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Abstract.

In this paper, we consider using the inexact Newton-like method for solving inverse
eigenvalue problem. This method can minimize the oversolving problem of Newton-
like methods and hence improve the efficiency. We give the convergence analysis of the
method, and provide numerical tests to illustrate the improvement over Newton-like
methods.
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1 Introduction

Let ¢ = (c1,c2,-++ ,cn)T € R® and {4;}", be a sequence of real symmetric
n X n matrices. Define

(1.1) Afe) = Z ciAi

and denote its eigenvalues by A;(c) for ¢ = 1,2,...,n with the ordering A;(c) <
A2(c) < --- < A\,(c). The inverse eigenvalue problem (IEP) is defined as follows:
For n given real numbers {Af}7; where A\ < --- < A%, find a vector ¢* € R
such that A;(c*) = Af for ¢ = 1,...,n. Our goal in this paper is to derive an
efficient algorithm for solving the IEP especially when 7 is large. In Friedland,
Nocedal, and Overton [4], there are two examples where we may need to solve
IEP with large n: the inverse Sturm-Liouville problem where n is the number of
grid points and in nuclear spectroscopy where n is the number of measurements.

In [4], the IEP is solved by applying a Newton-like method, where in each New-
ton iteration (the outer iteration), we need to solve two linear systems: (i) the
inverse power method to find the approximate eigenvectors of the current iterate,
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and (ii) to solve the approximate Jacobian equation. When n is large, the inver-
sions are costly, and one may employ iterative methods to solve both systems
(the inner iterations). Although iterative methods can reduce the complexity, it
may oversolve the systems in the sense that the last few inner iterations before
convergence may not improve the convergence of the outer Newton iteration, see
[3]. The inexact Newton-like method is a method that stops the inner iteration
before convergence. By choosing suitable stopping criteria, we can minimize the
total cost of the whole inner-outer iteration.

In this paper, we give an inexact Newton-like method for solving the IEP. We
show that our method converges superlinearly. In effect, we have shown that
of the two inner iterations, the inverse power method to find the approximate
eigenvectors can be solved very roughly, and it will not affect the convergence
rate of the outer iteration. However, the accuracy of the second inner iteration,
i.e. the solution to the approximate Jacobian equation, is the crucial one in
governing the convergence of the outer iteration.

This paper is organized as follows. In §2, we recall the Newton-like methods
for solving the IEP. In §3, we introduce our inexact Newton-like method. The
convergence analysis is given in §4 and we present our numerical results in §5.

2 The Newton-Like Method

In this section, we briefly recall the Newton and Newton-like methods for
solving the IEP. For details, see [4]. For any ¢ = (ci,...,¢,)T € R, define
f:R* - R” by

(2.1) f(e) = (\i(e) = AT, Aale) = A0)T,

where A;(c) are the eigenvalues of A(c) defined in (1.1) and A} are the given
eigenvalues. Clearly, c* is a solution to the IEP if and only if f(c*) = 0. There-
fore, we can formulate the IEP as a system of nonlinear equations f(c) = 0.

As in [4], we assume that the given eigenvalues {A}}, are distinct. Then the
eigenvalues of A(c) are distinct too in some neighborhood of ¢*. It follows that
the function f(c) is analytic in the same neighborhood and that the Jacobian of
f is given by

@), = 2k = 29 g0 20, 1<

ij

where q;(c) are the normalized eigenvectors of A(c) corresponding to the eigen-
values A;(c), see [7, Eq. (4.6.2)] or [2]. Hence by (1.1),

(2.2) )], = @@ Aaile), 1<ij<n

Thus by (1.1) again, we have

el = 3 cae) 45a:(0) = a(e) A@as(e) = Aife), 1<ij<n,
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ie. J(c)e = (Ai(c), -, Au(c))T. By (2.1), this becomes
(2.3) J(c)e = f(c) + X*,
where A* = (A}, -+, A%)T.

