DISSIPATIVE PROPERTY OF THE
VLASOV-MAXWELL-BOLTZMANN SYSTEM WITH A UNIFORM
IONIC BACKGROUND

RENJUN DUAN*

Abstract. In this paper we discuss the dissipative property of near-equilibrium classical solutions
to the Cauchy problem of the Vlasov-Maxwell-Boltzmann System in the whole space R3 when the
positive charged ion flow provides a spatially uniform background. The most key point of studying
this coupled degenerately dissipative system here is to establish the dissipation of the electromagnetic
field which turns out to be of the regularity-loss type. Precisely, for the linearized non-homogeneous
system, some L2 energy functionals and L2 time-frequency functionals which are equivalent with
the naturally existing ones are designed to capture the optimal dissipation rate of the system, which
in turn yields the optimal LP-L9 type time-decay estimates of the corresponding linearized solution
operator. These results show a special feature of the one-species Vlasov-Maxwell-Boltzmann system
different from the case of two-species, that is, the dissipation of the magnetic field in one-species is
strictly weaker than the one in two-species. As a by-product, the global existence of solutions to the
nonlinear Cauchy problem is also proved by constructing some similar energy functionals but the
time-decay rates of the obtained solution still remain open.
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1. Introduction. The Vlasov-Maxwell-Boltzmann system is an important model
for plasma physics to describe the time evolution of dilute charged particles (e.g., elec-
trons and ions in the case of two-species) under the influence of the self-consistent
internally generated Lorentz forces [16]. In physical situations the ion mass is usually
much larger than the electron mass so that the electrons move much faster than the
ions. Thus, the ions are often described by a fixed ion background ny, () and only the
electrons move. For such simple case, the Vlasov-Maxwell-Boltzmann system takes
the form of

Wf+E&-Vaf +(E+Ex B)-Vef =Q(f, /),

3tE7Vx><B:—/ f de,
RS
B +V, x E =0,

V~E:/ fdé —ny, V- B=0.
RS

Here, the unknowns are f = f(t,z,£) : (0,00) x R3 x R3 — [0,0), E = E(t,x) :
(0,0) x R® — R® and B = B(t,z) : (0,00) x R® — R3, with f(¢,z,&) standing
for the number distribution function of one-species of particles (e.g., electrons) which
have position z = (21,22, z3) and velocity & = (&1,&2,&3) at time ¢, and E(t,z) and
B(t,z) denoting the electromagnetic field in terms of the time-space variable (t,x).
The initial data of the system at ¢t = 0 is given by

f(07337£) = fO(Ivf)a E(O,:L') = EO(x)a B(va) = BO(Z') (12)
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@ is the bilinear Boltzmann collision operator [1] for the hard-sphere model defined
by

Q)= [ (7= fali€ — &) wldade..

f:f(t,l'7£), f/:f(t,ﬂf,f/), g*:g(t,l‘,f*), g:«:g(tax7€>/k)a

Notice that system in general contains physical constants such as the charge
and mass of electrons and the speed of light, cf. [TI1]. Since our purpose in this paper
is to investigate the dissipative property of solutions near global Maxwellians, those
physical constants in system have been normalized to be one for notational
simplicity. Through this paper, n,(x) is assumed to be a positive constant denoting
the spatially uniform density of the ionic background, and we also set n, = 1 without
loss of generality.

1.1. Main results. We are interested in the solution to the Cauchy problem for
the case when the number distribution function f(¢,z, &) is near an equilibrium state
M and E(t,x) and B(¢,x) have small amplitudes, where M denotes the normalized
Maxwellian

M = M(¢) = (2m) /2412
For that, set the perturbation u by

flt,2,6) = M+ M"Y 2u(t,z,8).
Then, the Cauchy problem , can be reformulated as

du+€-Vou+ (E+Ex B)-Veu— EMY2 . E
1
:Lu+F(u,u)+§§oEu,

E—-V,xB=— M2y d
at Ve X ng u 57 (13)
8tB+VI><E:O,
V-E= [ MY?ud¢, V,-B=0,
R3

with initial data
w(0,2,8) = uo(z,§), E(0,z) = Ey(xz), B(0,z)= By(x). (1.4)

Here, the linear term Lu and the nonlinear term I'(u, u) are defined in (2.1]) and ([2.2)
later on. The problems to be considered are (i) whether or not any small amplitude
solution

[u(t), E(t),B(t)] : RT — X = HN (R x RY) x HY(R}) x HY (R3)

with a properly large N for the above reformulated Cauchy problem uniquely exists
for all t > 0 if initial data [ug, Eg, Bo] € X is sufficiently small; (ii) if so, does
the solution decay in time with some explicit rate? We shall give in this paper a
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satisfactory answer to the first question and a partial answer to the second one only
in the linearized level. Since these two issues have been extensively studied in different
contents such as the Boltzmann equation [4, [3], the Vlasov-Poisson-Boltzmann system
[7, 6] and the Vlasov-Maxwell-Boltzmann system for two-species [5], our emphasize
here will be put on the study of the weakly dissipative property of the electromagnetic
field and its resulting slow time-decay rate of solutions, which are even different from
the case of two-species. All details for their discussions are left to the next subsection.

Let us begin with the Cauchy problem on the linearized non-homogeneous Vlasov-
Maxwell-Boltzmann system, in the form of

Ou+E&-Vou—EMY2.F =Lu+h,

OE —VyxB=— [ eMY?udt,
R? (1.5)
atB + V,E X E= 0,
V-E= [ MY?ud¢, V,-B=0,
]R:i
with
u(O,x,f) = U0($,£), E(O,.’E) = EO("T)? B(va) = B()(x)v (16)

where h = h(t, x, &) denotes a given non-homogeneous source term. For simplicity, we
write

U=[u,E,B], U= [uo,Eo, Bo].

Moreover, Uy = [ug, Eo, Bo] is always supposed to satisfy the last equation of
for t = 0.

The first result, concerning the naturally existing energy functional and its op-
timal dissipation rate, is stated as follows. Here and hereafter, v = v(£) and P are
defined in and , respectively; see Subsection for more notations used in
this paper.

THEOREM 1.1. Let N > 3. Assume v—Y/?h € Lg(HiV) with Ph(t,z,£) =
Define the temporal L?-energy functional EXM(U(t)) and its dissipation rate DR (U (t))
by

ENUW®) ~ ez ) + IR, BONy (L.7)
DR (U)) = I *{X = Pru®)llzay) + IVaPu(®)l| 2 gy, (18)

HIVeEONx-2 + [V2B@)I2n-s.

Then, for any smooth solution U = [u, E, B] of the Cauchy problem (1.5)-(1.6]) be-
longing to Lg(HgﬂV) x HYN x HY | there exists a continuous functional Elm( (t)) given
in (3.12) such that
d in in —
ZEN(UM) + DR (U(1) < Cllv™2h0) 221, (1.9)
for any t > 0.
REMARK 1.1. The above theorem shows the precise dissipative property of the
naturally existing L?-energy functional

(I Z2 ) + 1B, B@]IIZ
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for a properly large N. The construction of the equivalent energy functional EXM(U (t))
is used to capture the optimal dissipation rate Di(U(t)), which will also be revisited
in Corollary[14, This is different from the case of the two-species Viasov-Mazwell-
Boltzmann system as in [3], where the dissipation rate is a little stronger due to
a cancelation phenomenon between two species which was firstly observed in [T7).
Specifically, if it is here supposed that h = 0 and ENP(Uy) is finite, then not only
all macroscopic quantities Pu, E, B and the highest-order derivative VY[E, B] of
the electromagnetic field lose their time-space integrability, but also the same thing
happens to the second-order derivative V2B of the magnetic field. On the other hand,
for the energy space with m-order spatial reqularity for any integer m > 0, its optimal
dissipation rate can be described by DEM(U(t)) once again from Corollary. Finally,
as seen from Theorem [1.5] later on, this kind of weaker dissipation property leads to
some slower time-decay rates of solutions.

