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Abstract

In this paper, we introduce and consider the concept of the prox-regularity of a multifunc-
tion. We mainly study the metric subregularity of a generalized equation defined by a prox-
imal closed multifunction between two Hilbert spaces. Using proximal analysis techniques,
we provide sufficient and/or necessary conditions for such a generalized equation to have
the metric subregularity in Hilbert spaces. We also establish results of Robinson-Ursescu
theorem type for prox-regular multifunctions.
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1. Introduction

As an extension of the convexity, the prox-regularity expresses a variational behavior of
“order two” and plays an important role in optimization and variational analysis (see [2-6,
11, 12, 30, 31, 34] and references therein). In this paper we first discuss the prox-regularity of
a multifunction, and we observe that the class of prox-regular multifunctions is much larger

than the class of convex multifunctions. The main aim of this paper is to study the metric
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subregularity for a generalized equation defined by a prox-regular multifunction between
two Hilbert spaces.
Recall that a closed multifunction F' (between two Banach spaces) is metrically regular

at (a,b) € Gr(F) :={(x,y) : y € F(x)} if there exist 7,9 € (0, +00) such that
d(z, F~'(y)) < 7d(y, F(z)) V(v,y) € B(a,d) x B(b,0),

where B(a,d) denotes the open ball with center a and radius 0. As it is well recognized
that the notion of the metric regularity plays an important role in nonlinear analysis and
variational analysis, and it has been well studied by many authors with a lot of valuable
results (for details see [13,14,19,21,22,24-26]). In particular, the following Robinson-Ursescu
theorem is a cornerstone in this field.

Theorem RU. Let F' be a closed conver multifunction between Banach spaces X and Y .
Let a € X and b € F(a). Then the following statements are equivalent:

(i) b € int(F(X)).

(i1) There exists n > 0 such that B(b,n) C F(B(a,1)).

(11i) There exist n,r € (0, +00) such that

B(y,tn) C F(B(x,t)) Y(x,y) € Gr(F)N (B(a,r) x B(b,r)) and t € (0, 1).

(iv) F is metrically reqular at (a,b).
In this paper, in the Hilbert space setting, we address the corresponding issue in Section 4
for a large class of (possibly nonconvex) prox-regular multifunctions.

A weaker property (than the metric regularity of F') is that of the metric subregularity

concerning generalized equations of the form
(GE) be F(x),

where and throughout we assume that b € Y is a given point. Recall (cf. [14]) that (GE) is

metrically subregular at a € F~1(b) if there exists 7 € [0, +00) such that

d(x, F~*(b)) < 7d(b, F(x)) for all x close to a. (1.1)
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This property provides an estimate of how far a candidate = (in a neighborhood of a) can
be from the solution set F'~1(b) of generalized equation (GE). A multifunction M : Y = X
is said to be calm at (b,a) € Gr(M) if there exists L € (0, +00) such that

d(z, M (b)) < L||ly — b|| for all (y,z) € Gr(M) close to (b, a).

It is known and is easy to verify that (GE) is metrically subregular at a € F~'(b) if and
only if M = F~1is calm at (b,a). The metric subregularity and calmness have been already
studied by many authors under various names (see [15-17, 20, 23, 24, 28, 38-41] and therein
references).

A special case of interest is the following one:
Y=R, b=\ and F(z):=[f(z), +o0) Ve X. (1.2)

where f : X — R U {+o0} is a proper lower semicontinuous bounded below function and
A= in}f( f(z). In this case, generalized equation (GE) reduces to optimziation problem
Te

min f(x)

rzeX

while metric subregularity (1.1) reduces to
d(z,S) < 7(f(x) — ) for all z close to a, (1.3)

where S := {z € X : f(x) = A}. Usually a is said to be a weak sharp minimum of f
if there exists 7 € (0, +o00) such that (1.3) holds. Weak sharp minima have important
applications in sensitivity analysis and convergence analysis of mathematical programming.
In recent years, weak sharp minima have been extensively studied (cf. [7, 23, 28, 38] and
references therein). In terms of the subdifferentials of f outside the solution set S, Ioffe [1§]
first studied weak sharp minima (under a different name) when f is locally Lipschitz and
proved the following result:if f is locally Lipschitz at a € S and there exist n,0 € (0, +00)
such that
d(0,0f(z)) >n Vx € B(a,d)\ S
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then a is a weak sharp minimum of f. His work has been followed by many others, and it
is now well known that loffe’s result is still true when f is a general proper semicontinuous
function on X . In this line, in terms of the coderivatives, the authors [41] further extended
the Ioffe’s result to the case when F' is a general closed multifunction and established the
following result:

