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Abstract� We study the solutions of Toeplitz systems Anx � b by the preconditioned con�

jugate gradient method� The n�by�n matrix An is of the form a�I 	Hn where a� is a real

number
 I is the identity matrix and Hn is a skew�Hermitian Toeplitz matrix� Such kind

of matrices appear in solving discretized hyperbolic di�erential equations� The precondi�

tioners we considered here are circulant matrix Cn and skew�circulant matrix Sn where

An �
�

�

Cn	Sn�� The convergence rate of the iterative method depends on the spectra of

the normalized preconditioned matrices 
C��
n An�

�
C��
n An� and 
S

��
n An�

�
S��n An�� For

Toeplitz matrices An with entries which are Fourier coe�cients of functions in the Wiener

class
 we show the invertibility of Cn and Sn and prove that the spectra of the normalized

preconditioned matrices are clustered around one for large n� Hence
 if the conjugate

gradient method is applied to solve the normalized preconditioned systems
 we expect fast

convergence�

Abbreviated Title� Circulant and Skew�circulant Preconditioners

Key words� Skew�Hermitian type Toeplitz matrix
 circulant matrix
 skew�circulant ma�

trix
 preconditioned conjugate gradient method
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x� Introduction�

Let An be a Toeplitz matrix of order n having the following form�

An �

�����
a� a� � an�� an��
�a� a� a� � an��
�a� � � � �
� � � � a�

�an�� � �a� �a� a�

����� � 
��

where a� is a real number� Obviously
 An � a�I 	Hn
 where I is the identity matrix and

Hn is a skew�Hermitian Toeplitz matrix� We call An the skew�Hermitian type Toeplitz

matrix� We are interested in solving the system Anx � b � This kind of problems often

appear in solving discretized hyperbolic di�erential equations�

The idea of using preconditioned conjugate gradient method with circulant precon�

ditioner for solving symmetric Toeplitz systems was �rst proposed by Strang ���� Chan

and Strang ��� then proved that if An is a symmetric Toeplitz matrix with entries which

are Fourier coe�cients of a positive function in the Wiener class
 then the eigenvalues of

�C��
n An are clustered around �� Here �Cn is the symmetric circulant matrix which copies

the central diagonals of An� These results are generalized to Hermitian positive de��

nite Toeplitz systems in Chan ���� However
 only positive de�nite matrices are discussed

in these papers� In this paper
 we use the preconditioned conjugate gradient method

with circulant preconditioner Cn or skew�circulant preconditioner Sn for solving the skew�

Hermitian type Toeplitz systems� We show in x� that if the generating function f
�� is

of the form a� 	 ig
��
 where g
�� is a real�valued function in the Wiener class
 then the

spectra of 
C��
n An�

�
C��
n An� and 
S

��
n An�

�
S��n An� are clustered around �� In x�
 we es�

tablish the superlinear convergence rate of the conjugate gradient method when applied to

these normalized preconditioned systems� Finally
 numerical results and some applications

of the method to discretized hyperbolic systems are given in x��
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x� Spectrum of the Normalized Preconditioned System�

Let us begin by supposing that the entries ajl � al�j of An are Fourier coe�cients of

the complex generating function

f
�� �
�X
��

ake
�ik�

de�ned on ��� ���� Since An is of the form given by 
��
 we see that a�k � ��ak� It is clear

that f
�� also can be written as

f
�� � a� 	 ig
���

where g
�� is a real�valued function� In fact


g
�� �

�X
k���
k ���


�iak�e
�ik� �

�X
k��


�i�
ake
�ik� 	 a�ke

ik��

�

�X
k��


�i�
ake
�ik� � ake�ik�� � �

�X
k��

Im
ake
�ik�� �

where Im
x� denotes the imaginary part of the complex number x� We assume that g
��

is a function in the Wiener class
 i�e�
 its Fourier coe�cients f�iakg is in ��� We then have