Recall that the Newton method for f(c) = 0 is given by J(c*)(ckt! —ck) =
—f(c*). By (2.3), this can be rewritten as

J(cF)eh Tt = J(ch)ek — f(ck) = A%,

We emphasize that J(c*) is in general a non-symmetric matrix even if all {4;}7_,
are symmetric. To summarize, we have the following Newton method for solving
the IEP, see [4].

Algorithm 1: The Newton Method
For k = 0 until convergence, do:
1. Compute the eigen-decomposition of A(c):
Q)T A(H)Q(c) = diag(hi ("), -+, An(ch)),
where Q(c*) = [qi(c*), -+, qn(c*)] is orthogonal.
2. Form the Jacobian matrix: [J(c*)];; = qi(c®)T A;q;(c®).
3. Solve ck*! from the Jacobian equation: J(c*)ck+1 = X*.

This method converges quadratically, see for instance [7, Theorem 4.6.1]. No-
tice that in Step 1, we have to compute all the eigenvalues and eigenvectors of
A(ck) exactly. In [4, 2], it was proven that if we only compute them approx-
imately, we still have the quadratic convergence. This results in the following
Newton-like method.

Algorithm 2: The Newton-Like Method

1. Given c°, iterate Algorithm 1 once to obtain c!

Q(CO) = [q(l)) T 7q(r)L]

2. For k = 1 until convergence, do:

. In particular, we have

(a) Compute v by the one-step inverse power method:

(2.4) (A(c®) =N D)vE=df™", 1<i<n
(b) Normalize v¥ to obtain an approximate eigenvector q¥ of A(ck):
k
(2.5) af = o 1<i<n,
vl

(2

k

i-

(c) Form the approximate Jacobian matrix: [Ji.];; = (a¥)T A;q
(d) Solve c**1 from the approximate Jacobian equation:

(2.6) Jpeh Tl = \*,

In (2.5) and also in the following, we use || - || to denote the 2-norm.
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3 The Inexact Newton-Like Method

In deriving the quadratic convergence of Algorithm 2, it was assumed that the
systems (2.4) and (2.6) are solved exactly, see [4, 2]. However, if n is large, one
may want to solve these systems by iterative methods. In that case, one may
even be tempted to solve the systems only approximately to reduce the cost of
the inner iterations. It is interesting to know how accurately one has to solve
these systems in order to retain the superlinear convergence rate of the whole
algorithm, and this is the main thesis of this paper.

For a general nonlinear equation g(x) = 0, it was shown in [3] that the Jaco-
bian equation

(3.1) J(x) (" —xb) = —g(x")

need not be solved exactly. In fact, if (3.1) is to be solved by an iterative method,
then the last few iterations before convergence are usually insignificant as far as
the convergence of the (outer) Newton iteration is concerned. This oversolving
of the (inner) Jacobian equation will cause a waste of time and does not improve
the efficiency of the whole method.

The inexact Newton-like method is derived precisely to avoid the oversolving
problem in the inner iterations. Instead of solving (3.1) exactly, one solves it
iteratively until a reasonable tolerance is reached. More precisely, one solves for
a vector x**1 such that the residual

rk+1 = J(Xk)(ik+1 _ Xk) + g(Xk)

satisfies ||[r**1|| < 7 for some prescribed tolerance 7. The tolerance is chosen
carefully such that it is small enough to guarantee the convergence of the outer
iterations, but large enough to reduce the oversolving problem of the inner iter-
ations. For more details, see [3].

Returning to Algorithm 2, there are two inner iterations: (2.4) and (2.6).
In order to apply the idea in [3], we have to find suitable tolerances for both
equations. We find that the tolerance for (2.4) can be set to any number less than
1/2 (see (4.26) below); whereas the tolerance for (2.6) has to be of O(||c* —c*[|?)
in order to have a convergence rate of 8 for the outer iteration. Finding a
computable tolerance for (2.6) is one of the main tasks of the paper. Below
we give our algorithm. We set the tolerance for (2.4) to 1/4 and the tolerance
for (2.6) is given in (3.7). We will prove in §4 that the convergence rate of the
method is equal to 3.

