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§1 Introduction.

An n-by-n matrix T, is said to be Toeplitz if it has constant diagonals, i.e. [T},];x =
tj_p for all 0 < j,k < n. It is said to be circulant if we further have [T,]; n—1 = [Tn]j+1,0
for all 0 < 57 < n — 1. In this paper, we consider the convergence rate of the precon-
ditioned conjugate gradient method for solving Toeplitz systems T, = b with circulant
matrices as preconditioners. Strang in [13] showed that for such method the cost per
iteration is of O(nlogn) operations. In contrast, super-fast direct Toeplitz solvers require
O(nlog® n) operations, see for instance Ammar and Gragg [1]. Thus one has to analyze

the convergence rate of the iterative method in order to compare it with direct methods.

To analyze the convergence rate, which is a function of the matrix size n, we assume
that the given Toeplitz matrix T;, is the n-by-n principal submatrix of a semi-infinite

Toeplitz matrix 7. The function f which has the diagonals {¢;} of T as Fourier

o
j=—00
coefficients is called the generating function of the sequence of Toeplitz matrices {7}, }5% .

Chan and Strang [5] proved that if the Strang preconditioner S,, [13] is used, the method

will converge superlinearly whenever f is a positive function in the Wiener class, i.e. when

e o]

the sequence {t; }j:_oo is absolutely summable. The superlinear result is established by

first showing that the spectra of the preconditioned matrices S, 1T;, are clustered around

1.

Since then several other circulant preconditioners have been proposed and analyzed
under the same assumption that 7}, are generated by a fixed function f, see T. Chan [9],
Huckle [10], Ku and Kuo [11], Tismenetsky [14], Trefethen [15] and Tyrtyshnikov [16].
The most noticeable one is the T. Chan preconditioner C), [9] which is defined to be the
minimizer ||B,, — T,||r over all circulant matrices B,,. Here || - || denotes the Frobenius
norm. The preconditioner C,, has a distinct advantage over S, in that C), is always
positive definite whenever T, is, see Tyrtyshnikov [16]. Chan [2] proved that under the
Wiener class assumption, the spectra of C7 1T, and S, 1T,, will be the same as n tends to

infinity and hence for sufficiently large n, the preconditioned system C 1T}, converges as
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the same rate as the system S 1T}, provided that f is in the Wiener class.

However, in our recent papers, we have shown that the two preconditioners are funda-
mentally different. By using Weierstrass’ theorem, we showed in [6] that if the underlying
generating function f is a positive 2m-periodic continuous function, then the T. Chan
preconditioned systems C;, 1T, have clustered spectrum around 1 and hence the systems
converge superlinearly if the conjugate gradient method is employed. But the proof used
there does not work for Strang’s preconditioner. In [7], we resorted to a stronger form
of Weierstrass’ theorem, namely the Jackson theorem in approximation theory and we
are able to show that the Strang preconditioned systems ST}, have clustered spectrum
around 1 and hence converge superlinearly whenever f is a positive 2m-periodic Lipschitz
continuous function. One explanation of this fundamental difference, though not a for-
mal mathematical proof, is that we can associate the Strang preconditioner S,, with the
Dirichlet kernel whereas the T. Chan preconditioner C,, can be associated with the Fejér
kernel, see Chan and Yeung [8]. It is well-known in Fourier analysis that if f is 27-periodic
continuous (or respectively Lipschitz continuous), then the convolution product of f with
the Fejér kernel (or respectively the Dirichlet kernel) will converge to f uniformly, see for

instance, Walker [18, p.59, p.79].

In this paper, we will consider f that are not positive 2w-periodic continuous but only
nonnegative piecewise continuous. We will show that for these generating functions, the
spectra of C,; 1T, will no longer be clustered around 1. More precisely, we show that for all
sufficiently small € > 0, the number of eigenvalues of C;;1T;, that lie outside (1 —¢,1 + €)
will be at least of O(logn). If moreover f is strictly positive, then we can show further
that the number of outlying eigenvalues is exactly of O(logn). Numerical examples are
then given to demonstrate that for the preconditioned systems, the numbers of iterations
required for convergence do increase like O(logn) and hence the convergence rate of the
method cannot be superlinear in general. Recalling the explanation made in the preceding

paragraph, it is interesting to note that for piecewise continuous f, its convolution product



with the Fejér kernel will no longer converge to f uniformly.