�X
��

jakj � ja�j	
�X

k���
k ���

j � iakj � c� �� � 
��

It is clear that the solution of the system Anx � b is the same as the solution

of the normalized preconditioned system 
P��n An�
�
P��n An�x � 
P

��
n An�

�P��n b for any

preconditioner Pn� When the conjugate gradient method is applied to solve the normalized

preconditioned system
 the convergence rate of the method depends on the spectrum of


P��n An�
�
P��n An�� The more clustered the eigenvalues are
 the faster the convergence�

For skew�Hermitian type Toeplitz matrix An given by 
��
 we note that it can always

be partitioned as

An �
�

�
Cn 	

�

�
Sn�
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where

Cn �

�����
a� a� � an�� � an�� � a� an�� � a�

�a� 	 an�� a� � � �
� � � � �

�an�� 	 a� � � a� a� � an��
�an�� 	 a� � � �a� 	 an�� a�

����� �

and

Sn �

�����
a� a� 	 an�� � an�� 	 a� an�� 	 a�

�
an�� 	 a�� a� � � �
� � � � �

�
a� 	 an��� � � a� a� 	 an��
�
a� 	 an��� � � �
an�� 	 a�� a�

����� �

Clearly Cn is circulant and Sn is skew�circulant� We will use Cn and Sn as preconditioners

for An� We show in the following that if the generating function f
�� � a� 	 ig
��
 where

g
�� is a real�valued function in the Wiener class
 then

I� Cn
 Sn and their inverses are uniformly bounded in the ���norm�

II� C��
n An and S��n An can be partitioned into the sum of I 	 Ln 	Mn
 where Ln is a

low rank matrix and Mn is a matrix with small ���norm�

III� the spectra of 
C��
n An�

�
C��
n An� and 
S

��
n An�

�
S��n An� are clustered around one�

For claim I
 we have

Theorem �� Let f
�� � a� 	 ig
��� where g
�� is a real�valued function in the Wiener

class and a� is a nonzero real number� Then for all n� the circulant matrix Cn� the

skew�circulant matrix Sn and their inverses are uniformly bounded in the ���norm�

Proof� We �rst prove the theorem for the skew�circulant matrix Sn� We note that Sn �

a�I 	 bHn
 where bHn is a skew�Hermitian Toeplitz matrix� Therefore
 the eigenvalues of

Sn can be expressed as �j
Sn� � a� 	 bji
 where bj are real� Hence

j�j
Sn�j � ja�j 	 �� for j � �� � � � � n� � � 
��

In particular
 we see that Sn is invertible� We also notice that the eigenvalues �j
Sn� of

Sn also can be expressed as

�j
Sn� � a� 	

n��X
p��


ap 	 an�p�e
��j����i

n
p� for j � �� � � � � n� � �
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see Davis ���� Hence we have by 
��

j�j
Sn�j � ja�j	

n��X
p��

jap 	 an�pj � �

�X
p���

japj � �c� � for j � �� � � � � n� � �

Since Sn is a normal matrix
 we have

kSnk� � j�max
Sn�j � �c�� kS��n k� � j���min
Sn�j �
�

ja�j
� 
��

Here �max
Sn� and �min
Sn� denote respectively the largest and the smallest eigenvalues

in absolute value for Sn�

For circulant matrix Cn
 the proof is similar� We only have to note that the eigenvalues

of Cn are given by

�j
Cn� � a� 	

n��X
p��


ap � an�p�e
��ij
n p� for j � �� � � � � n� � �

Hence we have
 similar to 
�� and 
��


j�j
Cn�j � ja�j 	 �� for j � �� � � � � n� � �

and

kCnk� � j�max
Cn�j � �c�� kC��
n k� � j���min
Cn�j �

�

ja�j
�

We remark that when a� � �
 the matrixAn is skew�Hermitian and the generating function

f
�� � ig
��� Then if we assume that g
�� � gmin 	 � for all � � ��� ���
 then instead of

getting 
��
 we can get j�j
Cn�j� j�j
Sn�j � gmin 	 �
 for j � �� � � � � n� �
 see Chan and

