On Order-Reducible Sinc Discretizations and
Block-Diagonal Preconditioning Methods for
Linear Third-Order Ordinary Differential Equations *

Zhong-Zhi Bai

State Key Laboratory of Scientific/Engineering Computing
Institute of Computational Mathematics and Scientific/Engineering Computing
Academy of Mathematics and Systems Science
Chinese Academy of Sciences, P.O. Box 2719, Beijing 100190, P.R. China
Email: bzz@lsec.cc.ac.cn

Raymond H. Chan

Department of Mathematics
The Chinese University of Hong Kong
Shatin, Hong Kong
Email: rchan@math. cuhk.edu.hk

Zhi-Ru Ren

State Key Laboratory of Scientific/Engineering Computing
Institute of Computational Mathematics and Scientific/Engineering Computing
Academy of Mathematics and Systems Science
Chinese Academy of Sciences, P.O. Box 2719, Beijing 100190, P.R. China
Email: renzr@lsec.cc.ac.cn

February 3, 2012

Abstract

By introducing a variable substitution we transform the two-point boundary value prob-
lem of a third-order ordinary differential equation into a system of two second-order ordinary
differential equations. We discretize this order-reduced system of ordinary differential equa-
tions by both sinc-collocation and sinc-Galerkin methods, and average these two discretized
linear systems to obtain the target system of linear equations. We prove that the discrete
solution resulting from the linear system converges exponentially to the true solution of the
order-reduced system of ordinary differential equations. The coefficient matrix of the linear
system is of block two-by-two structure and each of its blocks is a combination of Toeplitz
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and diagonal matrices. Because of its algebraic properties and matrix structures, the lin-
ear system can be effectively solved by Krylov subspace iteration methods such as GMRES
preconditioned by block-diagonal matrices. We demonstrate that the eigenvalues of certain
approximation to the preconditioned matrix are uniformly bounded within a rectangle on the
complex plane independent of the size of the discretized linear system, and we use numerical
examples to illustrate the feasibility and effectiveness of this new approach.

Keywords: third-order ordinary differential equation; order reduction; sinc-collocation
discretization; sinc-Galerkin discretization; convergence analysis; preconditioning; eigenvalue
estimate.

AMS(MOS) Subject Classifications: 65F08, 65F10, 65F15, 65110, 65T10; CR: G1.3.

1 Introduction

We consider numerical solution for the following two-point boundary value problem of linear
third-order ordinary differential equation (ODE):

(1.1)

{Lyl(fc) =y, () + po(2)y; () + p(2)yy (2) + po(x)yi(z) = o(z), a<a<b,
yl(a) = 07 yl(b) = 07 yll(a) = 07

where pj(z) (j = 0,1,2) and o(z) are known bounded functions, and a and b are given real
numbers. This class of problems arise from many different applications where point/contact
transformations and numerical linearizations are used. Examples are (i) the Korteweg-de Vries
(KdV) equations in hydrodynamics modeling the propagation of solitary wave on water surfaces
[34, 35], (ii) the non-conservative systems of realistic physical situations such as the Falkner-
Skan and the Nosé equations modeling boundary layers in fluid dynamics and the interaction of a
particle with a heat-bath, respectively [32, 11, 28], (iii) the draining or coating fluid-flow problems
involving surface tension force [33], (iv) the flow of thin films of viscous fluid with a free surface
having surface tension effects [9, 12, 14], and many others, see [30, 20, 21, 15, 23, 13, 10]. The
main issue in solving (1.1) is that its highest term is of order three, which makes the coefficient
matrix of the discretized linear system strongly nonsymmetric and highly ill-conditioned.

Recently, Bai, Chan and Ren [3] discretized the third-order ODE (1.1) by sinc methods and
proved that the discrete solution converges to the true solution exponentially. The coefficient
matrix of the resulted linear system is a combination of Toeplitz and diagonal matrices. In
[3] the authors constructed a banded preconditioning matrix and employed the corresponding
preconditioned Krylov subspace methods to iteratively solve such a discretized linear system.
However, as the highest term of the ODE (1.1) is of order three, the discretized linear system
is highly ill-conditioned as its coefficient matrix has a strongly dominant skew-symmetric part.
As a result, in actual implementations there is considerable difficulty in iteratively computing
the discrete solution.

In order to overcome the shortcoming of the direct discretization method in [3], in this paper
we introduce a variable substitution that first transforms the third-order ODE (1.1) into a system
of two second-order ODEs. Then we apply the approach similar to the one used in [3] to solve
the resulting system. More precisely, we apply the sinc-collocation and sinc-Galerkin methods
to discretize the system of second-order ODEs. Then we take the average of the two resulting
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systems to obtain a system Aw = p that we need to solve. Because the highest order of both
ODEs are 2, the coefficient matrix A will have strongly dominant symmetric part and diagonal
blocks, as well as smaller-order off-diagonal blocks. Moreover, its diagonal blocks are positive
definite. Thus A has better algebraic properties and matrix structures so that many numerical
difficulties in solving the third-order ODE (1.1) caused by its third-order term can be alleviated.
We will prove that the discrete solution of Aw = p converges exponentially to the true solution
of the order-reduced system of ODEs when the discretization step-size h tends to zero.

The matrix A is of block two-by-two structure with each of its blocks being a combination of
Toeplitz and diagonal matrices. Unfortunately, direct methods such as the Gaussian elimination
or the fast Toeplitz algorithms are not applicable to effectively solve this class of Toeplitz-plus-
diagonal linear systems due to considerably high computational complexity; see [16, 17, 18, 25].
However, note that for A of size n-by-n, the matrix-vector product Aq can be computed in
O(nlogn) operations for any n-vector q. We can therefore employ Krylov subspace iteration
methods such as GMRES to iteratively solve Aw = p. To guarantee fast convergence, one needs
an efficient preconditioner; see [2, 6, 7, 8, 26]. Since the diagonal blocks of A are dominant over
the off-diagonal blocks, we can construct a block-diagonal preconditioning matrix P, with banded
diagonal blocks, for A, and make use of the Toeplitz structure and positive-definite property in
A. By denoting A the diagonal-block matrix of A, we prove that |A — All> < O(h) and the
eigenvalues of the matrix P~ 1A are uniformly bounded within a rectangle on the complex plane
independent of the size of the linear system. It follows that P will be a desirable preconditioner
for A, especially when the discretization step-size h is small. Numerical results show that P
is effective in accelerating the convergence of the Krylov subspace iteration methods and the
approximated solution is accurate.

The outline of this paper is as follows. In Section 2, we introduce the variable substitution
that gives the order-reduced ODE system from the third-order ODE (1.1). In Section 3, we
discretize the order-reduced ODE system by both sinc-collocation and sinc-Galerkin methods;
and an averaging combination of these two sinc discretizations leads to the target linear system
Aw = p. In Section 4, we derive an error bound of exponentially decreasing rate for the discrete
solution of the order-reduced ODE system. A block-diagonal preconditioner P for the matrix
A is constructed and the eigen-properties of the preconditioned matrix P! A are discussed in
Section 5. In Section 6, numerical examples are given to show the feasibility and effectiveness
of our approach. Finally, in Section 7, we end the paper with a few concluding remarks.

2 The Order-Reduced ODE System

In this section, we give the substitution that transforms (1.1) into a system of two second-order
ODEs. To this end, we define a function yo(z) implicitly by the following ODE:

vi () = p(@)ya () + g(x)y2(x),  p(x) #0, (2.1)
where p(x) and ¢(z) are continuously differentiable functions to be specified later on. Differen-

)
tiating (2.1) we have

"

vi (@) = p()ys (x) + (0 (2) + q(2))ya(2) + ¢ (2)y2(2). (2.2)
Substituting (2.1) and (2.2) into (1.1), we obtain

i (@)y1 (@) + po(x)y1 () + p(a)ys () + 11 (@)ya () + vo()y2(z) = o(2), (2.3)
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where

vo(w) = ¢ (x) + pa(w)g(x) and  wi(z) =p (&) + pa(2)p(w) + q(2).