Result 1. Let F' be a closed multifunction between Banach spaces X and Y. Suppose that
there exist n,d € (0, +00) and € € (0, 1) such that

d(0, Dy F(z,y)(Je(y —b))) = n Vo € B(a, ) \ F~(b) and y € Pp,,(b) N B(b,0), (1.4)

where Je(y —b) := {y* € 0|l - [[(y = b) + By~ : |ly*|| = 1} and Py, (b) :== {y € F(x) :
IIb —y|| < d(b, F(x))+e}. Then (GE) is metrically subregular at a.

In general, the converse of loffe’s result and that of Result I are not necessarily true. But,
under the convexity assumption, the converse of each of these results does hold. Indeed,
the authors [41] proved the following characterization: if F' is a closed convex multifunction
between Banach spaces X andY then (GE) is metrically subreqular at a € F~(b) if and only
if there exist n,6 € (0, +00) and e € (0, 1) such that (1.4) holds. 1t is a natural problem
to ask whether the above characterization can been extended to a larger class of possibly
nonconvex functions. In Theorem 5.1, we provide an answer to this problem for the class of
prox-regular multifunctions. Moreover, under the prox-regularity assumption and in terms of
the normal cone of the solution set as well as some properties of the concerned multifunction
on the solution set, we provide several characterizations for the metric subregularity in
Theorem 5.2. In particular, we extend some existing results on weak sharp minima to the

prox-regularity case from the convex one.

2. Preliminaries

Let X be a Banach space and By (resp. Xx) denote the closed unit ball (resp. the unit
sphere) of X. For z € X and r > 0, we denote by B(z,r) the open ball with center a and
radius 7. For a closed subset A of X and a point a in A, let T.(A,a) and T(A,a) denote



respectively the Clarke tangent cone and the contingent (Bouligand) cone of A at a (cf. [10,
26, 35)); they are defined by

T.(A,a) := liminf (A — )/t and T(A,a) = limsup(A — a)/t,

B at—0+ t—0+

where 2 2 @ means that © — a with 2 € A. Thus, v € T.(A,a) if and only if, for each
sequence {a,} in A converging to a and each sequence {t,} in (0, oo) decreasing to 0,
there exists a sequence {v,} in X converging to v such that a, + t,v, € A for all n, while
v € T(A,a) if and only if there exist a sequence {v,} converging to v and a sequence {t, } in
(0, oo) decreasing to 0 such that a + t,v, € A for all n. We denote by N.(A,a) the Clarke

normal cone of A at a, that is,
N.(A,a) .= {a" € X*|{(z",h) <0 forall h € T.(A,a)}.

Let N(A,a) denote the Fréchet normal cone of A at a; thus z* € N(A, a) if and only if for

any € > 0 there exists 0 > 0 such that
(", —a) <ellz —al| VYxre AN B(a,d). (2.1)

A relate but distinct notion of normal cone is that of proximal normal cone Np(A, a). This
later notion is particularly relevant for the investigation regarding variational behavior of
“order two” (cf [11,12,30,35]). We recall that a* € Np(A,a) if and only if there exist
0,6 € (0, +00) such that

(z*, 7 —a) < 0|z —a|* Ve AN B(a,d). (2.2)

It is known that
Np(A,a) C N(A,a) C N(A,a).

The Mordukhovich (limiting) normal cone is denoted by N (A, a) and is defined by

N(A,a) :=limsup Np(A, z).
A
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Thus, z* € N(A,a) if and only if there exist sequences {z,} and {z*} with each z¥ €
Np(A, x,) such that x, 4 a and {z}} weak*-converges to z*. It is known (cf. [12, Ch.2,
Theorem 6.1]) that if X is a Hilbert space then

N.(A,a) = @WN (4, a), (2.3)

where @6(-) denotes the closed convex hull. If A is convex, then T,.(A,a) = T(A,a) and
N.(A,a) = Np(A,a) are respectively the tangent cone and the normal cone in the sense of

convex analysis; in this case,
N.(A,a) = Np(A,a) ={z" € X*| (2", x2) < (2",a) forallz € A}.
Let ¢ : X — RU {400} be a proper lower semicontinuous function,
dom(¢) := {z € X| ¢(z) < +o0} and epi(¢) := {(x,t) € X x R| ¢(x) < t}.