The second result about some time-frequency functional and its optimal dissipa-
tion rate is stated as follows.

THEOREM 1.2. Assume v=1/2h € L2 fort >0,k €R3, and Ph = 0. Define the

L2 time-frequency functional E(U(t, k)) and its dissipation rate D(U(t, k)) by

E(U(t,k)) ~ ||@||2Lg +[E, B, (1.10)
A 1172 N ~2 L P
D(U(t, k)) = ||[v"/*{1 - Pafpz + k- E[" + 7 kP [a,b,¢]] (1.11)
+ ‘k|2 | A|2 |k|4 |B|2
(14 [&[?)? (L4 [k

Then, for any solution U = [u, E, B] of the Cauchy problem (1.5)) and . satisfying
that || @) 2—&—|[E BJ|? is finite fort > 0 and k € R3, there mdeed e:msts a time-frequency

functzonal E(U(t, k)) given in such that
DE(U (¢, k)) +AD<0<t,k>> < Cllv=""2hlZ (1.12)

for any t >0 and k € R3. )
COROLLARY 1.3. Under Theorem E(U(t,k)) further satisfies

Alk[*

OHEU(t, k) + ESCBE

E(U(+ k) < Cllv /2R, (1.13)
for any t >0 and k € R3.

REMARK 1.2. Theorem [1.9 and Corollary [1.3 show that the magnetic field B
bears the weakest dissipation property among all quantities {I — P}u, a, b, ¢, E and
B, and even the dissipation of B here is much weaker than that in the case of two-
species Vlasov-Mazwell-Boltzmann system as in [5]. This is also consistent with what
has been mentioned in Remark [l

COROLLARY 1.4. Let m > 0 be an integer. Assume v='/2V™h ¢ Li,g with
Ph(t,z,€) = 0. Define the L? energy functional ES*(U(t)) and its dissipation rate
Dy (U(#)) by

Ex(U®) ~ IV u®|* + [V [E), BO]I?, (1.14)
D (U()) = v /2VH{I — Phu(t)||? (1.15)

HIVEal® + 1V (Va) ™ [a, b ]|
HIVE " (Va) 2B + (IVET(V) B
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Then, for any smooth solution U = [u, E, B] of the Cauchy problem (L.5) and .

whose m-order spatial derivative belongs to Li’ x L? x L?, there mdeed exists a
continuous functional EXM(U(t)) given in (3.31) such that

d .
%53%“((]@)) +ADRNU () < Cllv™ 2V a1 (1.16)
for any t > 0.

REMARK 1.3. It is straightforward to observe that Corollary[1.]] implies Theorem
by defining

N
hn Z ghn ’ IDan(U(t)) — Z ’D}%D(U t
m=0

and using

Z Vo (V) ™! = | Vo Z Vo™ ~ [V (V) V1,

and likewise

N N
Z |vx|1+m<vm>_2 ~ |VI|<VI>N_2, Z |Vm’|2+m<vz>_3 ~ |Vz|2<V1>N_3.
m=0 m=0

Notice that the above identities and equivalent relations can be verified with respect
to the frequency variable under the Fourier transform. On the other hand, it is also
interesting to see that even when 0 < m < N, DiNU(t)) can capture the optimal
dissipation rate of the naturally existing m-order energy functional EEM(U(t)). For
instance, when m = 0, the direct energy estimate on system produces the only
dissipation of the microscopic component {I—P}u, which is partially contained in the
optimal form DE*(U(t)).

Furthermore, we can obtain the large-time behavior of solutions to the linearized
non-homogeneous Cauchy problem. Formally, the solution to the Cauchy problem
and is denoted by the summation of two parts,

Uty =U"(t) + U”() (1.17)

Ul(t) = A(t)Uo, U' =’ E", B, (1.18)

Ut(t) = /tA(ts)[h(s),0,0]ds, vt =1 g B, (1.19)
0

where A(t) is the linear solution operator for the Cauchy problem on the linearized
homogeneous system corresponding to with h = 0. Notice that U’!(t) is well-
defined because [h(s),0,0] for any 0 < s < t satisfies the last equation of due to
the fact that Ph(s) = 0 and hence

M'/2h(s)de = 0.
R3

For brevity, we introduce the norms || - ||m, || -

1T1Fem = ullZe ey + B Bz, Uz, = llullz, + 112, Bl
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for U = [u, E, B], and note Z, = H°. Then, the third result to describe the time-decay
property of the linearized solution is stated as follows.
THEOREM 1.5. Let 1 < p,r <2< qg<o00,0 >0, and let m > 0 be an integer.

Suppose Ph = 0. Let U be defined in (1.17), (1.18]) and (1.19) as the solution to the
Cauchy problem (L.5)-(1.6). Then, the first part U! corresponding to the solution of

the linearized homogeneous system satisfies

m —3(1_1y m _a m+[o+3 %7%
VUL (1)]|z, < COA+8) 36075 Uyl 2, + €O+ )~ F||vy 720" gy 4

(1.20)
for any t >0, and the second part UL corresponding to the solution of the linearized
nonhomogeneous system with vanishing initial data satisfies

t
m _3(1_Y_mn —
VU ()12, SC/O (L+t—s) 202w 20(s) |2, ds

t
+c/ (14t —s)"7 |y~ V2umtlelep(s) |2 ds, (1.21)
0

for any t > 0. Here, [-]+ is defined by

o if o is integer and r = q = 2,

e = [o+3(% - %)] +1  otherwise, (1:22)

S|

[0+ 3(

Q=

where || means the integer part of the nonnegative argument.

Finally, let us go back to the Cauchy problem on the nonlinear Vlasov-Maxwell-
Boltzmann system. The global existence and uniqueness of solutions are stated as
follows.

THEOREM 1.6. Let N > 4. Define L? energy functional Ex(U(t)) and its dissi-
pation rate Dy (U(t)) by

EN(U®) ~ lu(t) .+ NEW®), BOy, (1.23)
DN (U(1)) = /(1= Phut) s, + w2 u(t)
VLB + V2 B0y

||2L§(H571) (1.24)

Suppose fo = M+M2uy > 0. There indeed exists a continuous functional Ex (U (t))
given in (4.7) or (4.8)) such that if initial data Uy = [ug, Eg, Bo] satisfies (L.3))4 for
t =0 and En(Up) is sufficiently small, then the nonlinear Cauchy problem ([L.3))-(1.4)
admits a global solution U = [u, E, B] satisfying
F(t2,6) = M+ M 2u(t,2,6) > 0,
[u(t), B(t), B(t)] € C([0, 00); H}Ye x HY x HYY),

and
En(U() + A / D (U(s))ds < Ex(T0)

for any t > 0.