In order to derive the boundary conditions for ys(x), we define

Then by solving ya(z) from (2.1) we obtain

"

ya(x) = T(x)/s(x)yl (z)dz.

For any = € [a,b], it follows from setting the integral interval to be [a,z]| that y2(a) = 0. This
shows that the boundary condition for y2(x) defined through the ODE (2.1) is y2(a) = 0.

Let y(x) = (y1(x),y2(x))T. Then a combination of (2.1) and (2.3) immediately leads to the
system of second-order ODEs:

Llyéxi = E ;j(p()x)y'z(az))—ci(x))yz(az)) //0( |
Loy(xz) = z)yy(x) + po(x)y1(z) + p(x)ys (T 0<
eon (@) 4 (2 ale) = (), <e<b (24
y1(a) =0, y1(b) =0, wi(a)=0 and ys(a) =0,

Obviously, (2.4) is mathematically equivalent to (1.1). Alternatively, we may reformulate (2.4)
into matrix-vector form as follows:

{ Ta(2)y" (z) + Ti(x)y (2) + To(z)y(z

F(x),
y(a) =0, wi(a)=0 and yi(b) (2.5)

)=
0,

where

and
Fo =] oo | (2.1

We now specify the choices of p(z) and ¢(z), with the aim that the discretization matrix of
(2.5)—(2.7) will have special properties and structures, so we can construct efficient precondi-
tioners for the corresponding Krylov subspace iteration methods.

Case (i): pi(z) > 0,Vx € [a,b]. For this case, we take p(x) = p1(z) and ¢(x) = —po(z) such
that the coefficient of the second-order term Yy(z) of (2.5) is symmetric and positive, and the
off-diagonal coefficients of the first-order and the zero-order terms Y;(x) and Yo(z) are skew-
symmetric and symmetric, respectively. As a result, the coefficient matrix of the correspondingly
discretized linear system may have positive-definite diagonal blocks, and its off-diagonal blocks
may be symmetric as far as possible.
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Case (ii): pu1(z) < 0,Vz € [a,b]. For this case, we take p(z) = —u1(z) and q(z) = po(z)
such that YTo(z) is symmetric and positive while the off-diagonal parts of Y (z) and Yo(z) are
symmetric and skew-symmetric, respectively. As a result, the coefficient matrix of the resulting
system may have positive-definite diagonal blocks, and its off-diagonal blocks may be skew-
symmetric as far as possible.

The above two cases can be unified as p(z) = |u1(z)| and g(x) = —sign(p(x))po(z), where

1, for py(z) >0,
sign(pi(2)) = § 0, for pi(x) =0,
-1, for pi(x)<0

Clearly, there could be other possible choices for p(z) and ¢(x), which may lead to different
second-order ODE systems (2.4) with other matrix structures.

3 Sinc Discretization Methods

Let D be a simply-connected domain on the complex plane having boundary 0D. Let a and b
denote two distinct points of 9D, and t = ¢(z) denote a conformal mapping of D onto a strip
region Dy such that ¢(a) = —oo and ¢(b) = oo, where Dy := {t € C: |Im(¢)| < d}. Conversely,
z = (t) := ¢~ (t) maps Dy onto D with the boundary 9D on which the points a and b lie.
Here and in the following, we use Re(-) and Im(-) to denote the real and the imaginary parts
of a complex number, and (-)T to denote the transpose of either a vector or a matrix. We
write a function f(x) briefly as f if no confusion arises. In addition, for two vector functions

f=(fi,f2)" and g = (g91,92)", f © g = (f191, f292) "

In this section, we discretize the order-reduced ODE system (2.4) by both sinc-collocation
and sinc-Galerkin methods. The sinc function used is

i t
sinc(t) = sin(r ), —00 < t < 00,
Tt
and the set of basis functions adopted are
i t—jh)/h
S () = ST/ s, e, (3.1)

w(t—jh)/h

where h is the step-size and Z = {0, £1,£2,...} denotes the set of all integers [31]. The points
t; = jh, j € Z, are called the sinc-grid points.

We approximate the exact solution y(x) = (y1(z),y2(z))? of (2.4) by the function yy(z) =
(y1n (), yan (2)T:

N
yin(z Z ujS(j,h) o ¢1(x),

(3.2)
yan (@) = pa(a) Y v;S(j, h) o ¢a(2),

j=—N

where p;(x) (i = 1,2) are known bounded functions, ¢;(z) (i = 1,2) are conformal mappings

from D to Dy, {S(j,h)},cz, are the sinc-basis functions in (3.1), and {u;},cz, and {v;},cz
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are the unknown coefficients. Here, we have used the notation Zy = {-N,—-N +1,...,N}.
Moreover, by denoting p(z) = (p1(x), p2(2))T, @; = (uj,v;)T and S(k,h) o ¢(z) = (S(k,h) o
é1(x), S(k,h) o pa(x))T, we can briefly express the approximate solution yy () defined in (3.2)
in vector form as

N
un(@) = pla)© Y @ ©S(.h) o d(x).
j=—N

For the sinc-collocation method [19], the unknown coefficients {u; };V: _ and {v; };V: _ of the
functions y1 v (z) and yan(z) in (3.2) are determined by imposing the collocating conditions

{L1yN(33k) =0, (3.3)
Loyn(xg) = o(zy), k€ Zn,

on the sinc grid-points xy = v;(kh) = ¢; '(kh) (i = 1,2), with L; and Ly being the ODE oper-
ators defined in (2.4). After substituting yy(z) in (3.2) into (3.3) and multiplying h?/[(¢})?p1]
and h?/ [(¢l2)2pg] through both sides of the two equations, respectively, we obtain a system of
linear equations Acw = p with respect to {u; };V: _n and {v; };V: _n» Where

Ac = b 4&33(01)'1'(1) JE7Pg’) 0) Dg)T(lz; D(Cﬁ) ® | € R2nx2n (3.4)
D/ TW + D, D,/T® + DS/ TW + D
and
W = (U_N,U_N+1,. <y UN3 U—Ny U—N+15 - -+ avN)T € Ran
T
a o o (3.5)
p:_h2 <0,O,...7O,,7($N),,7(.’EN 1)7"'7 7 (J:N)> €R2n7
(65)02 (622 T (9020

with n = 2N + 1. In addition, T() = (5;}2) and T®?) = (—(5%)) are the n-by-n Toeplitz matrices
given by

1 (_l)n—l
0 —1 2 n—1
1 0o :
TW=| _1 1 -1 2 (3.6)
: : ) -1
(71)77.—1 1
T 1 2 0 ]
and
r 2 2 2( l)nfl-
% —2 22 (n—1)2
T =| 2 2 2 | (3.7)
. 2
: % -2
2(=1nt 2 9 2
L (n—1)2 22 3
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and
DY) = diag(9% (w-n), g (@-ns1)s- o 90 (@), i=0,1,....8,
are diagonal matrices, with gg) ) = p and
gg) — P11 ‘/F (2</51P1) ’ g(cg) - _h P@lb22p2 7
(01)°p1 (01)%p1
), 1o (@) _ 5 P(Gapy + (85p2) ) + 1302
9o = Ny ) 9o~ = N2 ;
(09)%p2 (03)%p2
(5) 2 Pl 6) _ 12 PPa+ap2
A o) = p2 2 2dr
“ (¢1)201 ¢ ((151)201
o0 — _pp 1Pt op S _ 2 PP 105+ Vops
¢ (0)%p2 ¢ (63)%p2