For a € dom(¢), let dp¢(a) denote the proximal subdifferential of f at a, that is, dp¢(a) is
the set of all 2* € X* satisfying the property that there exist o, € (0, +00) such that

(x*,2 — a) < ¢(x) — ¢(a) + 0|z —al|* Yz € B(a,). (2.4)

For a € dom(¢) and h € X, let ¢!(a, h) denote the generalized directional derivative intro-
duced by Rockafellar, that is,

¢'(a,h) :=lim lirélaszf peinf (00 +tw) = 6(2)) /¢,

where the expression z 2, @ means that z — a and #(2) — ¢(a). Let O.¢(a) denote the

Clarke-Rockafellar subdifferential of ¢ at a, that is,
Oct(a) == {z* € X*|(z*,h) < ¢'(a,h) Vh e X}.

For a closed subset set A of X, let 4 denote the indicator function of A, that is, d4(x) =0

if € A and 04(x) = 400 otherwise. It is known that

Np(A,a) = 0pda(a) and N.(A,a) = 0.04(a).
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For a closed multifunction F' between Banach spaces X an Y and (x,y) € Gr(F), let
DF(z,y) denote the tangent derivative of F' at (x,y), that is, DF(x,y) : X = Y is a
multifunction from X into Y defined by

DF(z,y)(u) ={veY: (u,v) € T(Gr(F),(z,y)} Yue X.

We also need the coderivative D3 F(x,y) of F' at (x,y), which is a multifunction from Y* to

X* and defined by

DLF(x,y)(y*) :={z" € X*: (2%, —y") € Np(Gr(F), (z,y))} Yy €Y™

The following two lemmas (cf. [12, Ch.1, Proposition 2.11 and Theorem 6.1]) are useful

for us.

Lemma 2.1. Let X be a Hilbert space and f,g: X — R U {+oc} be proper lower semicon-

tinuous and suppose that g is twice continuously differentiable at xo € dom(f). Then

Ip(f + 9)(wo) = Opf(x0) + ¢'(0),

where ¢'(xo) denotes the derivative of g at xy.

Lemma 2.2. Let A be a nonempty closed subset of a Hilbert space X and let x € X \ A be
such that Opd(-, A)(x) # (0. Then there exists a € A satisfying the following properties:

(i) The set Ps(x) of closest points in A to x is the singleton {a}.

(i1) d(-, A) is Fréchet differentiable at z, and

Opd(-, A)(z) ={d'(- A)(2)} = {(z —a)/||z — all}.
(11i) v —a € Np(A, a).

We also need the following Hilbert space version of the famous Borwein-Preiss smooth

variational principle.

Lemma 2.3. Let X be a Hilbert space and f: X — RU {+o0} be a proper lower semicon-
tinuous function. Let xg € X and e € (0, +00) be such that f(xq) < m)f(f(x) +e¢e. Then for
HAS
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any A > 0 there exist y,z € X such that

Iz =zl <A [ly =2l <A Fly) < f(o)

and

9 g
f@) + i3l = 2I° < fl@) + 5lle —2|* Vo eX.

In contrast with the approximate projection theorem established in [42] in terms of the
Clarke normal cone, we use Lemma 2.3 to establish the following approximate projection

result in a Hilbert space in terms of the proximal normal cone.

Proposition 2.1. Let A be a closed nonempty subset of a Hilbert space X and ~v € (0, 1).
Then for any x € X \ A there exist a € A and a* € Np(A,a) with ||a*|| =1 such that

Yz — al| < min{{(a*,z — a),d(z, A)}.
Proof. Define f: X — RU {400} by
fu) =d6a(u) + ||lu—=z| VuelX.
For each n € N, take a,, € A such that
la, — || < d(z, A) + 1/n? (2.5)