The decay rate of the solution obtained in Theorem remains open. We shall
discuss at the end of this paper the main difficulty of extending the linear decay
property in Theorem to the time-decay of the nonlinear system.
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1.2. Related work and key points in the proof. As mentioned before, the
method of constructing energy functionals or time-frequency functionals to deal with
the global existence and time-decay estimates presented in this paper has been also
extensively applied in [4] [7, [6 Bl 5]. Specifically, [4] is a starting point of these series
of work. In [4], some interactive energy functionals were constructed to consider the
dissipation of the macroscopic part of the solution and also the global existence of
solutions without any initial layer was proved. Later, the same thing was done in
[7] for the one-species Vlasov-Poisson-Boltzmann system, where the additional efforts
are made to take care of the coupling effect from the self-consistent potential force
through the Poisson equation. In order to investigate the optimal rate of convergence
for the one-species Vlasov-Poisson-Boltzmann system, a new method on the basis of
the linearized Fourier analysis was developed in [0] to study the time-decay property
of the linear solution operator, where the key point is again to construct some proper
time-frequency functionals so as to capture the optimal dissipation rate of the system.
At the same time, [3] provided another method to study the exponential time-decay for
the linear Boltzmann equation with a confining force by using the operator calculations
instead of the Fourier analysis.

Recently, following a combination of [6] and [I7], the optimal large-time behavior
of the two-species Vlasov-Maxwell-Boltzmann system was analyzed in [5]. The main
finding in [5] is that although the non-homogeneous Maxwell system conserves the
energy of the electromagnetic field, the coupling of the Boltzmann equation with the
Maxwell system can generate some weak dissipation of the electromagnetic field which
is actually of the regularity-loss type. It should be pointed out that even though the
form of two-species Vlasov-Maxwell-Boltzmann system looks more complicated than
that of the case of one-species, the study of global existence and time-decay rate is
much more delicate in the case of one-species because the coupling term in the source
of the Maxwell system

— [ eMY2u(t,x,€)dE = —b(t,x)
R3

corresponds to the momentum component of the macroscopic part of the solution
which is degenerate with respect to the linearized operator L. Essentially, it is this
kind of the macroscopic coupling feature that leads to some different dissipation prop-
erties between two-species and one-species for the Vlasov-Maxwell-Boltzmann system.

For the convenience of readers, let us list a table below to present in a clear
way similarity and difference of the dissipative and time-decay properties for three
models: Boltzmann equation (BE), Vlasov-Poisson-Boltzmann system (VPB) and
Vlasov-Maxwell-Boltzmann system (VMB). In Table 1, 1-s means one-species and 2-s
two-species. Corresponding to different models, £(¢, k) stands for some time-frequency
functional equivalent with the naturally existing one and D(¢, k) denotes the optimal
dissipation rate of £(t, k) satisfying

%E(t, k) + AD(t, k) <0

for all t > 0 and k& € R3. All estimates are written for the linearized homogeneous
equation or system. For more details and proof of other models in the above table,
interested readers can refer to [3, [6) 5]. Notice that the 1-s VMB system decays
faster than the 1-s VPB system due to the choice of initial data, that is, Fy € L} is
assumed in the case of 1-s VMB system, whereas in the case of 1-s VPB system, the
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electric field £y = —V ¢ with the potential force ¢q satisfying the Poisson equation
A fR3 M'/24 d¢ may not belong to L} under the assumption of uy € Z; N L2.
We remark that the decay rate (1 + t)_1/4 for the 1-s VPB system can be improved
to be (14-t)~3/% provided that V¢ € L is additionally supposed. Finally, it should
also be pointed out that the method developed in [3},[6] [5] and this paper could provide
a good tool to deal with similar studies for other physical models with the structure
involving not only the free transport operator but also the degenerately dissipative
operator; see also [20].

E(t, k) ~ D(t,k) = [IGINEES
l4/2{T = P, 5
BE Iz K2 s CA+1)"%uollz,nr

+ . b, )2

al2 HV1/2{I P}UHL2
1-s VPB ||7.AI/H2Lz + % \k)\ 2 .12 C(l + t)7%||u0HZ1ﬂL2
¢ +1+W2H ,b,c]| +\a|

HV”Q{I—P}ﬁIIH
1-s VMB | [[ill3; + £, B +1‘+‘,€‘2\[a bc]|2+\k EP?

|k |? 2 4 2
+ iy 1B + ey 1B

C(l+t)"3
x(1Uollz, + [VaUol 2,)

l/2{X — Plal| .2

. C(1+1t)%
25 VMB | ||a I [ \[ai,bcHQHk EP
Il + 1B, |+l b <(IUollz, + IV20ol|z2)
+(1+\k\ =2 (1B +|B?)
TABLE 1.1

Dissipative and time-decay properties of different models

Since the current work is a further development in the study of the Vlasov-
Maxwell-Boltzmann system as in [5], we omit the detailed literature review for brevity,
and readers can refer to [5] and reference therein. Here, we only mention some of
them. The spectral analysis and global existence for the Boltzmann equation with
near-equilibrium initial data was given by [19]. For the same topic, thirteen moments
method and global existence was found by [13]. The energy method of the Boltz-
mann equation was developed independently in [9, 10, 1T] and [I5], 14} 21] by using
the different macro-micro decomposition. The almost exponential rate of convergence
of the Boltzmann equation on torus for large initial data was obtained in [2] under
some additional regularity assumption. [I8] provided a very simple proof of [2] in
the framework of small perturbation. The diffusive limit of the two-species Vlasov-
Maxwell-Boltzmann system over the torus was studied in [§]. It could be interesting
to consider the same issue as in [8] for the one-species Vlasov-Maxwell-Boltzmann
system because of its weaker dissipation property.

In what follows, let us explain some new technical points in the proof of our main
results which are different from previous work. The first one is about the dissipation
estimate on the momentum component b(¢, ) in the macroscopic part Pu in Theorem
Recall that in the previous work [7] and [3], the dissipation estimate of b(t,x)
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was based on (2.7); and (2.6))2. This fails in the case of one-species Vlasov-Maxwell-
Boltzmann system because it is impossible to control a term such as

Zéij /C(aiEj +(9JEZ)d.Z‘
ij

Instead, the right way is to make estimates on 4. Therefore, one can get the
macroscopic dissipation estimate with the dissipation of E multiplied by a small
constant on the right-hand side. The second key point is about the dissipation of the
electromagnetic field. Different from [5], although there is no cancelation in the case
of one-species, one can still design some interactive energy functional S}\ifn’Q(U (t)) to
capture the weaker dissipation rate

Yo lovEIRP+ Y 0Bl

1<]a|<N -1 2<]a|<N-1

The third key point is about the time-decay estimate on the linearized solution op-
erator. In fact, for a general frequency function ¢(k) which is of the regularity-loss
type as in Lemma [3.1] one can repeatedly apply the Minkowski inequality to make
interchanges between frequency and space variables so that the more general LP-L9
type time-decay than in Theorem [I.5]can be obtained. The last key point is about the
estimate on the nonlinear term ¢- Eu in the proof of Lemmal[4.1] concerning the a priori
estimates of solutions. In particular, it is impossible to bound [[ ¢ - E(Pu)? dzd¢ by
using Ex(U(t))?*Dn(U(t)) up to a constant since both E and Pu do not enter into
the dissipation rate Dy (U(t)) given in (1.24)). Instead, we first take the velocity inte-
gration and then use the macroscopic balance laws so as to obtain an estimate
as

/ £ - B(Pu)? dude < % / b (@ + 26) de + C [Ex(U(0)* + En(U(0)] Da(U (D).