Strang ���� Thus we have

Theorem �	� Let f
�� � ig
��� where g
�� is a real positive function in the Wiener class�

Then for all n su�ciently large� the circulant matrix Cn� the skew�circulant matrix Sn

and their inverses are uniformly bounded in the ���norm�

For claim II
 we �rst show that the matrix Cn � An can be expressed as the sum of

a low rank matrix and a matrix with small ���norm�
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Lemma �� Let f
�� � a�	ig
��� where g
�� is a real�valued function in the Wiener class�

Then for all 
 	 �� there exists an N 	 �� such that for all n 	 N � Cn�An �W
�N�
n 	U

�N�
n �

where kW
�N�
n k� � 
 and rank
U

�N�
n � � �N �

Proof� De�ne Bn � Cn�An� It can be easily checked that Bn is skew�Hermitian Toeplitz

matrix with entries bij � bj�i given by

bl �

��	�

� l � � �

al�n � � l � n �

�b�l � � �l � n �

Since g is in the Wiener class
 by 
�� for all given 
 	 �
 there exists an N 	 �
 such that

�X
l�N��

jalj � 
�

Let U
�N�
n be the n�by�n matrix obtained from Bn by replacing the 
n � N��by�
n � N�

leading principal submatrix of Bn by the zero matrix� Then rank 
U
�N�
n � � �N � Let

W
�N�
n � Bn � U

�N�
n � The leading 
n � N��by�
n � N� block of W

�N�
n is the leading


n�N��by�
n�N� principal submatrix of Bn
 hence this block is a Toeplitz matrix� Thus

kW �N�
n k� � �

n�N��X
l��

jblj � �

n�N��X
l��

jal�nj � �

n��X
l�N��

ja�lj

� �

n��X
l�N��

jalj � �

�X
l�N��

jalj � �
 � 
��

Since W
�N�
n is skew�Hermitian
 we have kW

�N�
n k� � kW

�N�
n k�� Thus

kW �N�
n k� � 
kW

�N�
n k� � kW

�N�
n k��

�
� � 
�

Hence the spectrum of W
�N�
n lies in 
�
� 
��

Since Cn �An � An � Sn
 we have by Lemma �


S��n An � I 	 S��n 
An � Sn� � I 	 S��n 
Cn �An�

� I 	 S��n 
W �N�
n 	 U �N�

n � � I 	Mn 	 Ln � 
��
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where Mn � S��n W
�N�
n and Ln � S��n U

�N�
n � Similarly
 for the circulant matrix Cn
 we

have

C��
n An � I 	 C��

n 
An � Cn� � I � C��
n 
W �N�

n 	 U �N�
n ��

By Theorem �
 we thus have our main result�

Theorem �� Let f
�� � a� 	 ig
��� where g
�� is a real�valued function in the Wiener

class and a� is a nonzero real number� Then for all 
 	 �� there exists an N 	 �� such

that for all n 	 N � C��
n An and S��n An can be written in the form I 	Mn 	 Ln� where

kMnk� � 
 and rank
Ln� � �N �

Claim III now is an immediate Corollary of Theorem ��

Corollary �� Let f
�� � a� 	 ig
��� where g
�� is a real�valued function in the Wiener

class and a� is a nonzero real number� Then for all n su�ciently large� the spectra of


C��
n An�

�
C��
n An� and 
S

��
n An�

�
S��n An� are clustered around one� More precisely� for

all 
 	 �� there exists an N 	 � such that for all n 	 N � at most �N eigenvalues

of 
C��
n An�

�
C��
n An� � I and also of 
S��n An�

�
S��n An� � I can have absolute values

exceeding 
�

Proof� We prove the Corollary for the case of skew�circulant matrix Sn� The proof for