The outline of the paper is as follows. In §2, we list some of the useful lemmas that will
be used in later sections. In §3, we show that for piecewise continuous generating functions
f, the number of outlying eigenvalues of the matrix T,, — C,, is at least of order O(logn)
and hence the spectra of T,, — C}, cannot be clustered around zero. Using this result, we
prove in §4 that the spectra of C, 1T}, cannot be clustered around 1 for any nonnegative
piecewise continuous function f. We then prove in §5 that if f is strictly positive, then
the number of outlying eigenvalues of C;1T), is exactly of O(logn). Numerical results
are given in §6 to illustrate how the discontinuities in f affect the rate of convergence.
They show that the convergence rate is no longer superlinear and in general the number
of iterations required for convergence increases at least like O(logn) when n increases.

Concluding remarks are finally given in §7.

§2 Preliminary Lemmas.
Let L5, be the space of all 2m-periodic Lebesgue integrable real-valued functions

defined on the real line R. For f € Ly, its Fourier coefficients are defined as,

1 [~ .
tk[f]=§/ F(0)e %40, k=0,+1,+2,...

Let 7,[f] be the n-by-n Toeplitz matrix with the (j, k)th entry given by t;_x[f], 0 < j,k <
n and C,[f] be the n-by-n circulant matrix that minimizes ||C,, — 7,,[f]||r over all n-by-n
circulant matrices C,,. The matrix C,[f] is called the T. Chan circulant preconditioner
and its (7,[)th entry is given by c;_;[f] where

(n — K)te[f1+ ktr—n[f]

0<k<n,
Ck[f]Z{ "
CnkLf] 0< —k<n,

see T. Chan [9]. In this paper, we will consider the spectrum of C; 1[f]T,[f] as n goes to
infinity for piecewise continuous functions f € Lo,. Since f is real-valued, t_[f] = tx[f]
and hence 7,[f] and C,[f] are Hermitian matrices for all n. For f € Lo, let fmax and

fmin be its essential supremum and infimum respectively.
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Lemma 1. Let f € Lo, with fumax # fmin- Then for alln > 1,

fuwin < Amin(To[f]) € Amin (Calf]) < Amax(Colf]) < Amax(Tnlf]) < frmax,

where Amax and Apin denote the mazimum and minimum eigenvalues respectively.

Proof. For the two strict inequalities, see Chan [3, Lemma 1]. For the other inner inequal-

ities, see Tyrtyshnikov [16, Theorem 3.1].

Notice that if fiax = fmin, then Tn[f] = Cn[f] = fmin - In where I, is the n-by-n identity
matrix. Thus in the following, we assume for simplicity that f is non-constant.

Given a Hermitian matrix A, N(e; A) will be used to denote the number of eigenvalues
of A with absolute values exceeding e. A sequence of Hermitian matrices {4, }n=1,2,... is
said to have clustered spectra around « if for any € > 0, there exists a ¢ > 0 such that for

alln > 1, N(e; A, — aly,) < c. If o =0, we simply say {Ay, },=1,2,... has clustered spectra.

Lemma 2. Let A, and B, be n-by-n Hermitian matrices and A and u be any positive

numbers. Then

(i) N(x=uA,) = N(%;An»

(i) N(A+ p, Ap + Brn) < N(X, Ap) + N(p, Br).

Proof. (i) is trivial and (ii) can be proved by Cauchy’s interlace theorem, see Wilkinson

20, p.103] or Widom [19, p.11].

It follows immediately from Lemma 2 that if {A,} and {B,} are two sequences of Her-
mitian matrices with clustered spectra, then {«A,, + 8B, } also has clustered spectra for

any real numbers « and (.

Lemma 3. Let {A,}n=1,2,... be a sequence of Hermitian matrices. If sup ||A,||r < oo,
n

then {A,} has clustered spectra.

Proof. Since ||A,||% is equal to the sum of the square of the eigenvalues of A, it follows

that for any given € > 0, N(e; A,) < sup||4,|% /2.
n



Lemma 4. (Chan and Yeung [6, Theorem 1]) Let f € Lo, be continuous. Then the

sequence of matrices

has clustered spectra.

Lemma 5 (Widom [19, p.30]) Let H,, be the n-by-n Hilbert matriz

- 1 1 1 -
L5 5 5
101 oo
2 3 n+1
H, = %
11 NP i
-n n+1 2n—1 -
Then for any 0 < e < w, we have
2 1€
N(e,H,) = =logn-sech™'= - (14 o(1))
s v

where o(1) tends to zero as n increases.