For the sinc-Galerkin method [19], the unknown coefficients {u; };V: _ and {v; };V: _ of the
functions y1n(z) and yan(z) in (3.2) are determined by orthogonalizing the residual elements
Liyn(z) and Loyn(z) — o(z) with the functions {S(k, h) o ¢(z)}__ 5, where Ly and Ly are the
operators defined in (2.4). This yields the discretized system

{Mw@ﬁ%@%@%ﬂ, 58)
(Loyn (@) — o(z), S(k,h) 0 p(x)) =0, k€ Zy,

where (-, -) represents the inner product defined by

b b
mmawszmmumwm+/mummmmm

with f(z) = (fi(z), f2(2))T, g(z) = (91(2), g2(2))T, and wy(x) and wo(x) being weighting func-
tions. After integrating (3.8) by part and using Corollary 4.2.15 in [31], we obtain a system of
linear equations Agw = p where

T® + TODY + DY
@ o
TWD + D

TODY + DY

A~ =
¢ T»D® + TODYW 1 DB

€ R¥n (3.9)

T = (5](?) and T? = (—63(.?) are the Toeplitz matrices defined in (3.6)-(3.7), and w and p
are the unknown and the right-hand side vectors defined in (3.5), with n = 2N + 1. In addition,

DY = diag(¢ (x_n), 6 (@_n11)s - g (zn)), i=0,1,...,8,
are diagonal matrices, with gg) ) = p and
o = _h 101+ (2</>1w1) 7 @ — _p b2
(@bl) w1 ¢1plwl
3) _, H1p1wi @, (pw2) ¢y + (pwady) — viwady,
gG =h 7 ) gG =—h \9 9
P9 paw2 (¢g)?w2
(5) 2w (6) 2 ((pwa)' — qua)po
g = _h / I g = _h 77
¢ (¢1)%w1 ¢ O Bpprn
(1) _ 32 ((mw1) — powi)p1 @) 9 (pws)” — (r1ws) + vows
9a = h 77 9" = —h 3
P13 p2w2 (¢2) w2
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In order to construct a discretized linear system for (2.4) such that its coefficient matrix is
as symmetric/skew-symmetric or as positive-definite! as possible [5, 4], we follow the strategy
in [3] and average the sinc-collocation matrix Ac in (3.4) and the sinc-Galerkin matrix A in
(3.9), and obtain the system of linear equations

Aw = p, (3.10)

where
1 B E
A= §(Ac +Ag) = [ F C } , (3.11)

and w and p being defined as in (3.5), with

B=T® 4+ %(Dg)T“) +TODY)) + DO,

1
E = §<Dg>T<l> +TODY) + DO,
F = %(D(C?’)T(l) +TODE) 4+ DO, (3.12)

C= %(D(O)T@) +TADO) 4 %mg%m +TODY) + D®),

D =D = DY

) 1 i i .
D(Z) = i(D(C) + D(G))’ 1= 5>67 7>8

Evidently, each block of the matrix A is more symmetrically or skew-symmetrically structured
than either Ac or Ag in (3.4) and (3.9), respectively.

Let the functions p;(z), ¢;(x) and w;(z) (i = 1,2) satisfy p1(x) = pa2(x) = 1, ¢1(z) = ¢a2(x) =
#(z) and wi(x) = wa(z) = 1/¢ (z). Then we can obtain the actual expressions for the matrix
A corresponding to the two special cases described at the end of Section 2.

Case (i) : For pi(z) > 0,Vx € [a,b], p(x) = p1(z), and g(x) = —po(z), it holds that

1 % 1%
e 3 I e

LA complex system of linear equations is called positive-definite if the Hermitian part of its coefficient matrix
is positive-definite; see, e.g., [5, 4].



Order-Reducible Sinc Methods for Linear ODEs 9

and

= (5 () + %),
=0 (5 (35) o)
9 = I 15 =" (% (5) ~5(3) wZO)?)‘

It then follows that
DY) =pY :=p®, DY -DY - _D¥ - _-DP.—D® anda DY =DY.
Hence, the matrix A is of the form

T® +

A %(D(l T 4 T(l)D(l)) + DO %(D@)T(l) + T(l)D(2)) +D®
- _1p
2(D

)T + THD®@) £ DO C )

with C being defined as in (3.12). Since the elements of the diagonal matrices D®), D)
D and D® are all of the order O(h?), we see that the off-diagonal blocks of A are almost

(“4) _

symmetric. If, in particular, D G4), then the symmetric part of A is given by

1
H(A) = (A + AT)
T L DO) %(D(Q)T(l) +TOD®) +
- [ ~L1DAOTO + TOD@) 4 L(DO 4+ D) LDOT® 4 T@DPO

T2 %(D@)T(l) + TODR)
- [ —%(D(Q)T(l) +TMD@) %(D(O)T@) +T@DO)

(D(ﬁ) + D(7))
) +D®

N

] + O(R?).

Case (ii) : For pi(x) < 0,Vx € [a,b], p(r) = —pi(x), and ¢(x) = po(z), it holds that

1
9 =g =, g =g%) =—h (5) g8 =g = h%7 g = g8 = h%,
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and

g =0, 9% = _hQ% <¢%> ’

-0 (5 (5) + )

o = o =1 (1 (%) - ).
i = (35) 3 (3) )

It then follows that
pY =pJ).=p®, DY D% -D¥ —D¥ .- D@
Hence, A is of the form

(D(2)T(1) + T(l)D(2)) + DO
C 9

T 4 %(D(l)T(l) + T(l)D(l)) + DO
A= L(DTO 4 TODE) 4 DO

D=

with C being defined as in (3.12). Again, since the elements of the diagonal matrices D®), D(©),
D and D® are all of the order O(h?), the off-diagonal blocks of A are almost skew-symmetric.

If, in particular, D(C%) = D(é), then the symmetric part of A is given by

H(A) = %(A + AT)

B [ T 4 DO)

%(D(ﬁ) + D)

$(DO + D)
%(D(O)T@) +TEDO) 4+ DO

© +O(h?),

T(2)
:{ 0 1(DOT® 4 T@DO)

where O denotes the zero matrix of suitable dimension.

We remark that in Cases (i) and (ii) if D®) is positive semidefinite, the symmetric part of B
is positive definite. Thereby, B is positive definite and nonsingular. Moreover, if D®) is positive
semidefinite, the symmetric part of C is positive definite. Thereby, C is positive definite and
nonsingular, too. Evidently, when B is nonsingular, the matrix A is nonsingular if and only if
its Schur complement S = C — FB™LE is nonsingular; see [1, 2].

4 Convergence Analysis

In this section, we show that the approximate solution yy(z) given in (3.2) converges expo-
nentially to the true solution y(z) of (2.4) as N tends to infinity. To this end, similar to
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the treatments for the third-order and the fourth-order ODEs in [3, 29], firstly we estimate
|AY — pll2, where ¥ is a 2n-dimensional real vector defined by

y = (Zjl(-T_N), s >§1(xN)>§2(x—N+1)v S 7@2(xN))T> (4'1)

with 7;(z) := yi(z)/pi(z) (i = 1,2), then we derive an upper bound for |A~!(|5, and finally we
prove the boundedness of the error ||y(x) — yn(2)||co. Here and in the following, we denote by
| - |l2 the Euclidean vector or matrix norm, and for f(z) = (fi(z), f2(z))T, with fi(x) (i = 1,2)
defined in D, we define the norm ||f(z)]|~ as

wumwzmw{wMﬁum ﬁgmum}

€D

We introduce two functional spaces L, (D) and H*>(D): L, (D) is the set of all analytic
functions F'in D such that

c|e¢(z)‘a

[F(2)] < Wa

Vz e D,

where ¢ and « are positive constants, and ¢ : D — Dy is a conformal mapping; and H>(D) is
the space of all analytic functions in D equipped with the maximum norm.