Algorithm 3: The Inexact Newton-Like Method

1. Given c°, iterate Algorithm 1 once to obtain c!

Q(c®) = [pd, - ,pY].

2. For k =1 until convergence, do:

. In particular, we have
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(a) Solve vk inexactly in the one-step inverse power method
(3:2) (A(®) =N Dvi =pi 't +tf, 1<i<n,

until the residual t¥ satisfies

(3-3) 1£F]l <

ANy

(b) Normalize v¥ to obtain an approximate eigenvector p¥ of A(c*):

(3.9 oV
3.4 p; =——, 1<i<n
o IvEl

(c) Form the approximate Jacobian matrix:
(3.5) [Tkl = (pH)" A4ypf, 1<i,j<n.

(d) Solve c**! inexactly from the approximate Jacobian equation
(3.6) Jpehtt = A% 4ok,

until the residual r* satisfies
(3.7) et < ( LY 1<
‘ SIS VA =

Note that the main difference between Algorithm 2 and Algorithm 3 is that we
solve (3.2) and (3.6) approximately rather than exactly as in (2.4) and (2.6).

4 Convergence Analysis

In the remaining of this paper, we will use c* to denote the kth iterate produced
by Algorithm 3, and let {\;(c*)}”, and {q;(c*)}™, be the eigenvalues and
normalized eigenvectors of A(c¥), i.e.

(4.1)

: : 0, 1<i#j<n
By (k) — X (R ey ( ok (o\T o (oky — J U LS sn,
Aalet) = n(aeh) and ah) e ={ § [SIZIE
As in [4], we assume that the given eigenvalues {Af}? | are distinct and that
the Jacobian J(c*) defined in (2.2) is nonsigular at the solution c¢*. Under these
two assumptions, we prove in this section that if the initial guess ¢ is close to
the solution c*, then the sequence {c*} converges to ¢* with

le**! — e < alle® —c*||”

for a constant a independent of k. Here (3 is the parameter given in (3.7). We
begin by estimating the distance between p¥ in (3.2) and q;(c*).
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LEMMA 4.1. Let t¥ and p¥ be as in (3.2). Assume that

(4.2) I\i(c*) = Af| > v >0, 1<i#j<n,
(4.3) lai (M) (pF ! +th) > ¢ >0, 1<i<n.

Then we have

1 1
(4.4) — < —[N(cf) =X, 1<i<n
Ivill = €
and
) ) 2 .
(4.5) [pf — aqi(c®)]| < 5|/\i(ck) —Ail, 1<i<n.

PROOF. Let us prove (4.4) first. Since {q;(c*)}™ | is an orthonormal basis,
we can write pff1 +tk as

(4.6) Ltk = Z £q;(c

for some §; € R, j =1,--- ,n. By (3.3) and (3.4), we have

n
_ o _ 1y 2 1.2
(4.7) S &G =lpf 1P < (Ipf M+ )T < (1+ Z) <2

Combining (3.2) with (4.6), we have

n

vE= (A =D @ +th) = DG (AR =N Tay(eh), 1<i<n.

Jj=1

Clearly q;(c*) are eigenvectors for (A(c*) — A\fT)~! with eigenvalues (\;(c*) —
Af)~L. Hence we have

(4.8) =y 2 W

j=1 i
Therefore for i = 1,... ,n,
_1
n 2
||vk|| B (; ck NP )
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i.e.
(kY — \*
lk S |>‘l(c ) >‘z|
vl 1€l

Note that by (4.6), (4.3), and the fact that {q;(c*)}?_, are orthonormal, we
have

(4.9)

(410) &l =l @ H ) 2 E>0,  i=1...n

By putting this into (4.9), we have proved (4.4).
Next we establish (4.5). For i = 1,...,n, we can write p¥ in (3.4) as

o= [ Zﬂf‘h

for some 3; € R, j =1,...,n. Using (4.1) and (4.8), we have

Tk 1 ] j ’
= e ot = e o s e
i j= i
By (4.9), this becomes
Ni(e®) = X5 e . & ’
Bi = |§Z (1 + Z 52 _ )\*]2) qi(c’”)TJZ:: )\j(ck)J_ e qj(c*).