We remark that this also has been observed in [7] in the study of the one-species
Vlasov-Poisson-Boltzmann system.

1.3. Notations. Throughout this paper, C' denotes some positive (generally
large) constant and A denotes some positive (generally small) constant, where both
C and X\ may take different values in different places. In addition, A ~ B means
M < B < %A for a generic constant 0 < A < 1. For any integer m > 0, we use
H}'., H, H" to denote the usual Hilbert spaces H™ (R} x RY), H™(R}), H™(R}),
respectively, and L%, L2, Lg are used for the case when m = 0. When without
confusion, we use H™ to denote H* and use L* to denote L2 or L2 .. For a Banach
space X, || - ||x denotes the corresponding norm, while || - || always denotes the norm
I-||2 for simplicity. For r > 1, we also define the standard time-space mixed Lebesgue
space Z, = L(L}) = L*(R}; L"(R3)) with the norm

1/2

lgllz, = </R3 (/RS Ig(w,f)leff)Z/r d£> » 9=9(,§) € Z,.

For multi-indices a = [, g, 3] and § = 51, B2, B3], we denote

T2 T3

— 51 582 5b
05 = 00102202290 92 0.
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The length of a is |o| = a1 + as + a3 and the length of § is |3| = 81 + B2 + B3. For
simplicity, we also use 9; to denote J,, for each j = 1,2,3. For an integrable function
g : R? — R, its Fourier transform is defined by

3
g(k) = Fg(k) = / e kg (p)dr, x-k:= ijk:j, k€ R3,
R3

j=1
where i = v/—1 € C is the imaginary unit. For two complex vectors a,b € C3, (a | b)
denotes the dot product of a with the complex conjugate of b over the complex field.
(V,) = (14 |V.|?)"/? is defined in terms of the Fourier transform.

The rest of this paper is arranged as follows. In Section |2| we present some basic
property of the linearized collision operator and derive some macroscopic moment
equations. In Section [3] we study the linearized non-homogeneous Vlasov-Maxwell-
Boltzmann system in order to prove Theorem [I.I] Theorem [I.2] and Theorem [I.5]
Finally, we prove in Section 4] Theorem for the global existence of solutions to the
nonlinear Cauchy problem.

2. Moment equations. It is easy to see that Lu and I'(u, u) are given by
1
vM

T, u) = \/LMQNMW VMu). (2.2)

For the linearized collision operator L, one has the following standard facts [I]. L can
be split as Lu = —v(&)u + Ku, where the collision frequency is given by

v = [[ =€) wM(E.) dud. (2.3

Lu [Q(M, VMu) + Q(\/Mu,M)} : (2.1)

Notice that v(&) ~ (1 + |£|?)/2. The null space of L is given by
N = span {MI/Q,&MI/Q (1<i<3), |g|2M1/2} .

The linearized collision operator L is non-positive and further —L is known to be
locally coercive in the sense that there is a constant A\ > 0 such that [I]:

- [ atude =0 [ wOUT- PP (2.4)
RS RS
where, for fixed (¢, z), P denotes the orthogonal projection from Lg to N. Given any
u(t, z,€), one can write P in (2.4) as
Pu = {a(t, ) + b(t,z) - £ + c(t, x) (| — 3) M/, (2.5)

Since P is a projection, the coefficient functions a(t, z), b(t, ) = [b1(t, x), ba(t, ), b3 (t, x)]
and c(t, z) depend on u(t, z,€) in terms of

a:/ MY2ude = | MY?Pude,
R3 R3

bi = / &MY 2udg = / &MY ?Pude, 1< <3,
R3 R3

_1 2 1/2 _ 1 2 _ 1/2
c—G/W(\a M “df—a/w“f' 3)MY/2Pude.
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To derive evolution equations of a, b and ¢, we start from the local balance laws
of the original system (1.1]) to obtain

o fd£+Vm~/§fd§:0,
R3 R3
o Rsﬁfdfntvm./RS€®€defE/Rgfd§f/R3gfd§XB:O’
Lep A Lep _E. _
at/RsZK\ fd§+V, /R$2|5| {fdé — E /]I@Efdg 0.

The above system implies

3,5(1 —+ Vm -b= 0,
b+ Vi (a+ 2c) +vm-/ EQEMYHI - Pludé —E(14+a)—bx B=0, (2.6)
R3 :
Ore + lvz b+ 1vm . / E2eMY2{T — Pludx — lgp—o
3 6 RS 3
As in [6], define
1
0uy(w) = [ (6 DM 2ude, M) = 75 [ (6P = 5)eM " 2uds
for 1 <1i,j < 3. Applying them to the first equation of , one has
8t[@ij({l — P}U) + 2051‘]‘} + dbj + ijz = ®ij (é + g), (2 7)
ONi({I = Phu) + dic = Ai(€ + g), '
where 0;; means Kronecker delta, and
{=-¢-V, - {I-Plu+ Lu,
1 (2.8)
g= §§~Eu— (E+&¢xB)-Veu+T(u,u).

One can replace O;c in (2.7)); by using (2.6))3 so that
2
6,5@@‘({1 — P}u) + 8lbj + 8jbl — gémvx -b
10 2
— E(S”vx A({I — P}u) = @Z](e + g) - g(SUE -b.

In a summary, we obtained the following moment system

8tCL + Vr . b = 0,

Ob+Vy(a+20)+V, - 0({I-Plu)— FE=Fa+bx B,
1 5 1

2 10 (2.9)
8t®ij({1 — P}u) + 8,1)] + (9jbi - géijva; -b— EJUVGC . A({I - P}’U,)

2
QN ({I—Phu) + dic=Ni({ +g), 1 <i<3.
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On the other hand, the Maxwell system in is equivalent with
OF —V, x B=—b,
OB+ V,xE=0,
Ve -E=0, V,-B=0.

Finally, we should point out that the key analysis of all results in this paper is based
on the above moment equations coupled with the Maxwell system.

3. Linear non-homogeneous system. In this section we consider the Cauchy
problem (1.5)) and (1.6)) on the linearized Vlasov-Maxwell-Boltzmann system. For
convenience of readers, recall it by

Ou+&-Vou—EMY2. E=Lu+h,

OE —V,xB=— [ eéMY?udg,
RS (3.1)
OB +V,x E=0,
V-E= [ MY?ud¢, V,-B=0,
]RS
with
U(O,QC,E) = uO(l'vf), E(O,ZL’) = EO(x)’ B(Oax) = BO(:E) (32)

Here, h = h(t,z,£) is a given non-homogenous source term, satisfying Ph = 0.

3.1. L? energy functional and its optimal dissipation rate. In this sub-
section we shall prove Theorem Before that, similar to obtain (2.9)), one can also
derive the following moment equations corresponding to the linear equation ([3.1)):

Ora+ Vg -b=0,
Ob+Vi(a+20)+V, - 0{I-Plu)—E =0,

B+ évz b+ gvm A{I - Plu) =0,
O N;({T —P}u) + dic = Ay (£ + h),

(3.3)
where 1 < 4,5 < 3, and as in (2.8), ¢ still denotes

{=—-¢-V, {I-P}u+ Lu.
The Maxwell system also takes the form of
OE -V, x B=-b,
OB+ V, xE =0, (3.4)
Vy-E=0, V,-B=0.