The following Lemma gives an upper bound for ||Ay — p||2.

Lemma 4.1 Assume that the second-order ODE system (2.4) has a unique solution y(x). Let
(@) = (51(2), §2(2))" € La(D) with §i(x) = yi(x)/pi(x) (i = 1,2), and o/[($,)*p2] € La(D).
Let Ac, Ag, A,y and p be defined as in (3.4), (3.9), (3.11), (4.1) and (3.5), respectively.

(@) If pr/[61p0). pp2da/((61)% 01l 11p11/(63)°p2) poo/[62p2], (1/61)', (/) and v1/,
belong to H*°(D), then there exists a constant ¢1, independent of N, such that

IACT — pll2 < cy N1/2e—(mdaN)'/?

(ii) Ifw)/lw16y], poawe/[prw1d)], pprwr/lpawady], (pawa)'/lwada], (1/¢1)", (1)) p andv1/
belong to H> (D), then there exists a constant c¢;, independent of N, such that
1/2

1AGY — plla < ¢ NY/2em(de™)

It follows immediately from both (i) and (ii) that

1/2

i 1 : o
IAY = pll2 < 5 (e + cy) N1/ 2~ (mdal) (4.2)

Proof. We put the lengthy proof in Appendix. O

We now derive an upper bound for ||[A~1||s.

Lemma 4.2 Let A be defined as in (3.11). Assume that D®) and DO are positive semidefinite
matrices, Dg) = Dg), D(cl‘l) = D(é), and p(z) is a positive constant with p(x) = d©). Then there
exists a constant vy, with 0 < v9 < 1, such that

- 1] _7V)
A 1 < 1m -y 7 .
H ||2 = max {17 4(0) } A ST = n 707 (4 3)



12 Z.-Z. Bai, R.H. Chan and Z.-R. Ren

where T(N) = 1/ sin? <m> Note that there exists a constant ca such that

_ 16N

7(N) ~ — (14 N1 =0(N?)

holds for a sufficiently large N.

Proof. Denote by 61(-) the smallest singular value of the corresponding matrix. Then from
[22] and the assumptions we have

T
51(B) > min |); <E>‘ — min )\i(T(2)+D(5))‘
1<i<n 2 1<i<n
> min | N\(T®)| > 4sin? [ ——— .
and
: C+cC?
a0 = min [ (< )‘
— min |\ (1(D<O>T(2> +T(2)D(0))+D(8)>‘
1<i<n 2
> L i )\Z-(D(O)T(Z)JrT(Z)D(O))‘
T 21<i<n
= d9 min )\i(T(Q))‘
1<i<n
> 4dOgin? [ — ). .
> 4d\Y sin <4(N—|—1) (4.5)
Based on (4.4), (4.5) and Lemma A.1, we immediately obtain the estimate in (4.3). O

Now we are ready to derive a bound for the error function y(z) — yn(x).

Theorem 4.1 Let y(x) be the exact solution of the second-order ODE system (2.4), and yn(x)
be its sinc approximation given in (3.2). Under the assumptions of Lemmas 4.1 and 4.2, there
exists a constant c, independent of N, such that

1/2

ly(2) = yn (2)]|oo < cNP/2e= (2N (4.6)

holds for a sufficiently large N.

Proof. Define the functions

N
N (@) = i) Y Yil®i) oi 1y o o
CZN(J;) T pz(l‘) . pz(mj)s(]vh) qbz(x)a 1=1,2,
and denote by (n(x) = ((in(2), Gon(2))T. Then the function ¢y () can be expressed as

N

(@) =p@)© Y §w;) ©S(i,h) o $(),

—N
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where §(z;) = (§1(x;), J2(x;))T with §i(x;) == yi(x;)/pi(z;) (i = 1,2). By making use of the
triangular inequality, we have

ly(z) —yn(2)lloo < ly(2) = (v (2)lloo + ICn (2) — Yy (@)oo - (4.7)

Since g(z) € Lo(D), from [31] we know that there exists a ¢3 > 0, independent of N, such that

ly(z) — (v (@)lloe < caNY/2em(TaaM, (4.8)
The second term on the right-hand side of (4.7) satisfies
N
v (@) = ynv (@)oo = || D [3(x5) = @51 © [S(i, h) 0 d(x)] @ p)
j=-N N
N
< D ds) = willeo - 115G, ) © $(2)] @ ple)ll
j=—N
’ 1/2 1/2

IN

N N
> ld(zs) — wjllz > ISG R o d@]@p@)E |
=N j=—N

where @; = (uj,v;)T. Because p(x) is a bounded function and z € ¢~ ((—o00, 00)), the summa-
tion 3772 [I[S(4, 1) o ¢(z)] © p(z)||2, is bounded by a constant, say, (c3)?. Hence, we get

1/2

N
v (@) —yn (@)oo < s | Y 13(x5) —willz | < eslly = wlle,
j=—N

with w, defined in (3.5), being the exact solution of (3.10). By (4.2) and (4.3), we can obtain
~ _ ~ _ - " (7 1/2
1§ —wll2 = [A7' (A = p)ll2 < [A7![|2] AT — pllz < c5 N¥/2em(Taar) T, (4.9)

where cg is a constant independent of N. Now the estimate (4.6) follows immediately by sub-
stituting (4.8) and (4.9) into (4.7). O

5 Block-Diagonal Preconditioning

In this section, we discuss how to construct an efficient preconditioner P for the coefficient
matrix A defined in (3.11), so that the convergence speeds of the Krylov subspace methods such
as GMRES for solving the system of linear equations (3.10) can be further accelerated. To this
end, we propose a block-diagonal preconditioner P based on the special structure and actual
properties of the matrix A. Let A be the block-diagonal part of A. Then we demonstrate that
|A — Alj2 < O(h). Moreover, we prove that the eigenvalues of the matrix P~1A are uniformly
bounded within a rectangle on the complex plane independent of the size of the linear system.
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5.1 Construction of the Preconditioners

As the block two-by-two matrix A is dominated by its diagonal blocks and each of its blocks is
a combination of Toeplitz and diagonal matrices, following the approach in [24, 27] we construct
the block-diagonal preconditioning matrix

P— CB) g , (5.1)
where
B=B® + %(Dg)B“) +BUDY)) + DO)
and _ 1 !
C=3(D"B® +B®DY) + §(D(C4)B(1) +BUDY) + DO
with

1 1
B = tridiag [5,0, —5} and B® = tridiag[—1,2, —1]

being tridiagonal matrices approximating the Toeplitz matrices T and T?), respectively. The
preconditioner P is a tridiagonal matrix and, hence, the linear system with respect to it can be
solved fast and economically.

Hereafter in this section, we use I to denote the identity matrix and focus on the special case
that D© = dOT with d® > 0, D) = DY) := DO and DY = DY := D®. It turns out that
the block-diagonal preconditioner P is positive definite.

Theorem 5.1 Assume that D®) and D®) are positive semidefinite matrices. Then H(P) is
symmetric positive definite. Hence, the matriz P is positive definite and, thus, nonsingular.