Since q;(c*) are orthonormal, we have

ck —\*2 —3
Iﬂz|—<1+2—£2[ ; /\}]]2> <1.

J#i

Notice that by (3.5), the entries of the approximate Jacobian matrix Jj, are
independent of the signs of p¥. Therefore, without loss of generality, we may
assume that the sign of p¥ is such that 3; = q;(c®)Tpk >0, i.e.

k )\*2 _%
J#i

For any t > 0, since

1 t
1-(14+¢)72 = <t
1+9) VIHtl+v1+t) ~ 7
we have
ck) )\*]2
1_ﬁl<252 )\*]2

J#i
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Or by (4.10), we have

\i(ck) = A2 7 i(ek) = A] ;
1-0; < .
P < & gmck)—w = & gmck)—w
It follows from (4.2) and (4.7) that
RN ck) = AP
-6 < Se _—.
52 J#i ! ’Y
Since [[pk|| = [la;(c*)|| = 1, we have
Ipf —ai(e)> = (p¥) Pt —2ai(c®)TPF + qi(c®) qi(c)
= 2(1-p)< 272[Ai(c’“)—A;]Q.

Hence (4.5) is proved. O

Next we estimate the errors in \;(c*) and q;(c*). In particular, we show that
assumption (4.2) in Lemma 4.1 holds.

LEMMA 4.2. Let the given eigenvalues {\f}"_, be distinct and {q;(c*)}7,
be the normalized eigenvectors of A(c*) correspondmg to \;. Then there exist
positive numbers &y, po, and v, such that if ||c* — c*|| < do, then

(4.11) Ni(ef) =Xl < pollef —e*]l,  1<i<n,
(4.12) lai(c®) —ai(c”)| < pollc® —¢*ll, 1<i<m,
(4.13) i) = X5 > v >0, 1<i#j<n

Proor. This follows from the analyticity of simple eigenvalues and their
corresponding eigenvectors, see for instance [7, p.249]. O

By using the continuity of matrix inverses, we can show that the approximate
Jacobian matrix Jj of Algorithm 3 (see (3.5)) is nonsingular, provided that the
approximate eigenvector p¥ is close to q;(c*).

LEMMA 4.3. Let the Jacobian J(c*) be nonsigular. Then there exist positive
numbers &1 and p1, such that if 1r£1la<xn||pi~c —q;(c*)|| < 01, then Jy is nonsingular

and

(4.14) 14 < o

ProOOF. By (3.5) and (2.2), we have
[ Tkli = [T(e)]ij| = [P T ApF — qi(e®) " 4aqi(e”)], 1<i,j<n.
Hence by the Cauchy-Schwarz inequality
[Tklis = [Tl = 10F —ai(e))"4;pf — ai(c”) " Aj(ai(c”) — pf)

IpF = as(e) 1A, pF 1 + llai ()4 1pF - aie™)l]
2[4 llllpf —ai(e?)ll, 1<ij<n.

IN
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In particular, using the Frobenius norm || - ||, we have

—J(eM)| < —J(cM)|r < ; k_ qi(e)].
17k = S < 1k = T(e)llr < 2n max [|4;] max lp7 — ai(c)]
Since J(c*) is nonsingular, by the continuity of matrix inverses, we see that J,
exist and ||.J, *|| are uniformly bounded. O

Next we give an estimate on the error of Jy. For this, we need the following
lemma. Recall by (2.3) that J(c*)e* = A*.