Proof of Theorem Let N > 3. First of all, a usual energy estimate on (3.1))

gives

1 d (6% (6% (6% — (6%

B > (0% ulP+[[0*(E, B]|I*)+A Yo P I-Plul* < C Y 20|
lo| <N la|<N || <N

(3.5)
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As in [3L[7] or [5], one can further deduce from ([3.3)) the dissipation of a, b and ¢. In
fact, let € > 0, eo > 0 be arbitrary constants to be chosen later. From (3.3)5 and
(3-3) 3, it follows that

d
— V0% - A(0°{I — Plu)dz + \ V..0%|?
G 2 [, Va0t A@I-Plude+x 3 V.0

la|<N-1 la|<N-1
c — «
<ea Y IIfo‘?“bIIQJr; ST I-PhullP+ > (0%
| <N-1 Y \lal<n la|<N-1

(3-3)4 and (3.3))2 imply

3
d . 9 X X
DD /R (0,070 +0,0°b; = 56,V - 9°8)0,5(0° {1 - Pyu)da

|a|<N—1ij=1

A D VL0 <e | Y IVe0ladlP+ Yo VLB

la|<N-1 la|<N-1 la|<N—2
g OUT—P 2 —1/2604 2
il ED DR LE i 1/ S 1% gll

2 \lal<N la|<N—1

It holds from (3.3))2 and (3.3]); that

d
pr > /vmaaa-a%dxﬂ > Jjo%al?
laj<n—17F la|<N
<C Y VLD dIP+C Y (V0™ {T - Pl
la|<N-1 la|<N-1
Define

M) = Y szxaac.A(aa{I—P}u)dx

lal<N-1

3
2
+ > Z/Rs(aia%j+ajaabi—gaijm.aab)@ij(aa{I—P}u)dx

|| <N—1ij=1

+tr1 Yy /vmaaa.aabdx,
]Rii

o] <N -1

(3.6)

for some small constant x; > 0. Therefore, by taking x; > 0 small enough and then
letting €3 > 0 and €5 > 0 be small enough, the dissipation of a, b and ¢ can be obtained
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by the following inequality

d in o
SENLUW) A Y 19.0%a, b, >+ al?

la] <N -1

(7 C (63 — (63
<e Y V.0 E||2+; ST I=PullP+ > (w20 |,
lo] <N -2 lo] <N la]<N-1
(3.7)

where €5 > 0 is still left to be chosen later on.
The key part is to estimate the dissipation of F and B. We claim that

d
- 0°E-0°bdz+ X Y ||0°E|”
1<laj<N-17F 1<|a]<N-1

C
<e Y. 0oV x B|*+ - S IVL0ob|?
1<]al<N -2 3 Jal<N-1
+C > (IV20la, dl? + IV0"{T = Plul®), (3.8)

1<|a|<N-1

with €3 > 0 to be chosen, and

d
-— > 0°Vy x B-0°Edz+X Y [0°V, x B|?
1<laj<N—2"F’ 1<|al<N-2
< D> Ve xEP+C Y [0 (3.9)
1<[a] <N -2 1<[a]<N-2

For this time, suppose that (3.8]) and (3.9)) hold true. Define

EVIUM®) =- > / O“E-0%dx —ry Y / 9V, x B-9*Edx
1<laj<N-17F 1<|a]<N—2"F?
(3.10)
for some constant ko > 0. Then, by taking ko > 0 and further €3 > 0 both small

enough, it follows from (3.8]) and (3.9)) that

d in e} a
ENPUM)+A D 0%EP+x > [lo°B|?

% N
1<]a|<N -1 2<]a|<N-1
<CIVLBIP+C D (IVa0[a, b)) + V20 {T = P}ul?), (3.11)
1<|a|<N-1

which is the desired dissipation estimate of the electromagnetic field £ and B. Now,
define

EPW®) = 3 (lovul+0°[B, BlI)+ s (E5°1(U (1) + msE S 2(U(1))) (312)
la|<N

with constants k3 > 0 and k4 > 0, where Ey' (U (1)), Ex2(U(t)) are defined in (3.6)
and (3.10). In the same way as before, by taking properly small constants k3 > 0,
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€2 > 0 and k4 > 0 in turn, (1.9) follows from the linear combination of (3.5), (3.7)
and (3.11). Moreover, it is easy to verify that EAR(U(t)) is the desired L? energy
functional satisfying (1.7) and Di*(U(t)) is given by (1.8). Here, one has to check

SooofloeBlP<c Y. [0°V. x BJ*. (3.13)

2<]al<N-1 1<|a]<N -2

In fact, by taking o with 2 < |a] < N — 1 and using B = —A;'V, x V, x B due to
V.- B =0, it holds

0°B = —0°A;'V, x V. x B=—-0"""0;A;'V, x V, x B,

for some ; (1 <4 < 3) with |y;| = 1. Since 9;A;'9; for any 1 < 4,5 < 3 is a bounded
operator from LP to itself with 1 < p < oo,

0B < C|| 0“7V, x BJ|.
Hence, (3.13)) follows from taking summation of the above inequality over 2 < |a| <
N —1.

Now, the rest is to prove (3.8)) and (3.9). Take « with 1 < |a] < N — 1. By using
(13.3)2 to replace E' and then using (3.4); to replace 0; F, one can compute

16° B2 = / 0°E - 9° Bda (3.14)
R3
= OE - 0%[0tb + Vi (a + 2¢) + V,0({1 — P}u)]dx
R3
= 4 O%E - 0%bdx — 0%0E - 0%bdx
dt Jrs R3
+ [ 9°E-0%Vyu(a+2c)+ V,0({I —Plu)lde
R3
_4 OYE -0%dz+ [ 0%(b—V, x B)-0%dx
dt R3 R3
+ [ O0E-0%Vg(a+2c)+ V,0{I—Plu)lde.
R3

Then, follows from the above identity after taking summation over 1 < |a| <
N — 1 and further applying the Cauchy-Schwarz inequality and integration by parts.
In fact, it suffices to consider the second term on the r.h.s. of . It can be
estimated by

0%(b— Vo xB)-0%dz = > [0°||?

R3

1<|a]<N—1 1<[a]<N-1
- > 0°V, x B-0°bdz + > /8a’7ivxxB-8“+7ibdm
1<|a|]<N—27R® laj=N—1"R?

C
<e Y 109V x BII* + — Y Iv.070)?,

1<]al<N-2 3 Jal<n-1

where as before 0 < €3 < 1 is small to be chosen, and ~; denotes a multi-index with
|vi] = 1 for some 1 <4 < 3. To prove (3.9), take a with 1 < |a| < N — 2. By using
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(3.4)1 to replace V, x B and then using (3.4)2 to replace 9y B, one has

19°V, x B> :/ 9V, x B - 0°V, x Bdz / 9V, x B - 0°(0,F + b)da
R3 R3

= i/ 0%V, x B-0“Edx — / 0%V, x OyB - 0 Edx + 0%V X B-9%dx
dt Jgs R3 R3

d
= — 0%V, x B-0“FEdx + 0%V, XV, x E-0“FEdx + 0%V, x B-0%dx.
dt R3 R3 R3

Then, (3.9)) follows by applying integration by part to the right-hand second term of

the above identity, using the Cauchy-Schwarz inequality and then taking summation
over 1 < |a| < N — 2. The proof of Theorem is complete.