Cn is similar and we therefore omit it� By Theorem �
 we have for all 
 	 �
 there exists

an N 	 �
 such that for all n 	 N 
 S��n An � I 	 Mn 	 Ln where kMnk� � 
 and

rank
Ln� � �N � Hence


S��n An�
�
S��n An�� I � 
I 	M�

n 	 L�n�
I 	Mn 	 Ln�� I

�Mn 	 Ln 	M�
n 	M�

nMn 	M�
nLn 	 L�n 	 L�nMn 	 L�nLn

� cMn 	 bLn �

where cMn � Mn 	 M�
n 	 M�

nMn and bLn � L�n
I 	 Ln 	 Mn� 	 
I 	 M�
n�Ln� Thus

kcMnk� � �
 	 
� and rank
bLn� � �N � Since both cMn and bLn are Hermitian
 by Cauchy
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Interlace Theorem
 see Wilkinson ���
 at most �N eigenvalues of 
S��n An�
�
S��n An� � I

have absolute values exceeding �
	 
��

Similar to Theorem ��
 when a� � � but g
�� is positive
 we have

Theorem �	� Let f
�� � ig
��� where g
�� is a real positive function in the Wiener class�

Then for all 
 	 �� there exists an N 	 �� such that for all n 	 N � C��
n An and S��n An

can be written in the form I 	Mn 	 Ln� where kMnk� � 
 and rank
Ln� � �N �

Corollary �	� Let f
�� � ig
��� where g
�� is a real positive function in the Wiener class�

Then for all n su�ciently large� the spectra of the normalized preconditioned matrices


C��
n An�

�
C��
n An� and 
S

��
n An�

�
S��n An� are clustered around one�

Hence if the conjugate gradient method is applied to solve the normalized precondi�

tioned system


C��
n An�

�
C��
n An�x � 
C

��
n An�

�C��
n b�

or


S��n An�
�
S��n An�x � 
S

��
n An�

�S��n b�

we can expect a fast convergence rate�

x
 Superlinear Convergence Rate�

It follows easily from Corollary � or Corollary �� that the conjugate gradient method

converges superlinearly when applied to solve the normalized preconditioned systems
 see

Chan and Strang ��� for details� We note that if extra smoothness conditions are imposed

on g
 we can obtain a more precise bound on the convergence rate�

Theorem 
� Let f
�� � a� 	 ig
��� where g
�� is a 
�	 ���times di�erentiable function

in the Wiener class with its 
� 	 ���th derivative in L���� ���� � 	 �� and a� is a nonzero
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real number� Then for large n�

ke�qk �
cq

�
q � ������
ke�k � 
��

for some constant c that depends on f and � only� Here eq denotes the error vector at

the q�th iteration� when the conjugate gradient method is applied to solve the normalized

preconditioned system


C��
n An�

�
C��
n An�x � 
C

��
n An�

�C��
n b �

or


S��n An�
�
S��n An�x � 
S

��
n An�

�S��n b �

and jjxjj� � x�
C��
n An�

�
C��
n An�x or jjxjj� � x�
S��n An�

�
S��n An�x accordingly�

Proof� Again for simplicity
 we only give the proof for the skew�circulant case� The proof

for the circulant case is similar� We recall that from the standard error analysis of the

conjugate gradient method
 we have

keqk

ke�k
� min

Pq
max
�

jPq
��j� 
��

where the minimum is taken over polynomials of degree q with constant term � and the

maximum is taken over the spectrum of 
S��n An�
�
S��n An�
 see for instance
 Golub and

van Loan ���� In the following
 we try to estimate that minimum�

We �rst recall that the Fourier coe�cients of g are given by �iaj � Hence the assump�

tions on g imply that

j � iaj j �
c�

jjj���
� 	j 	 � �

where c� � kg�����kL� 
 see for instance
 Katznelson ���� Therefore we have

jaj j �
c�

jjj���
� 	j 	 � �
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Hence for W
�k�
n and U