Proof. Evidently, the symmetric and skew-symmetric parts of P are given by

1 . B® DO o)
H(P) = §(P +P) = [ 0O L(DOBA + B@DO) + D® ]
and L pOBD + BODD)
1 [ LDOBO + BODM) 0
S(P) = §(P -P)= [ 2 o %(D(4)B(1) +BMDM®) ] ’

respectively. Because B is symmetric positive definite, D(®) and D®) are diagonal and positive
semidefinite, and D) = dOT with d© > 0, we easily see that H(P) is positive definite.
Therefore, the matrix P is positive definite and, thus, nonsingular. O

5.2 Analysis of the Preconditioned Matrix

Denote by

K:[g g} (5.2)

the block-diagonal part of A. Then we can prove the following result.
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Theorem 5.2 Let A and A be defined as in (3.11) and (5.2), respectively. Then
|A —Allz < O(h).

Proof. By straightforward computations we have

A-a-|[ g &]-[2 e ]|-[[% & ], =matien rew
Because
IE||> = E(D(CQ)T(” +TODY) + DO = E(D(CQ)T(I) +TODY) + DO, = O(h)
and
Hﬂb:'gaﬁ?T“+4ﬂ>D“> DW)2<'5D$hﬂ%+TmD252+wnﬁw2:oum
we immediately obtain the result. O

Theorem 5.2 clearly shows that the matrix A accurately approximates A when the step-size
h is small. Under the assumption that both D®) and D®) are positive semidefinite matrices,
analogously to Theorem 5.1 we can demonstrate that the matrix Ais positive definite and, thus,
nonsingular, too.

The generalized Bendixson theorem, established in [8], is an essential tool for deriving a
rectangular domain that bounds the eigenvalues of the preconditioned matrix P~!A. Based on
Lemma 4.7 in [3], we can readily obtain a rectangular domain that bounds the eigenvalues of
the preconditioned matrix PlA.

Theorem 5.3 Let P and A be defined in (5.1) and (5.2), respectively. Let the diagonal matrices
D®) and D® be positive definite, and denote by
dVr db
TN a0 (2 1 d®) /A (d0x2 1 d®)

and éﬂmrmﬂz@ﬂﬁn ﬂW?TxW}
Vi | OVa® |

with

dY = max {[DWel},  d? = max {[DW)e]}
and

d® = min (DD}, d = min {[[D]al}.
Then it holds that

(1 —n¢) A)) < A +n0)

—1
T SRGPTA) <

—@ < Im(\(P~'A)) < @

forn& < 1,
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Proof. The symmetric and skew-symmetric parts of the matrices A and P are given by

H(A) = %(KJHKT = [ b $D(5) d(O)T(2)0—1— D®) }

S(A) = %(K _AT) = [ %(D(l)']_“(l)(;r TMDM) %(D(4>T(1)(1 TODW) ]
and

H(P) = %(P+PT) [ B J(;D@ d<0>B<2?+ D®) } :

S(P) = %(P pT) — [ %(D(1)B(1)g BUDO) %(D(@B(lﬁ BODM) ]

From [3, Lemma 4. 7] for all z = (u”,v1)T € C?"\{0}, we have
H(A)z  u’(T® + DO)u+ v (dOT® + D)y
B zTH(P)z uT(B(2 +DO)u+ v (dOBR + DO)v

T ((2) 0)(2) (5) 2
<max{u ET u  vI'(@dOT® + D )v}< . (5.3)

7T
u”"(B® +DO)u’ vI(dOBE +DO)v [ = 4

Similarly, we can obtain
2" H(A)z
—_— > 1. 5.4
z""H(P)z ” (54)

Again, by making use of [3, Lemma 4.7], with straightforward computations we have
luT(D(l)T(l) + T(I)D(l))u + %VT(D(4)T(1) + T(l)D(4))V
fal(z) = LaTH(A)g W (T® + DOYu+vI (dOT® + DO)v
1 |uT(D(1)T(1) + T(l)D(l))u| + |vT(D(4)T(1) + T(l)D(4))V|
= WT(T® + DO)u 1 v (dOTE + D)y
1 |uT(D(1)T(1) + T(l)D(l))u| |vT(D(4)T(1) + T(l)D(4))v‘
<z max{ W (T® + DO)u ) vI(dOT® + D®)y }

127S(A)z

\
N |

< ma dOr 4O (5.5)
max = .
d® (72 +d®)  \/d®(dO 72 + B K
( ) ( )

and
1uT(D(1)B(1) + B(I)D(l))u + %VT(D(‘DB(U + B(l)D(4))V
u?(B@ + DOG)u+vI(dOBE® + DO)y

12z'S(P)z
12"H(P)z
1 [u?(DWBO + BODM)u| + [vI(DWBWO + BODW)y|
2 uT(B(2) + D(S))u + VT(d(O)B(Q) T D(S))V

1 s { [W"(DMOBO + BODM)u|  [vI(DWBM + BODW)y| }
2

fe(z) =

u? (B + DOG))u ’ vI(dOB® + D®)y

§ {d(l)(\/4+d(5 —VdB)  dD(\/4dO 1 d® — Vq®) } ] 56)
max = C. .

FI6) ' d©)/d(®)
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Table 5.1: Estimated and Computed eigenvalue bounds for PlA of Example 6.1

N v Estimated Eigenvalue Bounds Computed Eigenvalue Bounds

8 | 2x10% | [0.5011,3.5549] x [—4.0313,4.0313] | [1.0000,1.0159] x [—0.1595,0.1595
16 | 4 x 10* | [0.5315,3.4845] x [—3.9288,3.9288] | [1.0000,1.0198] x [—0.1945,0.1945
32 | 2 x 106 | [0.4500,3.6766] x [—4.2128,4.2128] | [1.0000, 1.0321] x [—0.2702,0.2702
64 | 6 x 108 | [0.5553,3.4300] x [—3.8433,3.8433] | [1.0000, 1.0293] x [—0.2832,0.2832

[ i W i

By applying (5.3)-(5.6) to the generalized Bendixson theorem [8, Theorem 2.4] (see also [3,
Theorem 4.3]), we immediately obtain the bounds in Theorem 5.3 for the eigenvalues of P~1A.
g

When using Theorem 5.3, we should suitably scale (2.4) and appropriately choose the confor-
mal mapping ¢(z) such that n€ < 1, so that correct and accurate estimates about the eigenvalue
bounds may be obtained. For example, if we take ¢(z) = v~! In(x/(1 —x)) in Example 6.1, with
v > 0 a scaling factor, then corresponding to different mesh-sizes h = 7/v/2N we can obtain the
computed and estimated eigenvalue bounds about P~!A as shown in Table 5.1. Clearly, from
Table 5.1 we observe that the estimated rectangles tightly contain the computed eigenvalues
of P71A. Moreover, the rectangles bounding the computed eigenvalues are almost unchanged
with respect to h.

6 Numerical Examples

In this section, we verify the feasibility of the order-reduction method, examine the accuracy
of the sinc discretization, and test the effectiveness of the proposed block-diagonal precondi-
tioner. To this end, we apply GMRES and BiCGSTAB, incorporated with the block-diagonal
preconditioner P defined in (5.1), to the system of linear equations (3.10) obtained from the
sinc discretization of the second-order ODE system (2.4).

The two examples of the ODEs used in our tests are given below.