Lemma 6. Let f € Lo, be bounded. Define H,[f] to be the n-by-n Hankel matriz with

entries given by
[Hn[f]]J,k:(tj-Fk[f]) ) jak:()a]-a"' 7n_1'

Proof. By Nehari’s theorem [12, Theorem 1], the infinite Hankel matrix H[f] satisfies
IHLANE = max {z*H I H =} < IIF1%-
Hence for any n-vector y with ||y||o = 1, we have
191 > 0 HL) () 2 0 M Ll

In particular, [|[H,[f]ll2 < [[flleo O



§3 Spectra of A,[f].

In this section, we prove that if f € Ly, is piecewise continuous, the spectrum of
Anlf] = Talf] — Culf] cannot be clustered around zero. More precisely, we show that
N(e; Ay[f]) > O(logn). For simplicity, we will present the proof for the case n = 2m.
When n is odd, the proof can be modified accordingly.

Before we start, let us give a brief motivation of our proof. Suppose we have an
f € Lo, which has only one jump discontinuity at & € (—m, 7]. Then by adding multiple
of the function g(f) defined in Lemma 8 below, the sum of the functions will be a 27-
periodic continuous function. In view of Lemmas 2 and 4, we then only have to consider
N(e; Aylg]). In Lemma 8, we will show that the spectrum of A,[g] is basically the same
as the spectrum of the Hilbert matrix H,, with only small norm perturbation. Hence by
Lemma 5, we get the result. The proof below however will be more complicated because
we need to show further that if f has multiple jumps, then the outlying eigenvalues derived
from one jump will not be canceled out by the outlying eigenvalues from the other jumps
and thus leave us with a clustered spectrum.

Let f € Lo, be a piecewise continuous function with points of discontinuity in (—, 7]
at —m < 0y <--- <0, <7 and jumps

ap = lim f(#)— lim f(@), k=1,---,v.

+ —
06, 0—6,

Let the biggest jump be at 0y, , i.e.

lak, | = max |ogl.
1<k<v

Insert arbitrary v points ¢q, ¢2,... , ¢, into {61,0s,...,6,} such that
T < P1 <O < Ppa<Oy<--- <, <0, <.

Define the functions
0+7T—9k0 —7T<0§0k0,
9o (0) =
0—m—0k, 0O <0<,
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(0 —m <0 < qbka
0 —
=k b <0 < O,
) 200k — 9x)
gw(0) =9 5_ s
— O <6< ,
2(¢r+1 — Ok) ; = P
\ 0 ¢k+1 < 0 S ,
fork=1,2,... ,vr—1and
0 - <0<y,
0— o,
s P <06,
gv(o) = 2(01/ - ¢I/)
0—x
—  0,<0<m,
2(r—96,) sOsT
if 6, < 7 or 0o
— 1
— —71 <0< ¢,
2g1 + ) =
g,(0)=¢ 0 D1 <0<y,
0_¢I/
—— ¢ <0<m,
2(7T—¢,,) ¢
if 0, = w. All functions g;(6), K =0,1,--- ,v are to be extended into functions in L.

Now we write f as

o - ak -
f=7+—"90+ > arbrgr — — 90— > ardrgr
k=1 k=1

where

{—1 k= ko,
Sy =
1k # k.

Then we have

«a v a v
:0 g0+ Y arlrge] — %AZm[QO] — Aoy, [Z ak5k9k] (D)
k=1 k=1

In the next three lemmas, we consider the limiting behavior, as m tends to infinity, of the
eigenvalues of the three terms in the right hand side of (1) respectively.

Lemma 7. The sequence of matrices

Oéko

9o + Z Ak Okgk| bm=12,...
k=1

{Agn[f +

™

has clustered spectra.



