T. Yang, The Boltzmann equation in the space L?>n LEO: Global and
time-periodic solutions, Anal. Appl. (Singap.) 4 (2006) 263-310.

C. Villani, A review of mathematical topics in collisional kinetic theory. Handbook of
mathematical fluid dynamics, Vol. I, 71-305, North-Holland, Amsterdam, 2002.

C. Villani, Hypocoercivity, Memoirs Amer. Math. Soc., 202 (2009), iv+141.

T. Yang and H.-J. Yu, Optimal convergence rates of classical solutions for Vlasov-
Poisson-Boltzmann system, Comm. Math. Phys. 301 (2011) 319-355.

T. Yang and H.-J. Zhao, Global existence of classical solutions to the Vlasov-Poisson-
Boltzmann system, Commun. Math. Phys. 268 (2006) 569-605.