Example 6.1 The third-order ODE (1.1) is given by

" 1 " / 1
Yy (z) — el () +yp(z) — Eyl(x) =o(r), 0<z<l,

y1(0) =0, w(1)=0, w(0)=0,

where o(x) = 323 — 422 + 132 — 2/z. It can be transformed into the second-order ODE system
(2.4) as follows:

(@)~ y(e) = ~uale) =0,
Yi(2) — o (2) 4 (2) — pule) = oe), 0<w <1,

y1(0)=0, 15(1)=0, 5, (0)=0 and y(0) =0,

which has the exact solution yi(z) = 2?(1 — x)?, ya(x) = 323 — 42? + .
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Example 6.2 The third-order ODE (1.1) is given by

"

v (@) @) = @) + s =o(e), 0<a <1,
y1(0) =0, wi(1) =0, y(0)=0,

where o(z) = — (73 + m) cos(mz) + (7% + 1/x) sin(rx) — 7z — 27. It can be transformed into the
second-order ODE system (2.4) as follows:

" / ]_
Y (x) — yolx) — Ey2($) =0, O<zx<l,

(@) + (@) U () + (5~ Dga(a) — (5 + g)un(a) = o(a),

y1(0) =0, y(1)=0, 2,(0)=0 and y(0)=0,

which has the exact solution yi(x) = sin(rx) + (2% — 1), yo(x) = mx + 7 cos(rx) — sin(rx)/z.

In Examples 6.1 and 6.2, the conformal mappings are chosen as ¢1(z) = ¢2(x) = In(z/(1—1)),
the weighting functions are chosen as p1(z) = p2(z) = 1 and wy(x) = wo(x) = 1/In(z/(1 — x)),
and the mesh-size is set to be the optimal one h = m/ V2N. Both test examples are ODEs
of homogeneous boundary values and with known solutions, so that we can easily verify the
accuracy of both discrete and computed solutions.

In our tests, all codes are written in MATLAB 7.04 and run on a personal computer with
0.98G memory. In addition, the initial guess is taken to be zero and the iteration process is
terminated once ||Aw — p|la < 107% x ||p||2 or once the number of iteration steps exceeds 1000.

In Table 6.1, we list the errors Es(h) between the approximated solutions yy(x) and the true
solutions y(z) at the sinc points. More precisely, the error Es(h) is defined as

Bu(h) = _max (o)) = un ()]l

= _max Al (ag) —yiv (@)l [v2(2;) — v (@)l
where the coefficients {wj}év: _n in yn(x;) are solved by the direct method w = A \ p with
MATLAB. From this table we see that the error function Fg(h) reduces exponentially for both
examples when N is growing up.

Tables 6.2 and 6.3 list the numbers of iteration steps for solving the system of linear equations
(3.10) by two different methods. In the tables, the “new method” denotes the order-reduced sinc-
discretization, incorporated with the block-diagonal preconditioning, proposed in this paper; and
the “method in [3]” represents the sinc-discretization directly applied to the third-order ODE
(1.1), combined with the penta-diagonal preconditioning, presented in [3]. In these two tables,
we use “* 7 to indicate that the iteration method does not converge within 1000 iteration
steps, “I” to represent the iteration method with no preconditioner, and “P” to denote the
iteration method with either the block-diagonal preconditioner defined in (5.1) or the penta-
diagonal preconditioner given in [3]. In addition, “Pi” and “Iite,” stand for the numbers of
iteration steps required for convergence corresponding to the preconditioning matrices P and I,
respectively.
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Table 6.1: Errors for Examples 6.1 and 6.2

N Ey(h)
Example 6.1 | Example 6.2

8 1.94e-03 5.99e-03
16 1.72e-04 5.38e-04
32 4.97e-06 1.56e-05
64 3.01e-08 9.46e-08
128 2.05e-11 6.45e-11
256 4.57e-15 1.24e-14

Table 6.2: Numerical Results for Example 6.1

New Method Method in [3]
N GMRES | BiCGSTAB | GMRES | BiCGSTAB

Iiter Piter Iiter Piter Iiter Piter Iiter Piter
8 31 9 23 5 17 15 34 13
16 | 50 9 35 5 33 20 | 206 18
32 | 82 8 61 4 65 25 * 27
64 | 92 7 97 4 129 | 32 * 44
128 | 125 7 129 4 257 | 42 * 75
256 | 168 7 182 5 513 | 55 * 117

We now discuss and analyze the numerical results in Tables 6.2 and 6.3. If no preconditioner is
used, we see that the new method successfully results in an approximate solution for the second-
order ODE system (2.4) within the required maximal number of iterations when both GMRES
and BiCGSTAB are employed as the linear solvers, while the method in [3] only succeeds when
GMRES is employed, but fails for almost all cases when BiCGSTAB is employed as the linear
solver. For GMRES, the new method also requires considerably less iteration steps than the
method in [3] when N > 64.

If the preconditioners are used, Tables 6.2 and 6.3 show that both methods can successfully
and accurately produce approximate solutions for the second-order ODE system (2.4), and they
require much less numbers of iteration steps than their counterparts without using precondi-
tioners. Therefore, the preconditioners can greatly improve the numerical properties of both
GMRES and BiCGSTAB. Evidently, the new method outperforms the method in [3] in terms
of iteration steps. Moreover, when NN is increasing, the iteration steps of both preconditioned
GMRES and BiCGSTAB are nearly constants and even roughly decreasing for the new method,
while they are growing up quickly for the method in [3]. Consequently, the new method shows
h-independent convergence property, but the method in [3] does not. Hence, for both Examples
6.1 and 6.2 our order-reduction approach incorporated with the block-diagonal preconditioner
can produce accurate approximation to the solution of the third-order ODE (1.1) and accelerate
the convergence rates of GMRES and BiCGSTAB.

Figures 6.1-6.4 depict the distributions of the eigenvalues of the original matrix A and the
preconditioned matrix P~' A for Examples 6.1 and 6.2. These figures clearly show that the orig-
inal matrices are very ill-conditioned and, therefore, the corresponding GMRES and BiICGSTAB
may converge very slowly. However, the preconditioned matrices have tightly clustered eigen-
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Figure 6.1: Spectra of A (left) and P~*A (right) for Example 6.1 with N=32.
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Figure 6.2: Spectra of A (left) and P~ A (right) for Example 6.1 with N=64.
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Figure 6.3: Spectra of A (left) and P~*A (right) for Example 6.2 with N=32.
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Table 6.3: Numerical Results for Example 6.2

New Method Method in [3]
N GMRES | BiCGSTAB | GMRES | BiCGSTAB
Iiter Piter Iiter Piter Iiter Piter Iiter Piter
8 32 9 26 6 17 14 | 158 13
16 | 53 9 41 5 33 19 * 20
32 | 86 8 59 6 65 27 * 29
64 | 101 7 100 4 129 35 * 32
128 | 162 7 141 5 257 | 45 * 70
256 | 228 7 193 5 513 | 58 * 121

values and, thus, are well-conditioned; as a result, the corresponding preconditioned GMRES
and BICGSTAB converge very fast to the exact solution of the discretized system of (2.4).

7 Concluding Remarks

The order-reduction method transforms the third-order ODE (1.1) into the second-order ODE
system (2.4). We prove that the sinc-discretization solution of the latter converges exponen-
tially to its true solution. The coefficient matrix possesses more nice algebraic properties, such
as structured, block-diagonally dominant, and positive definite, and is better conditioned than
that from the direct sinc-discretization of the third-order ODE (1.1). Hence, with a suitable
block-diagonal preconditioning, the system can be solved faster and more economically by the
preconditioned Krylov subspace iteration methods such as GMRES and BiCGSTAB. We con-
firmed these advantages by both theoretical analysis and numerical experiments.

We emphasize that our order-reduction method is quite different from the common approach
used frequently in the literature, where the third-order ODE (1.1) is equivalently transformed
into an ODE system of a first-order and a second-order ODEs. That is to say, the reduced-order
ODE system is of the form

yo(z) —yy(z) =0, a<z <D,
Yo () + (@)Y () + pa (2)y2(2) + po(z)y1(z) = o(x),
, y1(b) =0, ya(a) =0.