Proof. By Lemma 4, it suffices to show that the function

Oéko

fr—"00+ Z Ok Gk

k=1
is a 2w-periodic continuous function. However, from the definitions of gz, £ = 0,1, - , v,

it is clear that the function is already 27-periodic and that the points 6;, 7 = 1,2,--- ,v

are its only possible points of discontinuity in (—m, 7). However, for 6; # 0y,, we have
0) + Z 0k (0)]

= lim [f(0) + ako )+ Zak&cgk )+ a;;9;(0)]

lim [f(0) +

9—)9;

0—)9]._
k#a
= lim f(0)+ go —i—Zakék 0+ ajé
0—)0]._
k=1
k#j
“ 1
k
— 01_151 £0) + o g0(0;) + Zak5k 0 Eaﬁj
J k=1
k#j
= {)lirglJr [£(0) + —22go(8) + Z 0k gr(0) + ;0;9;(0)]
_)
17
. a -
= lim [(6) + %0 00(0) + > andrgr(9))
9—)9] ™ k=1
At 0y, , we have
o 14
lim [f(0) + ko 90(9) + Z a0k gr(0)]
9—)9;0 k=1

k=1
k#ko
Qy
= lim f(0)+ —=2 g, + apo
ot f(6) 5 Ok > by
k=1
k#ko
(697 1 z
= lim C(=m) — (— =)ok, + oo - 0
Jim £0)+ S 0n) —(g)on + 3
k#ko
- T Yko _
—ol_l)%o[f(e)Jr 90(0) — aty gr, (0 z_:ak%gk
k;éko
:91_1)1%0[]0(9)+ 0)+Eak5k9k(9)]' O



Lemma 8. Let & be an arbitrary point in (—m,w|. Let g € Lo, be defined by

O+m—¢ —T<0<E,
o0 -1,
—m—§¢ £<0<T.

Then

A2m[g] = A2m + BZm7 (2)

where As,, and Bs,, are both Hermitian matrices with

4
N(€; Asgp) = —logm - sech™ = - (1 + o(1)), (3)
s s
for any 0 < e <m and
sup || Bom|lF <24 2VIn2 < oco. (4)

Proof. The Fourier coefficients t;[g] of g are given by

1 iy - 0 kZO,
thlg] = — 0)e do = ;
klol = o /_Wg( Je ée—zkf b= +1,42 ...

Thus the first row of Ay, [g] is given by

(0. 51zl tameslg) o ]~ ool s 25 a1

2m
—{0 _w _ie_i(2m_j)§ it
o 2m—1 7777 2m—j 7T
(o ,L'(e—i(2m—1)§ _ eif) i(e—i(2m—j)£ _ ez’jg) i(e—if _ 6i(2m—1)§)
) 2m ) ) 2, ) ) o .

Let Agm and Bzm be the 2m-by-2m Hermitian Toeplitz matrices with their first rows

given by
o—i(2m—1)¢ o= 1(2m—j)¢
_e - _e i
(0, g 1 am—j ie ) (5)
and
0 Z’(e—i(2m—1)§ o ei{) i(e—i(2m—j)§ o eij&) i(e—zf o ei(2m—1)§) (6)
’ 2m N 2m N 2m

respectively. Then we have Agp,[g] = Aoy + Bam. From (6), we have

2m—1

5 ) . , 12
HBzrnHiﬂ =2 Jz::l (2m —j)‘ﬁ(eﬂ@m_])& _ ezaé)‘
2m—1 .
<2 Z QTZ;] = 2(2%_ D < 4. (7)
J=1
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We next partition As,, as

~ 0 U, Vi 0O
e 5] 2]

By (5), we see that V,,, is a Hermitian Toeplitz matrix with its first row given by

je—i(2m—1)¢§ je—i(2m—j7)¢ je—tm+1)¢
(’_ om—1 77 2m—j T m+1 >
Hence
m-1 o—i@m—5)E |2 |;pi2m—j)E |2
e e
V% = D= T o
Winlle = 3 (m ) ” | +| s
=1
m—1 . m—1 2m—1
— 1
—2Y T < .<2/ “dz < 2In2. 8)
= (2m — j) et 2m —j m x

Thus if we define

then by (7) and (8), we have
| BamllF < | Bamllr + V2||VinllF < 2+ 2VIn2.
It remains to show that the matrix
. ~ ~ ~ Vo O
Aoy = A2m[g] — Bay, = Aoy + Bay, — Bay, = Aoy, — V. =

satisfies (3). To prove that, we first define

0 1
JmE . )

P,, = diag(1, e, ... M2 gilm=1)¢)

and
Q= diag(—ie_img, _Z-e—i(m—l)f’ e _Z-e—2i§’ —ie_zf).

