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1. (1 point) Fine the maximum area of a triangle formed in the first quadrant by the
r-axis, y-axis and a tangent line to the graph of f = (z + 7)72

Area =

Solution: Let P <t (t+7
first quadrant. The tangent line to the curve at P is

be a point on the graph of the curve y = @ +7)2 in the

1 2(x —t)
Liz) = t+72 (t+7)3

which has z-intercept @ = 227 and y-intercept b = 2t The area of the triangle

+7)3
in question is
1 (3t+7)°
At) = zab = ——.
) =39 = a7y
Solve St+T7)3-7—-3t

At 4 7)

for 0 < ¢ to obtain t = 7. Because A(0) = 4=, A(7) = 5= and A(t) — 0 as t — oo,
it follows that the maximum area is A(7) ~ 0.0714286.

—~

2. (2 points) Find the point (z,y) of 22+ 14zy +49y? = 100 that is closest to the origin
and lies in the first quadrant.

Tr =

y:

Solution: The distance of point (z,y) to the origin is dist(z,y) = /a? + y>.
Then from the equation we can find that

2% + 1day + 49y = 100 = (z + Ty)>.



https://www.math.cuhk.edu.hk/~math1010/tutorial.html
https://www.math.cuhk.edu.hk/~math1010/Tutorial/CW7sol.pdf

Therefore, x + 7y = 10 in the first quadrant, and

dist(z,y)* = (10 — Ty)? + y* = 50y* — 140y + 100

14 49
=50(y* — —y+ —) +2
(" =yt )+

7
:5my—gf+2

This means that the minimum of distance take value when y = %, and x = %

3. (3 points) Use L’Hépital’s Rule (possibly more than once) to evaluate the following
limit
623 + 422

Iim(———m)=

o0 33 — 2
If the answer equals co or —oo, write INF or -INF in the blank.

Solution:

. 62® + 422 . (623 + 42?) . 1822+ 8z
llm —=1lim —r— = lim ——
z—oo 313 — 2 Z—500 (3x3 — 2)’ 200 02

(1822 + 8x) . 36x+38
= lim —— = lim
T—r00 (91’2)' z—oo 181
. (362 +8) .36
= lim —— = lim —
T—00 (1835)/ z—o00 18
=2

4. (4 points) Compute

et —e*
im — =
z—=0 28inx

Solution:

) et — et ) (e:t - 6—:(:)/ ) e+ e ® 60 + 60
lim —— = lim ———~ = lim = =
z=0 2sinx  2=0 (2sinz)  2=0 2cosz 2cos0

5. (5 points) Apply L'Hopital’s Rule to evaluate the following limit. It may be necessary
to apply it more than once.

b (sin ) —
lim (sinx)



Solution: We will use the identity (sinz)® = ™("2)*) " and then compute
In(si L) cosx
lim In((sinz)®) = lim zIn(sinz) = lim n(sinz) = lim %
z—0+ z—0+ z—0+ T~ z—0+ -~
. cotw 2 . 2
= lim ——— = lim — = lim — =0.
=0+ o~ =0+ tanz  =—0+ sec?x
Hence, lim (sinz)® = lim M@ — 0 — 1
z—0+ z—0t
6. (6 points) Evaluate
. cos(x)—1+ %2
lim
x—0 7;174
Limit =
Solution:
. cos(z) —1+ %2 . —sin(z) +x
lim =lim —————
z—0 Tzt 2—0 2823
—cos(z) + 1
=lim —————
=0 28 X 3x?
— im sin(z)
z—0 28 X 6x
1
168
7. (7 points) Evaluate
_ ln(l—x)—kx—i—%
lim .
z—0 T3
Limit =
Solution:
. ln(l—x)—l—m—i—% . —1/1=-2)+1+=x
lim = lim
z—0 T3 z—0 7 X 3x2
—-1/(1—-2)*2+1
g~/ —2)
z—0 7 X 6z
-2/(1 —x)3 1
= lim fA-a) 1
=0 7Tx6 21
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8. (8 points) Find the first three nonzero terms of the Taylor series for the function

f(x) = V4z — x? about the point a = 2.

Solution:
f(2) =
/ . 4 — 2 . 2 — X
) 2V4xr — 22 Vdx — 22
f(2)=
" 4o — 2? (2 - CL’)(4 — QI) 4
f(r) = — _ _ i
(iU) (4x — m2)§ 2(435 _ m2)2 (4x . m2)§
1
f//(2) _ _5
@ 122- 1)
) (4z — 22)3
f2) =
[y = 2o =) 12x52-z)(d—20)  12(4a® — 16z +20)
(4z — 2?)2 24z — 22)3 (47 — 22)3
@) =3
Then the Taylor expansion of f(x) is
11 1, 3
VAT =24 g~ )@~ 2+ ()@~ .
1 5 1 .
:2_1(95—2) —a(x—2) + ...

9. (9 points) Compute Tr(z) at x = 0.4 for y = €* and use a calculator to compute the
error |e” — Ty(x)| at © = 1.3.

Ty(x) =
" — Ta(x)| =

Solution: Recall the general formula for the Taylor polynomial centered at z = a:

70) = f0) + "o -0+ L0 g LD

fz)=e f(z) =€

So, in this case,

0.4
Ty(z) = e + %Yz — 0.4) + %(az —0.4)%,




04
e — Ty(x)| = | + ™ 09+7 0.81 — e'?*| = 0.230641.

10. (10 points) Write the Taylor series for f(z) = In(sec(x)) at x = 0as Y~ c,z™.

the first five coefficients.

Find

Solution:

sin(x)

F(@) = 228 tan(e), fO(2) = (tan(a))’ = sec?(x)

cos(z)

O () = 2sec(x) tan(z), fD(x) = 2sec®(x) + 2sec(x) tan?(x).

Taking value at x = 0, we get the first five coefficients:

Co , C1 , C2 9 C3 y C4 12

11. (11 points) Write the Taylor series for f(z) = sin(z) at « = g Z (ac - —>

Solution: Since f'(x) = cos(z), f?(z) = —sin(x), it’s easy to find that

0
Therefore the Taylor series take value at x = 5 is

S5 T a3

1+Z

U =sin(z), fOHY = cos(z), fU4* = —sin(z), fU = —cos(x)

12. (12 points) Suppose that f(z) and g(x) are given by the power series
f(x) =3+ 4z +52° +22° + - -

and
g(x) =3+ 9z + 4% 4+ 323 + - -

Find the first few terms of the series for

h(f) = f(ff) g(x) :Co+C1$+ng2—|—03x3+---



Solution: Denote the coefficients of series f and g by a, and b,. Then their

product have coefficients ¢, = >, ;. - aib;. Therefore

co=9,c1 =27 +12=1239,co = 12436+ 15 = 63,c3 = 9 + 16 + 45 + 6 = 76.