3.2. I? time-frequency functional and its optimal dissipation rate. In
this subsection we shall prove Theorem as well as Corollary and Corollary
For that, we need to consider the solution U = [u, E, B] to the Cauchy problem
(3.1)-(3-2) in the Fourier space R}. By taking the Fourier transform in z from (3.1)1,

(3-3) and (3.4), one has

o+ i ki — EMY? . E =La+ h, (3.15)

i +ik-b=0,
Oeb +ik(a+2¢) + ik -0({I-P}a) — E =0,
1 ~
0+ gik b+ gzk A{I-P}a) =0,
10

~ ~ 2 ~ A~ A
at@ij({l — P}ﬂ) + Zkzbj + il{ijbi - géwzk -b— 3(5‘”2/{? . A({I - P}’ll) = ®ij (K + h),

O Ni({1 — P}a) + ikic = Ay(€ + h),

(3.16)
and
OE — ik x B = —b,
OB +ikx E=0, (3.17)
ik-E=a, ik-B=0,

where 7 is given by
(= —ik - {1 — P}i + La.

These equations above are ones to be used through this subsection.

Proof of Theorem It is similar to the proof of Theorem[I.1} The difference
is that all calculations are made in the Fourier space. Thus, some details in the
following proof will be omitted for simplicity. First of all, as in [3], on one hand, from

(3-15) and (3.17)), one has

1 N oA N _1/2-
SOl + 1B, BY?) + Xv (T - PYal2, < Clu g2, (3.18)
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and on the other hand, from (3.16)), the following three estimates hold true:

IR (ike | A({T — PYa) + A|K|?|¢)?

“ C N _1/24
< erlllBIP + (1 + KT - Pl + Cllv™2)2,,  (3.19)

€1

3

N . 2 . .

R (ikib; + ik;b; — 30tk b | 0, ({1 — P}a) + Ak|?[b[?
ij=1

|k[?

1+ |k|?

C

€2

< ealk[[a, é)* + e B + =1+ [k) T = PYalg; + Cllv™ 23117,

(3.20)
and
OR(ika | b) + (1 + [k[*)|al* < [k b* + Clk[*|e]” + ClK[*[{T - P}all7,,  (3.21)
where constants 0 < e1,€ < 1 are to be chosen. Define

1

lin,1 /17 _
EmNOW0) =

R{(iké | A({I — P}a)

3
N R 2 R R
+ > (ikib; + ik;bi — 30tk b O ({T—P}a) + i (ika [ D)} (3.22)
ij=1

for a constant x; > 0. One can take x; and then ¢; both small enough such that the

sum of (3.19), (3.20) and xqx(3.21)) gives

lin,1 /75 1] P
0€ (U(t))+/\1+|k‘2|[a,b,c]| + |a]
|k.|2 2 C ~ 112 _1/2A 9
S € - - 2 5 ). ,
=€ 1+ [k[2)2 |E” + & (”{I P}UHLE + [lv gHLE) (3.23)

For estimates on the dissipation of E and B, it is straightforward to deduce from
(3.15)2 and (3.16) the following two identities
— Ok x E|kxb)+|kxE>=|kxb>=(ik x k x B|kxb)
+(k x E ik x (k-0({I—-P}a))), (3.24)

and
—0y(ik x B| E) + |k x B)? = |k x E|>+ (ik x B | b). (3.25)

By applying the Cauchy-Schwarz to (3.25) and then multiplying it by |k|?/(1+ |k|?)3,
one has
K[k x Bl _ [k[[k x EJ? [k[[b]?

;)
' (L [E2)2 = (L4 [K2)° (14 1k[2)?

e o
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which implies

|k[? AR k2 [k x B _ |k x EJ? k|2 (5]
9, —"__R(ik x B| E)+ A < . (3.26
M e B RN e = e T e 29
Similarly, after dividing (3.24) by (1 + |k|?)? and then using Cauchy-Schwarz,
OR(k x E | k x b) |k x E?
- A 3.27
A+ k)2 (T kP2 (3.27)
lkx b2 |kxkxDB|-|kxbl +C|k|4|@({1713}a)|2
= (14 [E?) (1 + |k[?)? (1+ |k[?)?

K|k > BI>  C |k
SO WHTRR) T e L+ [P
where we used the inequality
k% k x B| - |k x bl lkx kx B2 C |k xb|?
A+ RP? =P AP T e T+ [RP
for an arbitrary constant 0 < e3 < 1. Then, in terms of and , let us define

b+ CIHT = P2,

0.2 Rk x E |k xb) k|2R(ik x B | E)
Em2(U(t)) = — — , 3.28
R A N (e (3:2%)
where ko > 0 is chosen small enough such that
|k x E? LIRES K| |b?

<C
(L[R2 (4 [R2)2 14 [k

Here, we used |k x B| = |k| - |k x B| due to k- B = 0.
Now, in terms of (3.18)), (3.23)) with 0 < e3 <1 and (3.29)), we define

EMU(1)) = I3z + 1B, BI? + o (E(U(0) + ko™ 2(U(1)),  (3.30)

where WU (1)), £™2(U(t)) are denoted by ([3.22) and (3.28), and r3 > 0, &3 > 0
and x4 > 0 are chosen in turn small enough such that (|1.10)) and (|1.12]) hold true and
D (T (t)) is given by (L1I). Here, notice that we used

K[| E[® = |k- B> + |k x E* = |af* + |k x EJ*.

The proof of Theorem [I.2] is complete.
Proof of Corollaryand Corollary n: First, in Corollary -
(.12

immediately results from ) by noticing
D(U(t,k)) > AL
T (L KPP

due to the definitions (T.10), ([T.11) of E(U(t,k)), D(U(t,k)). For Corollary it

suffices to define
MU (¢, k) Z E(VEU (¢, k)) Z E((ik)TU (L, k)). (3.31)
lo|= lor|=
Since the system satisfied by U = [u, E/, B] is linear, it is easy to see from

Theorem [1.2] that € m( (t,k)) satisfies (T.14) and (T.16) with Di*(U(t, k)) given by
(1.15). This hence completes the proof of Corollary

DE™2(T (1)) + A +CI{T = P}l (3.29)

EU(t,k))
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3.3. Time-decay estimates. In this subsection we turn to the proof of The-

orem Theorem actually follows from ([1.13]) in Corollary However, we

would rather provide a similar much more general result. Recall the definition of A(t)
as in (1.18). In what follows, for the Fourier transform U(¢t, k) of U = [u, E, B], we
set

Ut k)| = llallz + |[E, B]] (3.32)
for simplicity.
LEMMA 3.1. Assume that for any initial data Uy, the linear homogeneous solution
U(t) = A(t)Uy obeys the pointwise estimate
U (t, k)| < Ce™ MUy (k)] (3.33)

for allt > 0, k € R, where ¢(k) is a strictly positive, continuous and real-valued
function over k € R and satisfies

O)|kl+  as |k| — 0,
(k) —
O)[k[77= s [k| — oo,

(3.34)

for two constants o_ > o4 > 0. Let m > 0 be an integer, 1 < p,r <2 < q < oo and
o >0. Then, U(t) = A(t)Uy obeys the time-decay estimate
+Ho+3(3—-9)]
> Ul
(3.35)

IVPU@)z, < CO+1) =5 D770 Uz, +CA+6) 7 |V

for any t > 0, where [-]+ is defined in (1.22)).