�k�
n de�ned as in Lemma �
 we have rank 
U

�k�
n � � �k and also by


��


kW �k�
n k� � 
kW

�k�
n k�kW

�k�
n k��

�
� � kW �k�

n k� � �

n��X
j�k��

jaj j

� �c�

n��X
j�k��

�

jjj���
� �c�

Z �

k

dx

x���
�
�c�
k�

� 	k � � �

Let S��n An � I 	M
�k�
n 	 L

�k�
n 
 where M

�k�
n � S��n W

�k�
n and L

�k�
n � S��n U

�k�
n � For all

k � �
 we have rank
L
�k�
n � � �k and

kM �k�
n k� � kS��n W �k�

n k� � kS��n k�kW
�k�
n k� �

�

ja�j
kW �k�

n k� �
c�
k�

�

where c� � �c��ja�j � For the Hermitian matrix 
S
��
n An�

�
S��n An�
 we have


S��n An�
�
S��n An� � I 	 cM �k�

n 	 bL�k�
n �

where

cM �k�
n �M �k�

n 	M �k��
n 	M �k��

n M �k�
n � 
��

and

bL�k�
n �L�k�

n 	 L�k��
n 	 L�k��

n M �k�
n 	M �k��

n L�k�
n 	 L�k��

n L�k�
n

�L�k��
n 
I 	 L�k�

n 	M �k�
n � 	 
I 	M �k��

n �L�k�
n � 
���

From 
��
 it is clear that


kcM �k�
n k� � kM �k�

n k� 	 kM �k��
n k� 	 kM �k�

n k�kM
�k��
n k� �

�c�
k�
	

c��
k��

�
c	
k�

�

where c	 � �c� 	 c��
 and from 
���
 we see that
 rank 
bL�k�
n � � � � �k � �k�

Let the eigenvalues of 
S��n An�
�
S��n An�� I be ordered as

��� � ���
�

� ���
�

� � � � � ��p
�
� � � � � ��p

�
� � � � � ���

�

� ���
�

� ��� �
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then for all p � �
 we have
 by Cauchy interlace theorem


j��p
�
j � kcM �
 p� ��

n k� �
c	
�p� �

�
� 
���

where �x� denotes the integral part of x� Let the eigenvalues of 
S��n An�
�
S��n An� be

ordered as

��� � ���
�

� ���
�

� � � � � ��p
�
� � � � � ��p

�
� � � � � ���

�

� ���
�

� ��� �

Then for all p � �
 we have by 
���

��
c	
�p� �

�
� ��p

�
� ��p

�
� � 	

c	
�p� �

�
� 
���

and for all p � �
 we have by 
��

a��
�c��

� ��p
�
� ��p

�
�

c��
a��

� 
���

Our idea is to choose P�q that annihilates the �q pairs of extreme eigenvalues� Let

pk
x� �

��k�����Y
p��k


��
x

��p
�

�
� �
x

��p
�

� � k � �� � � � � q � ��

and

P�q � p�p� � � � pq�� �

We note that between the roots ��p
�

 the maximum value of

���
�� x

��p
�

�
��
x

��p
�

�
��� is obtained

at the point �
� 
�

�
p
�
	 ��p

�
�� Hence for k � �
 we have by 
���


max
x�
���

�

����
�

�
jp�
x�j �

	Y
p��

max
x�
��p

�

���p
�

�

���
�� x

��p
�

�
� �
x

��p
�

�
���

�

	Y
p��


��p
�
� ��p

�
��

���p
�
��p

�

�

	Y
p��



�c��
a��
��
�

�


�c��
a��
�� � c� �

for some constant c� that depends only on f and �� For � � k � q � �
 we have by 
���

and 
���


max
x�
��

��k�����
�

���
��k�����

�

�
jpk
x�j �

��k�����Y
p��k

max
x�
��p

�

���p
�

�

���
�� x

��p
�

�
� �
x

��p
�

�
���

�

��k�����Y
p��k


��p
�
� ��p

�
��

���p
�
��p

�

�

��k�����Y
p��k



�c	
�p� �

�
��
�

�


�c��
a��
��

�
c

k��

�
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for some constant c
 that also depends only on f and �� Thus

max
x�
��q����

�
q���

jP�q
x�j � c�c
q��



q��Y
k��

�

k��
�

cq

�
q � ������
� 
���

for some constant c that depends on f and � only� We remark that except for the �q pairs of

extreme eigenvalues
 all eigenvalues are in the interval ���q��� �
�
q���� Since P�q annihilates

the �q pairs of extreme eigenvalues and satis�es 
��� in the interval ���q��� �
�
q���
 inequality