11



It is straightforward to check that U,, = P} H,,J,,,QQ,, where H,, is the Hilbert matrix
defined in Lemma 5. Hence
A — 0 Un| [P, O 0 HyJn||Pn 0
=y 0| |0 Q5| | JmHm 0 0 Qm
_Lip, 0 L, I, H, 0 L, Jn P, 0
200 QL |Im —Inm 0 —Hpl|l|I;m —Jn 0 Qnm

1[1»;,; Py Hﬂm 0 Hpm JQO].

- m
Since
1 [Pm TmQm ]
\/5 Pm _JQO
is an orthogonal matrix for all &, A,, is orthogonally similar to
H, 0
0 —-H,|

By Lemma 5, (3) follows.

Lemma 9. The matriz Agp,[ > ardrgr] can be written as
k=1

A2m [Z akékgk] = D2m + E2ma (9)
k=1

where Do, and Es,, are Hermitian matrices with

N(|a§°| : D2m> =0 (10)

and

sup ||Eam||F < ¢ < o0 (11)
m
for some ¢ independent of m.

Proof. For simplicity, let us write

h = Z ak5kgk.
k=1

Define W,,, to be the m-by-m Toeplitz matrix

tmlh]  tmei[h] ... ti[h]
W,, = tm+1[R] t2[h] . (12)
tom i) tomalh] tlh]

12



It is clear that the entries of the Hankel matrix W,,J,, are just Fourier coefficients of the

function h(@)e~*. Therefore, by Lemma 6, we have
WinJm|l2 < Sgplh(e)e_wl = [Pl

where by the definitions of A and g, 1 <k <v,

(077N
Il = 1h(0,)| = ]
Hence if we let
0 —Wn
D2m - |:_W:,; 0 :| )

then we have

(04
| Damllz = [Winllz = [WindmJimllz < Wi dimll2 )| T ll2 < [0 | §°|-

Thus N (|, |/2; Dam) = 0.
It remains to show that Fs,, = As,,[h] — Da,, satisfies (11). To estimate ||Ea.,| F,

we partition the Hermitian Toeplitz matrix As,,[h] as

Agp[h] = [Xm Ym].

Y X,

Clearly X,, is an m-by-m Hermitian Toeplitz matrix with its first row given by

(0. o (8] =t D). 2 0ol a2l " (s = a1 ) (13

and Y,, is given by the m-by-m Toeplitz matrix
2l = bl BE(oalh] = talh) e 2 (o [B] — B[R]
Bt (t—mr1[h] =ty [R]) :
55 (t—1[h] - tam—1[h]) s (to[h] — tam—2[h]) ... 3 (t=m[h] = tm[R])
(14)
Therefore
X W +Yn

Fom = Wr + Y7 X,,

13



and hence

1B2m |7 = 2 X7 + 2 Wy + Yol - (15)

By direct computations, the Fourier coefficients ¢;[h] of h are given by

v—1 .. .. .. ..
]_ .. 6_1.7010 _ e—l]¢k e—lj¢k+1 _ e—zjﬂk
t[h] = akék{%e_”ok + . + . }
’ 4mj ,; (Or — dx)J (Pr+1 — Or)J
« (5 .. e_ijel/ — e_ij¢1/ e_ijﬂ' _ e—ijé‘,,
+ LY 25700 4 a—— : }, j=41,+2,...
4y { (01/ - ¢V)] (7T - 01/).7

when 6, < w. If 8, = 7, then

v—1 —ijOk _ o=ijdr  g—ifbrt1 _ o—ijbk }

1 . e
tilh] =—— Y " apdrd 2ie 0 4 — + .
i) =gy 2 0 4 =i (Grer— 00

ay(s,,{ y e €T =ity i _ ez’jw} i
—— e +ie T 4 — + — ¢, J==x1,£2,....
Amj (m—¢v)J (1 + )
In either case, there exists a constant ¢ such that
c :
lt;j[h]] < =, Jj==£1,£2,....
171
Hence by (13),
m—1 ] 2
10 =2 30 = )| 0501 =t 1)
j=1
1 m—1 c 2
< - . .2 e
<5z (= 3)i (j Zm_])
7=1
m— m— j m—1 ] o m—1
= 2c? = 2¢? Z j<c (16)
— )2 N2 =2
= (@2m—j) = (m+3)? = m?
Moreover, by (12) and (14),
m—1 m+] 2
Wi+ ol = 3 (= )]+ T 6yl = 000+
7=0
m—1 m —j 2
b3 1= )ty 0+ T 01 a1
j=1
m—1 . . 2
N/ m—
= — ) —t_p_jilh] + —t_;h
s m—j m+j 2
b3 = )|t + B 0
j=1