LEMMA 4.4. Let w; be vectors approximating q;(c*) fori=1,... ,n. Define
the approzimate Jacobian matriz [Juw)ij = wiTAjwi for 1 <i,j <n. Then
(4.15) [ Jwe™ = X[ < 20]|A"[| oo max [Jw; — q;(c”)[.

1<i<n

ProOOF. Let W = [wy,---,w,] and Q(c*) = [qi(c*),... ,qn(c*)]. Define
A* =diag[\},..., X:] and E = Q(c*)TW — I. Then we have

WL A(c)W WTQ(eHA*Q(c*)'W = (I + E)T'A*(I + E)
(4.16) = AN+ ETA"+ANE+ETAE.
By (1.1), the diagonal entries of W A(c*)W are given by

[WTA(*) Wi W AW

<
Il
-

Il

(wlA;wi)eh = [Jwe i,  1<i<n.

<
Il
-

Il

By comparing it with the diagonal entries of (4.16), we see that Jyc* — A" is the
vector consisting of diagonal entries of EJA* + A*Ey + EJl A*Ej,. The bound
(4.15) on these diagonal entries has already been established for instance in [7,
pp. 249-251], see also [2]. O

By applying the lemma to Ji and {p¥}™_, in (3.5), we have the following

corollary.
COROLLARY 4.5. Let
(4.17) s¥ = Jpet — A%
Then
(4.18) [Is[] < 2n[IA*[|oo max [IpF — ai(c)]*.
1<i<n

According to Lemmas 4.2—4.4, we define

8
(4.19) p = (;‘Fl)l)o;
(4.20) o« = pu(20)Nloop® +4%07),

. 1 1 1
(421) d = mln{l,(SU,(sl,a,m,m}.
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Now we come to the main lemma of the paper, which gives the convergence rate
in terms of max;<;<n ||p¥ — q;(c*)]|.

LEMMA 4.6. Let the given eigenvalues {\f}?_, be distinct and the Jacobian
J(c*) be nonsigular. Then the conditions

(4.22) ¥ —c*l| <l —c| <6
and
k—1 * k—1 *

. k=1 _ . < _
(4.23) max o — ai(e)l] < plleh! — <)
imply

. 157_ s < k _ _*
(4.2 max [pt — ai(e")| < plle” — <
and
(4.25) ||c’chl —c| < cz||c’c — c*||5.

ProOOF. We begin by proving that (4.3) holds with £ = 1/4. Note that
P = i)l < llpf " = as(e)] + llai(e®) — ai(e®)]I-
Using (4.23) and (4.12), this becomes
1P ™" = qi(e®) || < plle® ™ — e[| + polle* —c*|l.

Hence it follows from (4.22) and (4.21) that

k—1 k k=1 _ _x [Ft =l
Ipi " —ai(c)l| < (p+po)llc™™ —c™|| < <L
Since p¥ and q;(c*) are normalized vectors, we have
_ T g _
1>]p 7 —a(e)IP = (PF7") Pt —2ai(c") i + qi(e®) T ai(cb)

= 2-2q;(c")Tpit.

Therefore q;(c*)Tp¥~" > 1/2. Hence by (3.3), we have

3 1 1

(4.26) i) (P} +t7) 2 5 +aile) 6] > 5 llai(eh) 6] >

Thus (4.3) holds with ¢ = 1/4. Recall that by (4.13), assumption (4

holds. Therefore, by Lemma 4.1, (4.4) and (4.5) are valid with £ = 1/4.
Let us now prove (4.24). Note that

o eIm

) also

427 pi —ai(e)ll < lpf — ai(e®)ll + llas(e”) —ai(c™)ll,  1<i<n.
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Putting £ = 1/4 in (4.5) and using (4.11), we have
k k 8 k * 8 k * .
Ip7 = ai(eDll < ZAi(e™) = Al < Zpolle” =€l 1<i<n.