Then d(z, A) = m)f(f(u) and f(a,) < 1n)f(f(u) + 1/n®. By Lemma 2.3, there exist u, € X
ue ue
and a, € A (so a, # x) such that

lun — an|| < 1/n, ||an — un|| < 1/n (2.6)

and @, is a minimizer of the function u — f(u) + ||u — u,||*/n. Noting that the function
u— |Ju—z| + ||[u — u,]|*/n is twice continuously differentiable at a,,, it follows from the

optimality condition and Lemma 2.1 that

0 € 0pda(an)+ (an — x)/||an — || + 2(an — un)/n

= Np(4,a,) + (an — x)/||an — z|| + 2(an — uy) /n.
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Thus z& € Np(A,a,), where 2z = (z — a,)/||z — a,| + 2(u, — a,)/n. Moreover, by (2.5)
and (2.6), one can verify easily that ||z — a,| — d(z, A) and (z},z — a,) — d(x, A). Since

v € (0, 1), noting ||z|| — 1 and letting a’ := z*/||z*||, it follows that
Yz — anl| < min{{a;,x — a,), d(xz, A)}

for all sufficiently large n. The proof is completed.

3. Prox-regularity of a multifunction

For theoretical interest as well as for applications, many generalization notions have been
introduced in the literature to replace the convexity. Among them, prox-regularity is a useful
and important one. Following [31], we say that a closed subset A of a Banach space X is

prox-regular at a € A if there exist 0,0 > 0 such that
(@" — v,z —u) > —ollz — ull*

whenever z,u € B(a,0) N A, z* € N, (A,z) N Bx- and u* € N.(A,u) N Bx-. Readers
can find some interesting properties of the prox-regularity in [2-6, 12, 30, 31, 35]. Since
0 € N.(A,x) N N.(A,u), it is easy to verify that A is prox-regular at a if and only if there
exist 0,0 € (0, +00) such that

(u*, x — u) SaHx—uH2 (3.1)

whenever z,u € AN B(a,d) and u* € N.(A,u) N Bx-.

In this paper, we adopt the following notions which are motivated by (3.1).

Definition 3.1 Let A be a closed subset of a Banach space X and F' be a closed multi-
function between Banach spaces X and Y. We say that
(a) A is sub-proz-regular at a € A if there exist 0,0 € (0, +00) such that

(%, —a) <ollz —al|* Vo€ AN B(a,6) and 2* € N.(A,a) N Bx-.



(b) F is proz-reqular at (a,b) € Gr(F) if there exist 0,9 € (0, +00) such that
(@7, 22 = 21) < (Y e — ) + o(lzz — 2| + llye — wal*)

whenever (x;,y;) € Gr(F)N(B(a,0)xB(b,d)) (i =1,2), y{ € By~ andz} € D:F(x1,y1)(y;)N
Bx-.
(c) generalized equation (GE) is proz-reqular at a € F~(b) if there exist 0,5 € (0, +00)
such that

(W —u) < (v",y = 0) +o(lla —ul* + [ly - b]I*)

whenever © € B(a,d), u € F~1(b) N B(a,d), y € F(z) N B(b,d), v* € By« and u* €
D?F(u,b)(v*) N Bxx.

The following properties are immediate from the related definitions:

(i) If A is sub-prox-reqular at a € A then
Np(A,a) = N.(A,a) and T(A,a) =T.(A,a).

(ii) If F is proz-regular at (a,b) then (GE) is proz-regular at a € F~(b).
(111) If (GE) is proz-reqular at a € F~1(b) then Gr(F) is sub-proz-regular at (u,b) for all
u € F~1(b) close to a.

We will show that the class of prox-regular multifunctions is larger than that of convex
multifunctions. To do this, we need the primal-lower-nice property for proper lower semi-
continuous functions. Let f : X — R U {400} be a proper lower semicontinuous function
and recall (cf. [9]) that f is primal-lower-nice at z € dom(f) (with respect to the Clarke
subdiferential) if there exist d,¢,T € (0, +00) such that

(w2 = ) < () - flu) + G e = ul?

whenever z,u € B(z,9), t € [T, 4+o00) and u* € 0.f(u) NtBx~. It is clear that A is
prox-regular at a if and only if the indicator d4 is primal lower nice at a. The primal-

lower-nice property has been found to have important applications in variational analysis
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and optimization. Several authors proved that some important kinds of proper lower semi-
continuous functions have the primal-lower-nice property (cf. [9, 29, 35]). In particular,
Combari et al [9] proved the following interesting result which will help us to prove that

many composite-convex multifuntions are prox-regular.

Proposition 3.1. Let Y be a Banach space, g : X — Y be a continuously differentiable
mapping with g’ being locally Lipschitz at T € X and ¢ : Y — RU{+o0} be a proper lower
semicontinuous convez function with g(z) € dom(¢). Suppose that the following Robinson
qualification holds:

R (dom(¢) — ¢(z)) — ¢'(z)(X) =Y.