m—1

1 ) .
< 1z H{(m + DNt m—j[B]] + (m = )|t [A]]}*+
j=0
1 m—1
Z——-j{: M — )t et [B]] + (10 + ) [t 5 [B]]}?
62m 1 sz 1
SW (m W

o

Jj= j=1

Putting this and (16) back into (15), we have ||Ey,||Fr <2c.
We now combine Lemmas 7-9 to show that the spectra of Ay, [f] cannot be clustered.

Theorem 1. Let f € Lo, be piecewise continuous with points of discontinuity in (—m, ]

at —w < 0y < -+ <0, <7 and jumps

ap = hm f(0)— lim f(6), k=1,---,u.
0—)0 6’—)6’;

Define |ag,| = maxi<p<y |og|. Then for any 0 < € < |ag,|/4, there exists a constant b,
independent of m, such that

(14 0(1))logm - sech™ (1+i) b

|ak0|

N (e Agm[f]) 2

mg

where o(1) tends to zero as m increases.

Proof. Putting (2) and (9) into (1), we find

Oéko

AZm - {AZm[ - —B2m - E2m} DZm - AZm[f]

k=1
= G2m _D2m _AZm[f] )

where

GZm = AZm[

AL,

- B2m - E2m-
Vs

k=1

We note that by (4), (11), Lemmas 7 and 3, the sequence of matrices {Ga,, } has clustered

spectra. Moreover, by Lemma 2 and (10),

N(—'a;°| + 26,22 A2m> < N(&; Gom) +N(@ —D2m> N(& —Aanlf])

|ako|

2
= N(€ Gam) + N(€& Ao [f])

= N Ga) + N (12 D, )+ N (e Bl )

15



for all € > 0. Thus by (3),

Oéko

A2m> - N(G, GZm)
™

N@AmUDzNG%ﬂ+%;

|k, | + 4e
= - Am - ;Gm
N( 2|cvry | T A2 N (€ Gam)
4 1 2¢
= (1 1)1 -sech™!{ = — N(e; G
7r( + o(1)) logm - sec (2 + |Olk0|> (€; Gam)

for all 0 < € < |ag,|/4. Finally, since {Gay, } has clustered spectra, it follows that for any
0 < € < |ag,|/4, there exists a constant b such that N(e; Gap,) < b for all m. Hence the

theorem is proved. n

84 Spectrum of the Preconditioned Systems.
In this section, we consider the spectrum of the preconditioned matrices C,; *[f]T,[f]-
We note that by Lemma 1, f should be nonnegative to guarantee that 7,[f] and C,[f] are
positive definite. When C,,[f] is positive definite, C;l/z[f] is well-defined and C; [ f]T,[f]
—1/2

is similar to the Hermitian matrix Cp, */ 2[ f1Talf1Cn "7[f]- The following theorem shows

that the spectrum of

Calf172 AWlfICLA? = CT PIAITRLAIC 2] — I,

cannot be clustered around zero.
Theorem 2. Let f € Lo be nonnegative and piecewise continuous. Let its points of

discontinuity in (—m, 7| be at —w < 01 < --- < 0, < 7 with jumps

ar = lim f(0)— lim f(0), k=1,---,v

+ u—
06, 06,

and |ag,| = maxi<g<y |og|. Then for any 0 < e < 4|||O}k|‘|)| , there corresponds a constant b
such that
4 1 2¢€||flloo
N6 Cal A A1) 2 20+ o) og - seen (5 4 20y
T 2 2 |tk |

where o(1) tends to zero as n increases.
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Proof. For simplicity, we write A, [f] and C,,[f] as A,, and C,, respectively. For any nonzero

_1
vector z, let y = A,Cp *x. Then

_1 _1
2*Cn P ACIACL Pyt Cr Yy

r*T r*T

If y = 0, we have
1
*xmr—1 *
Yy €y = Yy

" fmax

and if y # 0, then by Lemma 1,
A o C1y 1,
YOty = 22yt > Ain(Cr ) - Yty > Y. (17)
Yy Jmax