By (4.12), we have
lai(e®) = ai(el < pollc® — ]l

Putting the last two inequalities into (4.27) and using (4.19), we have
k * 8 k * k * k * .
Ip7 = ai(eIf < Zpolle™ = e[+ pofle” = el = plle” =<7}, T <i<n.

Thus (4.24) is proved.
Next we prove (4.25). Combining (3.6) with (4.17), we have Ji,(c* — c**1) =
sk — r*. Therefore by (4.14), we have

(4.28) 1t — e[| < [T IT(ISE I+ R 1) < pa (1™ + 11D

By (4.18) and (4.24), we have ||s¥|| < 2n||A*||.op?||lc® — c*[|?. Putting ¢ = 1/4
in (4.4) and using (4.11), we get
1

VI < 4i(e®) = Af| < dpollch — e, 1<i<n.
Vi

Hence by (3.7), [|c*|| < 4ﬁp€||ck — c*||®. Thus (4.28) becomes
I — || < o1 (2nlIX*]|o0p®8* 7 +47p]) ek = |7 < alle* — |7,

where the last inequality follows from (4.20) and the fact that 6 <1. O

With Lemma 4.6, we are in the position to prove the local convergence of
Algorithm 3.

THEOREM 4.7. Let the given eigenvalues {\}}?_, be distinct and the Jacobian
J(c*) be nonsigular. Then Algorithm 3 is locally convergent with convergence
rate 3. More precisely, if ||c® — c*|| < 6, then c* converges to c¢* with

et — et < allet — ', k=1.2,....

Here a and 0 are defined in (4.20) and (4.21) respectively.

PROOF. We first prove by mathematical induction that (4.22) and (4.23) are
true for all k.

For k = 1, we recall that the first step of Algorithm 3 is the same as the first
iteration of Algorithm 1. In particular, p? = q;(c®) are the exact eigenvectors
of A(c?). It follows from (4.12) that

(4.29) IP? — ai(e”)l < polle” — e[| < plle” —e|I.
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Hence (4.23) is true for k¥ = 1. Also since the Jacobian equation is solved
exactly in the first iteration, we have ||r°|| = 0. From (4.18) and (4.29), ||s°]] <
2n||A*||sop?||c® — c*||>. Put these two estimates into (4.28) and we have

let = e[ < p1(2n]|A7[Joop?)|e” — eI,
It follows from (4.20) and (4.21) that
le! ="l < afle” — c*[* < adl|c® — e[| < [Ic® — || < 6.

Thus (4.22) is also valid for k& = 1.

Next we assume that (4.22) and (4.23) are true for all positive integers less
than or equal to k. Then by Lemma 4.6, (4.24) and (4.25) are valid for the same
k’s. By (4.24), we see that (4.23) is true for k£ + 1. Moreover by (4.25), (4.22)
and (4.21), we have

lefH —e*| < alle® — eI < ad? ek — e[| < lcF — el <4,

i.e. (4.22)is also true for k+1. Thus by mathematical induction, we have proved
that (4.22) and (4.23) are true for all positive integers k. Therefore by Lemma
4.6, (4.25) also holds for all positive k, and the theorem is established. O

5 Numerical Experiments

In this section, we compare the convergence rate of Algorithm 2 (the Newton-
like method) with that of Algorithm 3 (the inexact Newton-like method). We
use Toeplitz matrices as our A4; in (1.1):

0 1 0 0 0 O 0 1
1 0 1 0 0
AIZI;AZZ 0 1 01> '7An:
.0 01 0o --- 0
0 0 1 0 1 0 -~ 0 O

In particular, A(c) is a symmetric Toeplitz matrix with the first column equals
to c. All our tests were done in Matlab.

