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Abstract� We consider complex�valued functions f de�ned on the unit circle TTT that are

continuous for all t � TTT except at a point t� where the left� and right�hand limits of f both

exist� Using matrix methods� we show that if f is in the Besov class B
�
�

� �TTT �� then f is

continuous at t�� In particular� we prove that if the left� and right�hand limits of f are not

equal at t�� then
P�

k��� jkjjak�f 	j� 
�� where ak�f 	 are the Fourier coe�cients of f �
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�� Introduction�

Let TTT be the unit circle in the complex plane� For � � p � �� let Lp be the Banach

space of all complex�valued Lebesgue measurable functions f on TTT for which the Lp norm

kfkp �
n �

��

Z �

��

��f�ei����pd�o �
p

is �nite� For � � RRR� the set of real numbers� we de�ne the operator �� as

���f��e
i�� � f

�
ei�����

�� f
�
ei�
�
� �� � RRR�

Then for all natural number n� we let

�n� � ���
n��
� �

For 	 
 � and � � p ��� the Besov class B�
p is de�ned as

B�
p 


n
f � Lp �

Z �

��

j�j����pk�n�fkppd� ��
o

where n is any integer such that n 
 	�

A well�known theorem about the class B�
p states that if � � p �� and 	 
 ��p� then

all functions in B�
p are continuous functions� see B�ottcher and Silbermann ��� p���	� In this

paper� we will use matrix methods to discuss the case when p 
 � and 	 
 ���� Our main

result is the following

Theorem �� If f � B
�
�

� is continuous at every point t � TTTnf��g and both

f��� � �� � lim
����

f
�
ei�����

�



	

and

f���� �� � lim
����

f
�
ei������

�

exist� then f��� � �� 
 f���� ���

As an immediate corollary� we also prove

Theorem �� Let f be any arbitrary complex�valued function de�ned on TTT � If f is contin�

uous at every point t � TTTnf��g and both f��� � �� and f���� �� exist but f��� � �� �


f���� ��� then
�X

k���

jkjjak�f 	j� 
��

where ak�f 	 are the Fourier coe�cients of f �

Before carrying out our proof� we need several de�nitions and lemmas�

�� De�nitions and Lemmas�

Given f � L�� we de�ne its Fourier coe�cients ak�f 	 by

ak�f 	 

�

��

Z �

��

f�ei��e�ik�d� � k 
 �������� 	 	 	 �

Let An�f 	 denote the n�by�n Toeplitz matrix with the �j� ��th entry given by aj���f 	� If f

is real�valued� then a�k�f 	 
 ak�f 	 and hence An�f 	 is a Hermitian matrix� Let Cn�f 	 be

the n�by�n circulant matrix in which the �j� ��th entry is given by cj���f 	 where

ck�f 	 


���
��

�n� k�ak�f 	 � kak�n�f 	

n
� � k � n�

cn�k�f 	 � � �k � n �

Clearly� Cn�f 	 will be a Hermitian matrix if f is real�valued�






A sequence of matrices fMngn�������� is said to have clustered spectra if for any 
 
 ��

there exists an N 
 � such that for all n 
 �� at most N eigenvalues of Mn have absolute

values exceeding 
� As examples� we consider the following Lemmas�

Lemma �� Let fMngn�������� be a sequence of Hermitian matrices� If sup
n
kMnkF � �

where k 	 kF denotes the Frobenius norm� then fMng has clustered spectra�

Proof� Since the square of the Frobenius norm of a Hermitian matrix is equal to the sum

of the square of its eigenvalues� it follows that for any given 
 
 �� Mn has at most

sup
n
kMnk�F

	

� eigenvalues with absolute values greater than 
�

Lemma �� Let f be a real�valued continuous function on TTT � Then the sequence of matrices

�n�f 	 � An�f 	�Cn�f 	� n 
 �� �� �� 	 	 	

has clustered spectra�

Proof� See Chan and Yeung ��� Theorem �	�

Lemma �� If f is a real�valued function in B
���
� � then f�n�f 	g has clustered spectra�

Proof� We �rst note that the space B
���
� admits a very simple description� namely

f � B
���
� �


�X
k���

�jkj� ��jak�f 	j� �� � ���

see for instance� B�ottcher and Silbermann ��� p���	� Since the �rst row of the Hermitian