So we constantly have

_1 _1
y*C_1y> 1 y*y 1 z*C, 2A2C, %z

n

T*T T fmax T¥T  fmax T*x
_1
Let z =Cp, *z. Notice that z # 0 since  # 0. Therefore we have

y*Crly S 1 2*AZz I PAANY 2z

n

T*T T fumax T*T fmax 2%z x*x
Since by Lemma 1 again,

* *x—1
zz:an x>)\min(C;1)> 1

fmax

)

T*x T*x

it follows that

n

_1 _1
o Cn P0G NG Pyt Cly S 1 2*AZz

* * — £2 *
rx rx max z z

Hence by the Courant and Fischer theorem, see Wilkinson [20, p.101], we have, for any

—
nonzero vectors {v;};_; in C,

_1 _1
2*Crn 2 ARCTIALC, 21 1 2*A2 7
max ” > max TR -
z#0 T T#£0 fmax z'z
:l,‘E(Ul,...,’lJJ',l)L xe(vl,...,vj,ﬂl
1 z*A2z
= maXx Fou . "
2#£0 max zz
1 1
ZE(C,,% vl,...,C’,% ’Uj_1>J‘
1
2
> 2 ’ AJ(An)a
max

17



where the eigenvalues \; are ordered as Ay > Ay > --- > \,. Since {vg }?9;11 are arbitrary,

by the Courant-Fischer theorem again, we then have

A (Cn ZAC IALCHE) >

Therefore, for 0 < € <
4fmax

N(6Co *8nC ®) = N (Co ¥ AnCi #)* (Co* AnCr ?)
= N0 AL ALCT)

A7) =

N( max€ A2) (fmaxe; An)

max

Hence by Theorem 1, we have

N(:Cr? ALCh ) >

4 26fma,x
;(1+0( ))log— sech™ (2+ o | )—b. 0

85 Bounds on the Number of Outlying Eigenvalues.
In this section, we show that if f is strictly positive, then the number of outlying
eigenvalues of C, '[f]T,.[f] cannot be more than O(logn). We begin with the following

Lemma.

Lemma 10. Let f € Lo, be piecewise continuous with points of discontinuity in (—m,n]
at —m < 01 < --- < 0, <7 and jumps ag, k = 1,--- ,v. Then for all sufficiently small

€ > 0, there exist positive constants ¢y and ¢z, independent of m, such that

c1logm < N(e Aoy [f]) < calogm .

Proof. For k =1,2,... ,v, we define

O+m—0, —m<O0<0O;,
0—m— 0 9k<0§7r,

9k (0) :{

and write f as
f= {f+22—’“ Z;‘—

18



It is easy to check that the first term on the right side is continuous. By Lemma 8,

Qg . "« _
Do [f] = Do [f + Z —kgk Z ﬁAzm[Qk]

Q. Qg
= Qom[f + Z _kgk Z o (Ak,2m + Br2m)

where Ay, o, and By, o, satisfy the propertles in (3) and (4) respectively. Hence by Lemmas
2-4, we have for any 0 < € < “F{ay, |, (where as before |og,| = maxi<y<, |ax|), there

exists a positive constant ¢ such that

€ Oék~ = (77
N(& Ao [f]) < N(——; Aoy §j— > Bigm
(6 Agi[f]) < (1/+1 om[f + gx] k_127r k,2m)+
ve (657
N -—§ Jpuy
+ (l/—i-l, ] o k,2m)

z €
< N(——:
_C+kz1 (1/+1’

(04X )
o k,2m

” 2me
=+ > N(— i A om
’ ol A2m)
4 2€
= =1 csech ' ———— ). (1 1
o+ Yoot ()0 o)
4 Z 2e
< = 1)) -sech 4 ——
_c—i—ﬁlogmg (14 o(1)) - sec <|ak0|(l/+1)>

k=1

4v 2¢€
=c+ —logm-(1+o0(1 sech_l<7>.
— log ( (1) om0+ 1)

By combining this result with Theorem 1, the Lemma follows.
As a corollary, we can show that the matrix C,[f]~17,[f] — I, will have at most

O(logn) outlying eigenvalues provided that fumi, >0 .

Theorem 3. Let f € Lo, be piecewise continuous with fuin > 0. Then for all sufficiently

small € > 0, there exist positive constants c3 and cg4 such that
n 1 1 n
¢slog 5 < N(Calf]7 2 An[f1Calf]7%) < calog 3.