�� now follows directly from 
�� and 
����

When a� � �
 if we assume that g
�� is a positive function as before
 we then have

Theorem 
	� Let f
�� � ig
��� where g
�� is a 
�	���times di�erentiable positive function

in the Wiener class with its 
�	 ���th derivative in L���� ���� � 	 �� Then for large n�

ke�qk �
cq

�
q � ������
ke�k �

for some constant c that depends on g and � only�

x� Numerical Results�

We consider the following two problems in this section�

Problem ��

Let An be a Toeplitz matrix with diagonals given by

ak �

��	�

� k � � �


� 	 k����� k 	 � �

�a�k k � � �

Obviously the generating function of An is in the Wiener class� Table � shows the number

of iterations required to get krkk�
kr�k�

� ����� Here rk is the residual vector at the k�th

iteration� We use the vector of all ones for the right hand side vector b and the zero vector

as our initial guess� We note that as n increases
 the number of iterations increases for the

normalized system
 while it remains roughly a constant for both normalized preconditioned
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systems�

n A�nAn 
S��n An�
�
S��n An� 
C��

n An�
�
C��

n An�

�� � � �

�� �� � �

�� �� � �

��� �� � �

Table �� Number of Iterations for Di�erent Systems

Problem ��

We consider a model linear hyperbolic equation discussed in Holmgren and Otto ����

For simplicity
 we begin with the one�dimensional case �rst� The equation is�


u
x� t�


t
	 v


u
x� t�


x
� g
x� 
���

which is de�ned on the domain

� � x � �� t 	 � �

with boundary and initial conditions

u
�� t� �f
�at� �

u
x� �� �f
x� �

The right hand side function is given by

g
x� � 
v � a�f �
x� �

Here v and a are positive constants and f is a scalar function with derivative f �� The

analytical solution of 
��� is given by u � f
x� at��

Let k
 h denote the time step and spatial step respectively� A time�discretization of


��� by using the trapezoidal rule gives�

�um�� 	 �kv

�

u


x


m��

� �k
gm�� 	 gm� 	 �um � �kv

�

u


x


m

� 
���
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The spatial grid is uniform in the computational domain with n 	 � gridpoints� Let ui

denote the approximative solution at the point xi
 where

xi � ih � i � �� � � � � n �

Clearly u� is given directly by the boundary condition� This implies that we have to solve

for n unknowns in each time step� We use centered di�erence


u


x



ui�� � ui��
�h

� i � �� �� � � � � n� � �

to approximate the spatial derivative in 
��� in the interior of the domain� At the out�ow

boundary we use one�sided di�erence


u


x



un � un��
h

�

Let � � vk�h and um � 
um� � u
m
� � � � � � u

m
n �� By introducing the space�discretization in


��� for the unknowns at time level m	 �
 we have the following system
�
�um��

i 	 �
um��
i�� � um��

i�� � � bi i � �� �� � � � � n� � �


� 	 ���um��
n � ��um��

n�� � bn �

In matrix form
 we have

Anu
m�� � b �

where b � 
b�� b�� � � � � bn�
T contains known quantities and

An �

���������

� �
�

�� �
� � �

� � �
� � �

� � �
� � �

� � �
� � �

�� � �
� ��� � 	 ��

���������
� 
���

We de�ne our circulant and skew�circulant preconditioners as

Cn �

��������

� � ��

�� �
� � �

�� � �
� � �

� � �

�
� � � � �

� �� �

�������� �
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and

Sn �

�������
� � �

�� �
� � �

�� � �
� � �

� � �

�
� � � � �

�� �� �

������� �

Notice that since

S��n An � I 	 S��n 
An � Sn� � I 	 Ln �

where Ln � S��n 
An � Sn�
 we have


S��n An�
�
S��n An� � 
I 	 Ln�

�
I 	 Ln� � I 	 bLn �

Here bLn � L�n 	 
I 	 L�n�Ln� Since rank 
Ln� � rank 
An � Sn� � �
 rank 
bLn� � ��

Thus if the conjugate gradient method is applied to normalized preconditioned matrix


S��n An�
�
S��n An�
 the number of iterations is around �� The same conclusion holds

for the circulant preconditioner Cn� Table � gives the number of iterations obtained

experimentally� Here � � ���
 b is the vector of all ones and also as before
 the zero vector

is our initial guess� Table � shows the number of iterations required to get krkk�
kr�k�

� �����

n A�nAn 
S��n An�
�
S��n An� 
C��

n An�
�
C��

n An�

�� �� � �

�� �� � �

�� �� � �

��� ��� � �

Table �� Number of Iterations for Di�erent Systems

Next we consider the two�dimensional case� The equation is�


u
x�� x�� t�


t
	 v�


u
x�� x�� t�


x�
	 v�


u
x�� x�� t�


x�
� g
x�� x�� 
���

which is de�ned on the domain

� � x� � �� � � x� � �� t 	 � �
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with boundary and initial conditions

u
x�� �� t� �f
x� � at� �

u
�� x�� t� �f
x� � at� �

u
x�� x�� �� �f
x� 	 x�� �

The right hand side function is given by

g
x� � 
v� 	 v� � a�f �
x� �

Here v�
 v� and a are positive constants
 f is a scalar function with derivative f �� The

analytical solution of 
��� is given by u � f
x� 	 x� � at��

For simplicity
 we assume that v� � v� � v and the two spatial steps are equal
 i�e�


h� � h� � h� Then as before we let � � vk�h
 where k denotes the time step� For each

time step
 the discretized system to solve is of the following form�

ANu
m�� � b�

where AN � An � I 	 I �An with An given by

An �

���������

� �
�

�� �
� � �

� � �
� � �

� � �
� � �

� � �
� � �

�� � �
� ��� � 	 ��

���������
�

We note that the An here is di�erent from the An in 
��� only at the main diagoanl�

For the ��dimensional problem
 we have tested the following preconditioners�

CN � Cn � I 	 I �Cn�

and

SN � Sn � I 	 I � Sn�
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where Cn and Sn are given by

Cn �

��������

� � ��

�� �
� � �

�� � �
� � �

� � �

�
� � � � �

� �� �

�������� �

and

Sn �

�������
� � �

�� �
� � �

�� � �
� � �

� � �

�
� � � � �

�� �� �

������� �

Di�erent from that in one�dimensional case
 here we use the preconditioned conjugate

gradient squared method
 see Sonneveld ���
 to solve the following preconditioned systems

C��
N ANu

m�� � C��
N b and S��N ANu

m�� � S��N b�

Tables �
 � and � show the number of iterations required to get krkk�
kr�k�

� ���� for di�erent

��s� We notice that as n increases
 for � � ��� ���
 the number of iterations increases for

the original system
 while it stays almost the same for both preconditioned systems�

n N � n� AN S��N AN C��
N AN

�� ��� �� � �

�� ���� �� � �

�� ���� �� � �

��� ����� �� � �

Table �� Number of Iterations for � � �
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n N � n� AN S��N AN C��
N AN

�� ��� �� �� ��

�� ���� �� �� ��

�� ���� �� �� ��

��� ����� ��� �� ��

Table �� Number of Iterations for � � ��

n N � n� AN S��N AN C��
N AN

�� ��� ��� �� ��

�� ���� ��� �� ��

�� ���� ��� �� ��

��� ����� ��� �� ��

Table �� Number of Iterations for � � ���

Finally
 we would like to mention that our numerical results are similar to that ob�

tained by Holmgren and Otto ��� where they used di�erent choices of circulant precondi�

tioners�
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