Then the composite function ¢ o g is primal-lower-nice at .

The following proposition can be found in [31] and shows that the Clarke normal cone
in (3.1) can be replaced by the proximal normal cone in the Hilbert space setting. Here and

throughout a Hilbert space and its dual space are identified as usual.

Proposition 3.2. Let X be a Hilbert space and A be a closed subset of X. Then A is prox-
regular at a € A if and only if there exist 0,6 € (0, +00) such that (3.1) holds whenever
z,u € ANB(a,0) and u* € Np(A,u) N Bx. Consequently, a closed multifunction F between
two Hilbert spaces X and Y is proz-reqular at (z,y) € Gr(F) if and only if there exist
0,0 € (0, +00) such that

(2}, 22 — 21) < (Yl e — 1) + o(flae — z1|* + ly2 — nill?)

whenever (x;,y;) € Gr(F)N(B(Z,6)xB(y,0)) (i =1,2), yi € By andx} € DpF(x1,y1)(y;)N
Bx~.

The following proposition provides a characterization of the prox-regularity.

Proposition 3.3. Let A be a closed subset of X and a € A. Then A is prox-reqular at a if
and only if there exist 0,0 € (0, +00) such that

(u*,x —u) < d(z, A) +ollzr —ul|* Vo€ B(a,od)

whenever u € AN B(a,d) and u* € N.(A,u) N Bx-.
11



Proof. The sufficiency part is trivial. To prove the necessity part, suppose that there

exist 0,0 € (0, +00) such that
(w2 =) < 71z = ul? (3.2)

whenever z,u € AN B(a,20) and u* € N.(A,u) N Bx+. Let 2 € B(a,d), u € AN B(a,0)
and u* € N.(A,u) N Bx-. Then there exists a sequence {u,} in AN B(a,2d) such that
|z — un|| — d(x, A). It follows from (3.2) that

(W e —u) = Wz —u,) + (U u, —u)

IA

o
|z = unll + = ull”

IN

o
1z = wnll + 5l = 2]* + [l = u]]®).
Letting n — oo, one has

(', 2 —u) < d(z, A) + %(d(fc, AP+l = ull?) < d(z, A) + oz —ul*.

This completes the proof.

Remark. The referee pointed out that Proposition 3.3 has been obtained in the paper
“Prox-regular sets and applications” by Colombo and Thilbault. However as we cannot lo-
cate the paper (which, we guess, has not yet appeared in print). For the sake of completeness,
the proof and the proposition are kept here.

The following propositions show that the class of prox-regular multifunctions is much

larger than the class of convex multifunctions.

Proposition 3.4. Let XY, Z be Banach spaces. Let G : Z = Y be a closed convex
multifunction and g : X — Z be a continuously differentiable function such that g' is locally

Lipschitz at a and the following qualification holds:
R (dom(G) — g(a)) — g'(a)(X) = Z. (3-3)

Then, for any b € G(g(a)), the composite G o g is proz-regular at (a,b).
12



Proof. Let T': X XY — Z x Y be such that
T(z,y) == (9(z),y) V(zv,y) € X xY.
Then T is continuously differentiable and
T'(u,0)(z, ) = (¢'(uw) (), 5) ¥(u,v), (5,9) € X X .
Hence T" is locally Lipschitz at (a,b) and
T'(a,b)(X xY) =4g'(a)(X) x Y. (3.4)

It is easy to verify that Gr(G o g) = T71(Gr(G)), that is, dar(cog) = dar(c)) © T- It follows
from (3.3) and (3.4) that

R, (dom(dg;) — T'(a, b)) — T'(a,0)(X xY)=Z x Y.

This and Proposition 3.1 imply that the composite function dg(g)) o 1" is primal-lower-nice
at (a,b), and so the indicator dgr(gog) is primal-lower nice at (a,b). This means that the

composite G o g is prox-regular at (a,b). The proof is completed.

Let f: X — RU {400} be a proper lower semicontinuous function and recall that f is

weakly convex at Z € dom(f) if there exist ¢,0 € (0, +00) such that
tf(x1) + (L =) f(z2) < flter + (1= t)as) + ot(1 = t)[|lz1 — 2o

for all (t,x1,22) € [0, 1] x B(z,0) x B(z,6) (cf. [37, 1]). In the case when X is a Hilbert
space, it is known (cf. [1, Theorem 4.1]) that f is weakly convex at = € dom(f) if and only
if there exist 0, dy € (0, +00) such that

(x*, 09 — 1) < flag) — f(21) + 00l|lze — 21||* V1,20 € B(Z,68) and 2* € Of (7).