In the tests, we tried Algorithms 2 and 3 on ten 60-by-60 matrices. For
each matrix, we first generate ¢* with entries randomly chosen between 0 and
10. Then we compute the eigenvalues {\;}", of A(c*). The initial guess c°
is formed by chopping the components of ¢* to two decimal places. For both
algorithms, the stopping tolerance for the outer (Newton) iterations is 1010,
The inner systems (2.4), (2.6), (3.2), and (3.6) are all solved by the Matlab-
provided QMR method [6]. The stopping tolerances for (2.4) and (2.6) is 10713,
and for (3.2) and (3.6), they will be as given in the equations. Besides the
tolerances, we also set the maximum number of iterations allowed to 400 for all

inner iterations. For the inverse power equations (2.4) and (3.2), we use vF~!
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B |11 12 13 14 15 16 1.7 1.8 19 2.0 | Algo. 2
Iterations | 8.3 6.5 51 48 44 43 43 43 43 43| 43

Table 5.1: Average numbers of outer iterations for Algorithms 2 and 3.

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 | Algo. 2
36.1  26.5 17.0 159 128 125 127 129 131 131 21.8
J | 1.02 873 .746 .735 701 .690 .717 .729 737 741 0.930

~|®

Table 5.2: Averaged total numbers of inner iterations in thousands for the inverse
power method (I) and for the approximate Jacobian equation (.J).

as the initial guess, and for the Jacobian equations (2.6) and (3.6), we use c* as

the initial guess.

Table 5.1 gives the average numbers of outer iterations for the ten test matrices
with respect to different choices of 5. For comparison, we also give the average
number of outer iterations for Algorithm 2. We see that for 5 between 1.6 and
2, our method converges at the same rate as Algorithm 2. In Table 5.2, we
give the total numbers of inner iterations (averaged over the ten test matrices)
required by the inverse power method I (i.e. (2.4) in Algorithm 2 and (3.2) in
Algoritm 3) and by the Jacobian equation J (i.e. (2.6) in Algorithm 2 and (3.6)
in Algorithm 3). We see that if § > 1.3, then one requires less inner iterations
in Algorithm 3 than that in Algorithm 2. The most effective 3 is around 1.6.

From Tables 5.1-5.2, we can conclude that Algorithm 3 with 3 between 1.6
and 2 is much better than Algorithm 2. To further illustrate this, we plot in
Figure 5.1 the convergence history for one of the test matrices. To illustrate
the oversolving problem, we plot the error ||cy — c¢*||a of the iterates both in
the outer iterations and also in the inner iterations with the marks denote the
errors at the outer iterations. We can see that our method converges faster than
Algorithm 2. Moreover, for Algorithm 2, oversolving problem is very significant
(see the horizontal lines between iteration numbers 150 to 300, 430 to 520 and
690 to 800) whereas it is not quite significant for Algorithm 3 with 8 = 2 (see
the horizontal lines near iteration numbers 430, 600, and 770). However, for
B = 1.6, we only see oversolving at the second outer iteration between iteration
numbers 150 to 300 (the same as Algorithm 2 or Algorithm 3 with 8 = 2) and
there are no oversolving at all for the subsequent iterations.

Finally, we remark that when Algorithm 3 is applied to symmetric Toeplitz
matrices {4;}7_;, (3.2) become Toeplitz systems. For iterative methods, the
main cost in each iteration is the matrix-vector multiplications. By embedding
the Toeplitz matrices into circulant matrices, the cost per iteration can be re-
duced from O(n?) to O(nlogn), see for instance [1]. As for the linear system
in (3.6), the cost per iteration can also be reduced. In fact, for any vector
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Figure 5.1: Convergence history of one of the test matrices.
— T
x=(T1,-..,Tpn)",

[Texli = >z (ph) T Ajpf = (pf)"Ax)pf, 1<i<n.
j=1

Thus it is not necessary to form Jj, explicitly and Jix can be found via Toeplitz
matrix-vector multiplications in O(n?logn) operations instead of O(n?®) oper-
ations. As a comparison, the recent algorithm in [8] is essentially a Newton
method and only partly utilizes the special structure of Toeplitz matrix; and so
in each iteration, its computational cost is O(n3) operations.
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