Lyy(x
Loy(x
yi(a) =

) :
) :

(e}

Let y(z) = (y1(),y2(2))” and the approximate solution 3y () be defined by (3.2). Then, by
combining both sinc-collocation and sinc-Galerkin discretizations and averaging the resulting
discretized linear systems, we obtain the system Aw = p, where

T £ DO D@

A=
D® 1@ 4 dWDTO 4 TODY) 4+ DO)

c R2n><2n7 (71)

w,p € R?" are given by (3.5), and

DO = diag(g® (@ n),¢? (@ n11),-.., 00 (@n)), i=1,2,....5,
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Table 7.1: Numerical Results about GMRES Method for Examples 6.1 and 6.2, with o = 0.01

N | Example 6.1 | Example 6.2
Iiter Piter Iiter Piter
8 34 16 34 16
16 | 66 20 66 21
32 | 129 25 130 25
64 | 251 30 253 29
128 | 481 39 489 37
256 | 945 50 945 51

with
gV =p L2 A O <uopg L P2 > ’
prwid;  p1oy p1o1  P1widy
9B = _p? ( Hop1 fop1w1 ) ORI paty + (p200y) + papacdy
(¢5)2p2 & Papawa )’ ¢ (¢3)%p2 ’

4 _ w/2¢/2 + (W2¢/2)l - #2w2¢l2 (5) _ 32 plgl + ,Uzp/g + p1p2 w/2/ — (,UQWQ)/ + piwa
gG = —h N9 y g9 = —h V) + N2 .
(¢g)?w2 (¢2)2p2 (¢g)?w2

Because T(M) 4+ DM is nearly singular, the matrix A is almost singular, especially when the step-
size h is small. Moreover, A is likely indefinite and not block-diagonally dominant. Therefore,
this approach can not effectively reduce the ill-conditioning in A. Even if we precondition A in
(7.1) by the block-diagonal matrix

BD DM 4 a1 O

P=
0 B + 1 WBW + BODY) + DO

], with «a >0,

and adopt an experimentally found optimal parameter «, the preconditioned GMRES method
can not exhibit satisfactory numerical performance for both Examples 6.1 and 6.2; see Table 7.1.

A Appendix

A.1 Proof of Lemma 4.1

Part (i): To prove Lemma 4.1 (i), we need an error expression for the cardinal expansion of
:lj(ﬂf) = (gl(x)vﬂQ(x))T with :ljz(.l') = yl(x)/pl(x) (Z = 1>2) For i = 1,2, m=0,1,2 and J € Zn,
define K (2, 2) and wj m j(x) as

) — [pi(x)]™=t d™ T p;(z)sin[re;(x)/h]
Kz,m( ) ) - 271 dax™m ¢Z(Z) - ¢Z($) )

m

wimg (1) = I S [pi(@)S(,h) 0 b))
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Then it follows from §(x) € Ly(D) that §(z)¢ (x) € HY (D), where H'(D) is the space of all
analytic functions in D equipped with the 1-norm. Hence, by making use of [19, Theorem 3.2],
we know that the cardinal series expansion of ;(x) has an error term

o)

~ Kio(z, 2)3i( )¢(Z) -
)= 3 watolitey) = [ SRS =12

j==o0

So, in general, we have

d™yi(z) o= Wi (2)Gi(x;)) _ Kim(x,2)7i(2);(2) B
da™ 2 [pi ()] /ap [Pi(ﬂf)]mflsin[W@(Z)/h]d '

Let 71 and 79 denote the kth and (k4 n)th components of the vector Acy — p, respectively.

Then it holds that

1, .2

ik =T T (1) (2)

and 79 = Top + T s

where

S
" (¢1)2f71

:h2/ Kio(zr,2)  01(2)in(2)  pKai(zk,2)  ¢o(2)da(2) &
op | (¢1)%7  sin[réi(z)/h] (¢1)%p1  sin[mga(z)/R] |

= 3 [ e, po o)

(" P?Jz)( k)~ @ h;pl i [%(l‘kwl(l‘j)_pwll,j(@“k)gﬂajj)}

]700

I
and
2
(1) o h ( ’ " /)
Tor = 75— \M1Y1 T DPYo + 1Y ) (Tk
2k (#0)2p2 M1y 2 o) (@)
h? - _ Pw2 2 i _ _
— o > e @) () + = () Ga(w5) + viwsn (k) G2 ()
(02)?p2 oo P2

_ 0 mEKi(e2)  ¢1(2)0(2)
- /m;[ (6% sinlror )/
)

pKoo(rr,2)  viKoq(xy, P9 (2)72(2) .
+< (¢3)%03 " (¢9)%p2 > Sln[ﬂ¢2(2)/h]]d7

2 ~ bw22 5 ~ -
riy = > [lel,l,j(ﬂﬁk)yl(ﬂfj) + Tj(ﬂﬁk)?ﬂ(%’) + V1w2,1,j($k)y2($j)} :
7[>N

In the above expressions, K; p,(zg, 2) (1 = 1,2, m =0, 1,2) have the following explicit forms:

(~1)F :
Ki,o(l“k,z) =0, K; 1(5Uk, ) Wﬂi@@k%
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and
_ (D
20h[¢p;(2) — kh]?

Kio(wg, 2) [QM@;)Q + (¢i(2) — kh)(2p;0; + Pi@f);l)(l’k)] :

Since |Im(t)| = d and |t — kh| > d hold on 0Dy, we have |Im(¢;(2))| = d and |¢;(z) — kh| > d
on 0D. Using these facts, as well as the assumptions on the coefficients of the second-order ODE
system (2.4) and on the mapping ¢;, we obtain

2 Ky o(xg, 2) - cilh

(@127 |~ [(Re(¢r(2)) — kh)? + d?)V/2
B2 pKo 1(xg, 2) th

(@120 |~ [(Re(¢2(2)) — kh)? + d?]1/2
B2 1K (2, 2) cl5h

(#9)2p2 |~ [(Re(1(2)) — kh)? + d?]1/2
2 pKoa(xg,2) 11 Koi(zk, 2) - cgh

(¢9)205 (93)%p2 |~ [(Re(ga(2)) — kh)? + d?|1 /%’

where ¢, ¢, cs and ¢; are positive constants depending on the bounds for the coefficients of the
second-order ODE system (2.4), on the bounds for derivatives of the inverses of the mappings
¢;, and on the half-band-width d of the strip region D;. Therefore, it holds that

N N 1/2
|[Acy —pll2 = ( STl + D) |"”2k|2) (A1)
k=N k=N

N 1 1/2 N ) 1/2 N 1 1/2 N ) 1/2
< ( > \r§k>|2> i ( 3 |r§,3|2) 1 ( 3 |rg,3\2) T ( 3 \r§,3|2> .
k=—N k=—N

k=—N k=—N

The first term in the right-hand side of (A.1) satisfies

N [e'e] ’ ’ ~
A2 U LA
2o el 2 [ o TR R T Ttntos (371
" , 2
cih 6,(2)i2(2)
i /ap Re(d2(2)) — KR + 72 [sinfmda(e) /1] “

’ / 2
[ BEREE [ @R
4/ap [sinfron (z)/R] /ap \SiH[W@(Z)/hH]

= k:ZOO 22+ |
C4

< FRb(rd/R 42

We remark that the second inequality in (A.2) comes from the fact that there exists a ky € Z
such that kgh < Re(¢;(z)) — kh < (ko + 1)h, and the last inequality in (A.2) comes from the
bounds sin[w¢;(z)/h| > sinh[rd/h] on 0D and from the existence of the integrals about both

é191 and Gy



26 Z.-Z. Bai, R.H. Chan and Z.-R. Ren

Analogous to the derivation of (A.2), we know that the third term in the right-hand side of
(A.1) also satisfies

12 ~ %
k:z:N "= RabGam

For the second term in the right-hand side of (A.1), using the assumptions on the mappings

¢1, ¢2 and on the coefficients of (2.4), and utilizing the expressions for {53(.7]?) }?’fk:_N (m=1,2),
we have

2
N N
> e = DEPD (o) + <1>5<>>y1<x]>+gg>5;k>y2@>]
k=N KN |5
< ¢q Z Z Vjke —alilr
k=—=N|lj|>N
e .
Scg Yy Y, > vkyme Vihemeldh
>N [(]>N k=—oc0
< 6 ,—2aNh (A.3)

h? '

where «;;, is the maximum of |(5](ZL)| (m = 1,2). We remark that the first inequality in (A.3)
results from the fact that |§1(z;)| and |y2(x;)| are bounded by exponentially decaying factors.