Toeplitz matrix �n�f 	 
 An�f 	� Cn�f 	 is given by



��

�

n

�
a���f 	� an���f 	

�
�
�

n

�
a���f 	� an���f 	

�
� 	 	 	 � n� �

n

�
a�n���f 	� a��f 	

��
�



�

we have

k�n�f 	k�F 
 �
n��X
k��

�n� k�k�

n�

��a�k�f 	� an�k�f 	
���

� �

n��X
k��

�n� k�k�

n�
�ja�k�f 	j� � jan�k�f 	j��


 �

n��X
k��

n �n� k�k�

n�
ja�k�f 	j� � �n� k��k

n�
jak�f 	j�

o


 �
n��X
k��

n� k

n
	 kjak�f 	j�

� �

n��X
k��

kjak�f 	j�

� �

�X
k���

�jkj� ��jak�f 	j� ���

By Lemma �� f�n�f 	g has clustered spectra�

Lemma 	� Let Hn be the n�by�n Hilbert matrix� i�e�

Hn 


�







�

� �
�

�
� 	 	 	 �

n

�
�

�
� 	 ���

�
� 	 ���
��� 	 ���
�
n 	 	 	 	 	 	 	 	 	 �

�n��

�
��������
�

Then for any 
 
 �� the number of eigenvalues of Hn which exceed 
 
 � is asymptotically

equal to

�

�
logn sech��




�
�

In other words� fHng does not have clustered spectra�

Proof� See Widom ��� p���	�



�

�� Proofs of Theorems�

Proof of Theorem �� It is enough to prove the theorem for real�valued functions� Thus

let f be a real�valued function in B
���
� � Assume that f is continuous at every point t �

TTTnf��g with both f��� � �� 
 lim
����

f�ei������ and f��� � �� 
 lim
����

f�ei������� exist�

but f��� � �� �
 f���� ���

De�ne g�ei�� 
 � for all �� � � � � and let

� 

f��� � �� � f���� ��

��
�
 ��

Then f � �g is a continuous function on TTT � By Lemmas � and �� both f�n�f 	g and

f�n�f � �g	g have clustered spectra� Since g 
 �
	

�
f � �f � �g�

�
�

�n�g	 

�

�
�n�f 	� �

�
�n�f � �g	

and hence f�n�g	g has clustered spectra by Cauchy�s interlace theorem� see for instance

Wilkinson ��� p����	�

The Fourier coe�cients ak�g	 of g are given by

ak�g	 

�

��

Z �

��

�e�ik�d� 


��
�

� k 
 ��

����k
k

i k 
 ������ 	 	 	 �

Therefore� for all m 
 �� the �rst row of the �m�by��m Hermitian Toeplitz matrix ��m�g	

is given by



��

�

�m

�
a���g	� a�m���g	

�
�
�

�m

�
a���g	 � a�m���g	

�
� 	 	 	 � �m� �

�m

�
a��m���g	� a��g	

��





��

�

�m� �
i�

��
�m� �

i� 	 	 	 � ����
k��

�m� k
i� 	 	 	 � i

�
�



�

Let Pm and Qm denote the m�by�m diagonal matrices with ����j��i and ����m�j��

as their �j� j�th entries respectively and let ��m�g	 be partitioned as

��m�g	 


�
Wm Um
U�m Wm

�

where Wm and Um are m�by�m Toeplitz matrices� Then

�
Pm �
� Qm

�
��m�g	

�
P �m �
� Q�m

�



�
PmWmP

�
m PmUmQ

�
m

QmU
�
mP

�
m QmWmQ

�
m

�




�
PmWmP

�
m HmJm

JmHm QmWmQ
�
m

�

where

Jm 


�



�

� �
�

	
	

� �

�
���� �

is the m�by�m anti�identity matrix and Hm is the m�by�m Hilbert matrix� Let

X�m 


�
PmWmP

�
m �

� QmWmQ
�
m

�

and

Y�m 


�
� HmJm

JmHm �

�

Then we have �
Pm �
� Qm

�
��m�g	

�
P �m �
� Q�m

�

 X�m � Y�m� ���

Since

kX�mk�F 
 kPmWmP
�
mk�F � kQmWmQ

�
mk�F


 �kWmk�F 
 �

m��X
k��

m� k

��m� k��

� �

Z �

�

�� t

��� t��
dt 
 � log �� � �



�

fX�mg has clustered spectra by Lemma �� Recall that f��m�g	g also has clustered spectra�

therefore from ��� and Cauchy�s interlace theorem� fY�mg has clustered spectra�

Let

R�m 

�p
�

�
Im Im
Jm �Jm

�

where Im is the m �m identity matrix� Clearly� R��mR�m 
 I�m� Hence fR��mY�mR�mg

has clustered spectra� However�

R��mY�mR�m 

�

�

�
Hm �
� �Hm

�
�

This implies that fHmg has clustered spectra� a contradiction to Lemma ��

Proof of Theorem 	� Just use ��� and Theorem ��

We �nally note that since estimates of the form ��� only hold for Besov space B�
p where

p 
 � and 	 
 ���� the matrix method used here will not work for larger Besov spaces�
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