Proof. Take a constant R > 0. From the assumptions on ¢(k), it is easy to see
Ak|o+ i |k] < R,
k) =
ME|77- if |[k| > R.

Take 2 < ¢ < oo and an integer m > 0. From Hausdorff-Young inequality,

IVZU)1z, < C |kmee®rt||

< O lemem kT 4G + O ||kl 1, =1+ I,
Zy (|kI<R) Z,(|k|>R)
(3.36)
where % + % = 1. For I, by the definition of the norm || - Hqu
L =C H|k|m67>\|k\a+tﬂ0 +C H|k|m€7>\|k‘a+t[E07BO}‘ )
LE(LY (|k|<R)) L7 (|k|<R)

Here, note that since 1 < ¢’ < 2, from the Minkowski inequality,

I

< [pmeete |

LE(L9 (|k|<R)) L' (|k|<R;L%)

_ H|k_‘me—)\\k|0+t”ﬂo||l%’

LY (|k|<R)
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Hence, we arrive at

1 < C ||kl ol 2, Eo, B

L7 (|k|<R)

Take 1 < p < 2. Further using the Holder inequality for % = p};:;,l, + ]% with p’ given
oL

I < C “'klme—)\|k|"+t

| e ||lollzz. o, Boll
L= (|k|<R)

L¥' (|k|<R)

Here, the right-hand first term can be estimated in a standard way [12] as

,i(;,l),ﬁ
p'q’ <C(1—|—t> o+ P 4 7+

m_—Ak|7+t
L~ (|k|<R)

by using change of variable kt°+ — k, and the right-hand second term is estimated
by Minkowski and Hausdorff-Young inequalities as

U012, £o, Bo)

)= ||ﬁ0HLP’(|k\§R;L§) + H[EmBO])

LY’ (|k|<R L' (|k|<R)

< ||a0||L§(Lp’(|k|§R)) + H[EOaBO]’ L¥ (|k|<R)

< Clluollrzz) + I[Eo, BolllLr) = Cl|Usll2,,

where the Minkowski inequality was validly used due to p’ > 2. Therefore, for I, one
has

_B(l_1y_m
11§C(1+t) A R ||U0||Zp~
To estimate I, take a constant o > 0 so that

L=C H|k|me_’\|k|_ttf]0” < C sup [k|Te MMt H|k|m+"UoH .
Z, (|k|ZR) [k|>R 24 (|k|ZR)

Here, the right-hand first term decays in time as

sup [k|=7e M < (1)
|k|>R

We estimate the right-hand second term as follows. Take 1 < r < 2 with % + % =1
and take a constant € > 0 small enough. Then, similarly as before, from Minkowski

’ ’

and Holder inequalities for % =Tkt 4 one has
k m-‘roU‘ H < H km-l-a i E B ’
[T, oy < I ol B, Bol]| o
< H|k|—3(1+e) rT,’q—‘f v |k|m+a+3(1+e) 'rr,*T‘f [HQOHLQ;EAIOaBO]
L™= (|k|>R) ¢ L7 (|k|>R)

< Ce

k71745 G =0 2, Eo, Bol|

L™ (|k|>R)
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Here, by Minkowski inequality due to ¢’ > 2 once again and further by Hausdorff-
Young inequality,

It =l

7 Ey, B ‘
||UO||L§7 0, Bol L (k(2R)

< H|k|m4r[0+3(%—%)]+a ‘ + H|k|m+[0+3(%—%)]+[ﬁo7BO]H

LZ(L™ (k|2 R)) L' (|k|>R)

m+[0'+3( )]+UO||Z

<C|Vaz
Then, it follows that

m+[o+3(£— 1)1+

[ader) e\ Uollz,
/(Ik[2R)
Thus, I is estimated by
_ o o++3(L-1
L <O+ o) = vy

Now, (3.35) follows by plugging the estimates of I; and I into (3.36]). This completes
the proof of Lemma [3.1] El
Proof of Theorem [1.5; To prove ), by letting h = 0 and using Corollary

L3}

NI

EU(t, k) < e THIDT'E (U (k)

for any t > 0 and k: G R3, where we have set U = U for simplicity. Due to (1.10)
and ( -, ~ |U(t, k)|? holds so that

Ak 4

01, k)| < Ce™ T D (k)|

for any t > 0 and k € R3. This shows that corresponding to and (| of
Lemma, one has the special situation

AJk[*

8 S e

with o, =4, 0_ = 2. Thus, one can apply Lemma to obtain ([1.20) from ([3.35]).
To prove (1.21)), we let Uy = 0, and also set U = U’ for simplicity. Note that

(CI3) implies
3 2 ' el (t—s) 1/27, 2
O R)P <€ [ 2 ) s

for any ¢t > 0 and k € R3. One can again apply Lemma with ¢ = r = 2 so that
(1.21)) follows. The proof of Theorem is complete.

4. Nonlinear system. In this section we are concerned with the global existence
of solutions to the Cauchy problem — of the reformulated nonlinear Vlasov-
Maxwell-Boltzmann system. We first devote ourselves to the proof of some uniform-
in-time a priori estimates on the solution. In what follows, U = [u, E, B] is supposed
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to be smooth in all arguments and satisfy the system (1.3]) over 0 < ¢ < T for some
0<T< 0.
LEMMA 4.1. Under the assumption that supg<; < ||(a+2¢)(t)|| L is small enough,

there is En(U(t)) satisfying (L.23) such that
%5N(U(t)) +ADy(U(1) < CENUM)? + EnUM)DN(U(H)  (41)

for any 0 <t < T, where Dy (U(t)) is defined in (1.24]).
Proof. First, the zero-order energy estimate implies

1d

5l NE B = [ 2(a-+ 20)de + M /{1 - Pha?

< CENUM)? +EnUW))DN(U()).  (4.2)

Here and hereafter, when En(U(t)) occurs in the right-hand terms of inequalities, it
means an equivalent energy functional satisfying (1.23]) and its explicit representation
will be determined later on. In fact, from the system (|1.3)),

5 (lP + 1B + X1 - PhulP < [ [ urtuudods + 5 [ [ ¢ Butduas
(4.3)

Here, for the first term on the r.h.s. of (£.3)), it is a standard fact as in [9] or [I0] that
it is bounded by CEN(U(t))Y/?Dn(U(t)). Since all estimates on terms involving the
nonlinear term I'(u,u) in the following can be handled in the similar way, we shall
omit the details of their proof for brevity. The right-hand second term of can
be estimated as in [7, Lemma 4.4]:

1 1
5/ ¢ Buldxdé = 5//5 : E|Pu|2dxd§+/ ¢ - EPu{l — Pludzd¢
1
+ 5/ ¢ - E|{I — P}u|?dxdt.
Here, it is easy to see