Analogous to the derivation of (A.3), we know that the fourth term in the right-hand side of
(A.1) also satisfies

Z | < 6 —QaNh'

Finally, by replacing h with its optimal choice [rd/(a.N)]*/?

with respect to r&), rg), ré}c) and réi,) into (A.1), and after computing and re-arranging the

terms in the estimate we straightforwardly obtain

, through substituting the bounds

IACT — pll2 < ey N1/2e=(mdaN)'/?

Part (ii): We select an arbitrary integer in the range [—N, N|, and simply write S(k, h) o ¢(x)
as S(x) and S(k,h) o ¢;(x) as Si(z) (i = 1,2). Then it holds that

0= —" (Liy(), S()
lel¢1

=[S @) + [0S 5] @n(e)}

lelﬁbl

1 2 3
= Tgk) + Tgk) + Tgk)



Order-Reducible Sinc Methods for Linear ODEs 27

and
0= " ~(Lay(x) —o(z), S(z))
P2w2¢2
b
= p2(jl2¢,2 /a {[_(MISU«Ul), + ,U()Slwl] (qj)yl(m)

+ [(pSgwg)” — (1 Saws) + VoSgwg] (x)yo(z) — a(a:)Sgwg(x)} dx

1 2 3
= Ték) + "”gk) + rgk)7

where TS? and ré? denote the kth and (k+n)th components of the vector Agy — p, respectively,

li|>N
=3 [Fo e ) + 696 — o 6]
l7]>N

and rﬁ) and rgl? represent the errors of infinite-point quadratures, which can be explicitly

expressed by means of Theorem 4.2.1 in [31] as follows:

@) th {/ K2 (z, h) [(p52w2)/ - qSng} (2)y2(2)
oD

" S, Sinfra(=)/h &
k1(z,h) (S1w1)” (2)y1(2)
R NG dz} ’ (A4
r(3) _ Zh / HQ(Z, h) [(pSQWQ)N — (VlSQLUQ)/ + VOSQW2:| (z)yg(z) — JSQWQ(Z) dz
2k 2p0wady | Jop sin[rga(z)/h]
k1(z, h) [(_Mlslwl)l + ,UOSlWl] (Z)yl(z)d As
+/8D sin[r¢1(2)/h] o (45)
with

ka2, h) = exp{(imds(2)/h) sign(Im(i(2))}, i = 1,2,

such that |ki(z,h)| = e ™" holds for z € 9D, where sign(z) denotes the sign function; see
Section 2. Recall that if z € 9D, then |¢;(z) — kh| > d. Therefore, under the assumptions in
(ii), with the explicit expressions of the numerators in (A.4) and (A.5), we know that there exist
positive constants ¢y and 0,7, independent of h, such that

ﬂd/h/ |dz|

op [(Re(¢1(2)) — kh)2 + d2]H/2’
(3) ' —nd/h |dz|

‘7“2/% ‘ < cye /ap [(Re(d2(2)) — k)2 + &2

T‘%?‘ < cre
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Analogous to (A.2), we obtain

N 1/2 N 1/2
( Z \rf,?|2> < cgh™/2e ™M and ( Z |r§’€)\2> < céh_l/Qe_“d/h.
k=—N k=—N

Also, similar to (A.3), we have

N 1/2 N 1/2
( Z |rﬁ)|2> < coh e Nh and < Z |’r§?\2) < cgh~te N,
k=—N k=—N

It then follows that L
1AGT — plla < & NY/2e=(mda)?,

A.2 Upper Bound for Inverse of Block Two-by-Two Matrix
Lemma A.1 Let the matrix A be nonsingular and of the block two-by-two structure

B E
el

where B € R C € R™*™ E € R"™ "™ and F € R"™*™. Then there exists a constant vy € (0,1)
such that

1A~ <

Vl%—’mmax{&(lB)’ 51(10)}7

where 61(+) denotes the smallest singular value of the corresponding matriz.

Proof. From the definition of the Euclidean norm of a matrix, we know that

\|A_1||2:max =12 = max ! = ! ,
220 ||Azlly  |zl=1 VZTATAz VZIATAzZ

where z € R™" is the vector such that 1/vzT AT Az attains the maximum at z on the region
{z : ||z]|]2 = 1}. Because

BB+ F’F B'E+FTC

TA
ATA = E'B+CTF ETE+CTC |

for z = (al, v1)T € R™™ with @ € R" and v € R™, we can obtain

Z’ATAZz =0 (BB +F'F)u+u’ (B'E +FTC)v
+vI(E'B+CTFa+ v (ETE + CTC)v
>/ (B"B+F'F)a+ v (E'E + CTC)v - 2/’ (B'E + FTC)v|
>al' (BB +F'F)a+ v (ETE + CTC)v — 2|a’ BTEV| — 2[a’FTCv|.  (A.6)
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Now, we further estimate a lower bound for zZZ’ AT Az in three cases.
Case (a) If u # 0, v =0 and |[al|2 = 1, from (A.6) we have

zZ'ATAzZ > a”(B'B + FTF)a > a/ B'Ba > [6,(B)]%
Therefore, it holds that [|A~!|y < 1/61(B).
Case (b) If u =0, v # 0 and ||V||2 = 1, from (A.6) we have
Z'ATAz > v (ETE + cTC)v > vI'cTcy > [5,(C))2

Therefore, it holds that ||A~!|s < 1/6;(C).
Case (c) If i # 0, v # 0 and ||| + ||[v]3 = 1, by making use of the Cauchy-Schwarz
inequality [1] we have

u"BTEv| < Va’BTBu - v'ETEv.

This inequality becomes equality if and only if Bu = SEv, with § # 0 a constant. Therefore,
there must exist a constant v; € (0, 1] such that

u'BTEvV| < yyVaT’BTBa - vIETEV < %(ﬁTBTBﬁ +vIETEV). (A7)

Similarly, there must exist a constant v, € (0, 1] such that

167FTCv| < VAl FIFa - vICTCv < %(ﬁTFTFﬁ +vIcTcw). (A.8)
By substituting (A.7) and (A.8) into (A.6) we immediately obtain

ZTATAZ > (1 —y)@'B"Ba+ v ETEV) + (1 — y) (v CTCv + a' FTFa)
> (1 —~y)ua!B'Ba+ (1 - y)v CTCy.

Note that both 1 and ~5 can not be simultaneously equal to 1 if the matrix A is nonsingular.
Let 79 = max{7y1, 72} for 1 < 1 and v < 1, y9 = v for 71 < 1 and 72 = 1, and 9 = 2 for
v =1 and v, < 1. Then it follows that vy € (0,1) and

1
A~z <
V(1 —y1)a’BTBu + (1 — 42)vICTCv

o1 - \/ ala \/ vT'v
—_— X
VI a’BTBu’ vITCTCv

<#max{ ! 1 }
IRV 61(B)’ 61(C) )~

In summary, we have demonstrated the upper bound for [[A~!||s. O
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