Proof. The proof is similar to Theorem 2 with (17) replaced by
*7—1 1

_ yCyy
Yim U= ey VY= G Fnin

where the last inequality above follows from Lemma 1.

Yy,
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§6 Numerical Results.

In this section, we illustrate by numerical examples how the discontinuities in the
generating function f affect the convergence rate of the method. In the examples, test
functions f defined on (—m, 7] are used to generate Toeplitz matrices 7, [f] and the systems
Tolf]x = b, where b = ﬁ(l, 1,---,1,1)*, are then solved by the preconditioned conjugate
gradient method with or without the preconditioner C,[f]. All computations are done by
Matlab on a Sparc II workstation at UCLA. The zero vector is used as the initial guess
and the stopping criterion is ||ry||2/||7ol|2 < 1077, where r, is the residual vector after ¢
iterations. Table 1 shows the numbers of iterations required for convergence. In the table,
the first row gives the generating functions and the second row indicates the preconditioner
used. The function f3 ., 0 <y < 3, is a piecewise linear function defined by

F=%945 —r<o<o,
™

9) =
T 0) B4y 0<t<n
Vi

where 3 and « are the maximum and minimum values of f{s .} on (=, 7] respectively.

0* + 1 (0 +m)°+1 J{10,0.1} 6 + n)° J{10,0

n ||None |C,[f] |None [C,[f] ||None |C,[f] |None |C,[f] |[None |C,[f]
16 8 8 16 9 8 7 16 10 8 7
32 20 7 33 10 16 8 35 14 16 8
64 37 7 45 11 26 9 7 19 27 9
128 56 6 49 11 36 10 167 27 39 10
256 67 6 50 13 47 11 356 41 55 12
512 70 6 o1 13 99 13 743 65 76 15
1024 71 ) o1 13 68 14 1486 | 107 106 18

Table 1. Number of iterations for different generating functions.

We note that the first generating function §* 4 1 is a 2m-periodic function and the
convergence rate obtained here is typical for such class of functions, see Chan [2]. The
other four functions are all piecewise continuous. Note that the second and the third
functions are strictly positive. Therefore 7,[f], C,,[f] and hence C,; 1[f]T.[f] are all well-
conditioned in view of Lemma 1. In particular, the corresponding systems will converge

linearly, i.e. the method will converge in finite number of steps independent of the matrix
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size. So although the O(logn) effect can be seen for the preconditioned systems for small
n, it will level off when n gets larger. For the last two functions, since their funi, = 0,
the matrices T,[f] will no longer be well-conditioned. In fact, we see that for the non-
preconditioned systems, the numbers of iterations required for convergence increase like
O(n) and O(y/n) respectively, cf. Chan [3, p.338]. In these cases, the number of iterations

for the preconditioned systems grows even faster than O(logn).

For comparison, the spectra of the preconditioned systems for n = 64 were computed
and shown in Figure 1 with the first test function #* 4 1 at the bottom (i.e. y = 1 in the
figure) to the fifth one fr19 0y at the top. For the last four functions, we can see that their

corresponding spectra are less clustered than the first one.

6

BF + + ++m+ +

4+ + .+

3L+ o+ rme +
) R +

1l + o - +

% 1 2 3 4 5 6

Figure 1. Spectra of Preconditioned Systems for n = 64.
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§7 Concluding Remarks.

We have proved in this paper that when the T. Chan circulant preconditioner is used
to precondition Toeplitz matrices that are generated by nonnegative piecewise continu-
ous functions, the resulting matrices cannot have spectrum clustered around 1 and the
number of outlying eigenvalues grows at least like O(logn). We then show by numerical
examples that these outlying eigenvalues do affect the convergence rate of the method
and in general the convergence rate is no longer superlinear and the number of iterations
required for convergence increases at least like O(logn) too. For such systems, it is better
to use band-Toeplitz preconditioners instead of circulant preconditioners for they guaran-
tee linear convergence rate whenever f is nonnegative piecewise continuous, see Chan and
Ng [4, Theorem 1]. We finally remark that recently, Tyrtyshnikov [17] has established a
generalized Szeg6 theorem and used that to prove that if f is in Lo with fiin > 0, then
the number of outlying eigenvalues grows no more than o(n). Theorem 3 in this paper

can be viewed as a stronger form of his result under a stronger assumption.

Acknowledgments: We would like to thank Dr. K.M. Tsang for the helpful discussions.
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