//g - EPu{I — P}udxzdé + %//5 - BE{1 — P}u|*dxdé
< ClE| = ([Vala, b, d|? + [T = PYul|?) < CEN(U(6)*Dn (U (1))

And, as in [7, Lemma 4.4], one can compute

%//5 . E|Puf?dudé = /E-b(a+2c)dx,

where by replacing E by equation 1.' using integration by part in ¢ and then
replacing 9;(a + 2¢) by equations (2.9); and ( 3, gives

/E~b(a+2c)dm 2dt/|b| (a+2¢)d
1
+/|b| [gvm~b+ EVI-A({IfP}u)ngJ)]dx

+ /[Vx(a +2¢)+ V,0{I - P}u)] - b(a+ 2¢)dz

—/Ea-b(a+2c)dx—/b><B-b(a+2c)dx.
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Note b x B -b = 0. Hence, it follows that

1 ) 1d [,
- . < -2
2//5 E|Pul*dzdE < 2dt/|b\ (a+ 2c)dx
+Clla,b, ¢, Elll i (I Vala, b, I* + VoL = Phul?) + CE|| [|Vaal [[Vala, b, ]|
1d
< =
— 2dt

Collecting the above estimates and putting them into (4.3]) proves (4.2)).
Next, for the estimates on all derivatives including the pure spatial derivatives
and space-velocity mixed derivatives, one has

/ b2(a + 2¢)dz + C(Ex (UE)2 + Ex (U (1)) Dy (U(H)).

1 d (63 (03 (03
S— > (lovulP+ [0 [E,BIIP)+ A > v 201 - Pl
1<]a|<N 1<]a|<N
< CEN(UM)*DN(U(L), (4.4)
and
N
1d N N
§%ch S logI-PlulP+ X D> v 205{1 - Pl
k=1 |Bl=k 16]>1
laf+BI<N lal+BI<N
S CENUM)'PDNUE)+C Y 10°Vala,b,d|*+C Y v /20" {I-P}ul?,
la|<N-1 la|<N

(4.5)

where C, (1 < k < N) are strictly positive constants. Since the nonlinear term g
takes the form as in (2.8)), the proof of and is almost the same as in [7]
for the case of the Vlasov-Poisson-Boltzmann system and thus details are omitted for
brevity.

Finally, the key step is to obtain the macroscopic dissipation of a,b,c and E, B
for the nonlinear system . This is similar to the proof of Theorem in Sub-
section for the linearized system. Here, the additional efforts should be made
to take care of all quadratically nonlinear terms in ¢g defined by . But, these
nonlinear estimates once again are almost the same as in [7] for the case of the
Vlasov-Poisson-Boltzmann system so we omit details for brevity. Thus, we have the
following estimates. Recall the definitions and of two interactive func-

tionals Ep' (U(t)) and Ey(U(t)), where k1 > 0, ky > 0 in (3.6) and (3.10) are

sufficiently small. It turns out that

L (e W) +me2 W) 42 Y JoralP 1A Y o dl?

la] <N 1<|a|<N

XD EP+x D oeB)?

1<]al<N -1 2<|al<N-1
<C Y oI —Plul® + CEN(U)DN(U(1), (4.6)
la|<N

where x3 > 0 is small enough. This is the desired estimate on the macroscopic
dissipation.
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Now, we are in a position to prove (4.1]). Let k4 > 0 be taken as in (3.12). Define

N
En(U(t) = EN(U()) — / b (a+2c)de + k5 » Cr Y [95{T - Plul|t4.7)
k=1 1]=k
la|+|BI<N

where k5 > 0 is a constant to be chosen. Here, notice that by recalling the definition
(3:12) of EXM(U(t)), En(U(t)) can be rewritten as
En(U(1)) (4.8)
= > (lo°ul)® + [lo°[E, B]|?) — / b (a + 2¢)dz

lal<N

+Ky Z / V0% - A(O*{I — P}lu)dx
laj<N—1"F®
2
+ > / (9;0%b; 4 0;0%b; — =815V - °b)0;;(9°{1 — P}u)dx
RS 3

1<4,5<3
la]<N-1

+K1 Z /Vgcaaa-aabdx
la|<N-1"F?

+Kak3 { — E O%E - 0%bdx — ko E / 0V, x B-0%“Edx
R3 R3
1<]al<N-1 1<|a]<N-2

N
s> 00 S 95{I - Phul®

k=1 18|=k
lal+|8I<N

Due to smallness of supy<; < [[(a+2¢)(t)|[ L by the assumption, from (4.7)) and ()
it is easy to see

N

ENU®) ~ERUM)+> Cu > [103{T - P}ul?,
k=1 |8l=k
lal+IBI<N

which further implies

N
ENU) ~ )| Zzcrny + IE@, BOE~ +>_Cr Y 95{1~Plull®
k=1 16]=k
la|+|BI<N

~ u@lg + IE®), B@]Z-

Thus, En(U(t)) satisfies (1.23) for any k5 > 0. Moreover, by taking x5 > 0 small
enough, the summation of (4.2, , kaX(4.6) and then nsx leads to
with Dy (U(t)) defined in (L.24). This completes the proof of Lemma [4.1} O

Proof of Theorem Let us consider the uniform-in-time a priori estimates
of solutions under the smallness assumption that

sup_ (Il + 1B, BOII ) <6
0<t<T ©.8
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for a sufficiently small constant § > 0. This smallness assumption also implies that
supg<;<7 ||(a + 2¢)(t)|[ L is small enough since N > 4. Thus, it follows from Lemma

that there are Ex(U(t)), Dn(U(t)) defined in (4.8) and (1.24) such that (1.23])
holds true for Ex(U(t)) and

Len(U1) + XDN(U() < CE" +5)Dr (U (1)

for any 0 <t < T, that is

En(U() + A / D (U(s))ds < Ex(T0)

for any 0 <t < T, since d > 0 is small enough. Now, the rest proof follows from the
standard process by combining the above uniform-in-time a priori estimates with the
local existence as well as the continuity argument as in [I1] or [7] under the assumption
that En(Up) is sufficiently small, and details are omitted for simplicity. The proof of
Theorem [1.6]is complete.

We conclude this paper with a discussion about the large-time behavior of so-
lutions to the nonlinear system. Although Theorem shows the global existence
of close-to-equilibrium solutions to the Cauchy problem — of the nonlinear
Vlasov-Maxwell-Boltzmann system, the decay rate of the obtained solution remains
open. This issue has been studied in [5] for the case of two-species. However, the
approach of [5] by applying the linear decay property together with the Duhamel’s
principle to the nonlinear system can not be applied to the case of one-species here.
Let us explain a little the key difficulty in a formal way. In fact, the linear system in
one-species decays as (1 + t)~3/® which is slower than (1 + t)~3/4 in two-species as
pointed out in Table 1. Thus, in one-species case, the quadratic nonlinear source de-
cays as at most (1 +t)*3/ 4 and if the Duhamel’s principle was used, the time-integral
term generated from the nonhomogeneous source decays as

t
/ (1+t—s)"5(14s) " Tds<C(1+1)5.
0

Thus, the bootstrap argument breaks down and one can not expect the solution to
decay as (1 + t)_3/ 8 in the nonlinear case. Therefore, the study of the large-time
behavior for the one-species Vlasov-Maxwell-Boltzmann system becomes much more
difficult than for the two-species case as in [5].
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