This motivates us to introduce the following concepts.

For a closed multifunction F' between Banach spaces X and Y, we say that F' is weakly
convex at (z,y) € Gr(F) if there exist 0,9 € (0, +00) and a neighborhood V' of g such that
for all (t,z,u) € [0, 1] x B(z,d) x B(z,9),

HE@) V) + (1= t)(Fu)NV) C Ftz + (1 — t)u) + ot(1 — t)||x — u|*By. (3.5)
13



The weak convexity is closely related the paraconvexity introduced by Rolewicz (cf. [32,

33)).

Proposition 3.5. Let F' be a closed multifunction between Hilbert spaces X and Y. Let
T € X and y € F(x) be such that F is weakly convex at (z,y); more precisely, suppose
that there exist 0,8 € (0, 4+00) and a neighborhood V' of y such that (3.5) holds for all
(t,x,u) € [0, 1] x B(z,0) x B(z,0). Let 6y € (0, 0] be such that B(y,d) C V. Then,

(25,0 — 1) < (Y}, Y2 — 1) + ol|we — 21| (3.6)

whenever (x;,y;) € Gr(F)N(B(Z,00)xB(y,0)) (i =1,2), yi € By~ and z} € Di(x1, 1) (y;)N

Bx«. Consequently, F is proz-reqular at (Z,7).

Proof. Let 21 € B(z,0¢), y1 € F(x1) N B(y,d), y; € By+ and 2} € DLF(x1,y1)(y]) N
Bx+. Then there exist 01,91 € (0, 4+00) such that

(@1, 2 —21) < iy — ) +oullle —ol* + ly — nl®) (3.7)

for any (z,y) € Gr(F) N (B(x1,d1) X B(y1,01)). Let (z2,92) € Gr(F) N (B(,d) x B(Y,0))
and ¢t € (0, 1) sufficiently close to 1 be such that

max{(1 — t)|z2 — 2ll, (1= 8)(ly2 — wull + otllwz — 21]*)} < 61
Then, by (3.5), there exists e; € By such that
tyr + (1 =ty + ot(1 — t)||vy — z1]|%e; € F(tay + (1 —t)x)

and it follows from (3.7) (applied to x = tzy + (1 — t)xe and y = ty; + (1 — t)y2 + ot(1 —
t)||ze — x1]|%e;) that

(x5, m0 — 1) < (yf,y2 — y1 + ot||lza — 21| %)) +

o1 (1= 1) (lz2 = 21| + [|v2 — 91 + ot[lz2 — 21 [Pl

Letting t — 17, one sees that (3.6) holds. This and Proposition 3.1 imply that F' is prox-

regular at (Z, 7).
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4. Metric regularity for a prox-regular multifunction

Ursescu [36] and Robinson [34] proved independently that if F' is a closed convex mul-
tifunction between Banach spaces Z and Y and (a,b) € Gr(F') then b € int(F (X)) if and
only if

B(b,n) C F(a+ By) (4.1)

for some n > 0. This equivalence can be regarded as an extension of the classical open
mapping theorem on a bounded linear operator between Banach spaces. In an earlier paper
than [34] and [36], in the topological linear space case, Ng [27] had established an open
mapping theorem for a multifunction whose graph is a closed convex cone. In [34], Robin-
son further proved the metric regularity result in the Robinson-Ursescu theorem (namely
Theorem RU mentioned in Section 1). In this section, we will address the corresponding
issue for a possibly nonconvex prox-regular multifunction between two Hilbert spaces.

Under the the convexity assumption on F', it is clear that
(4.1) <= [B(b,tn) C F(a+tBx) Vt € (0, 1]].
Thus, the following theorem can be regarded as a result of the Robinson-Ursescu theorem
type in the prox-regularity setting.

Theorem 4.1. Let F' be a closed multifunction between Hilbert spaces X andY and suppose
that F' is proz-reqular at (a,b) € Gr(F) with the corresponding constants o, € (0, +00),

namely
(@ u—x) < (y" v —y) +o(lu—zl* +[lv—y|*) (4.2)

for all (u,v), (z,y) € Gr(F) N (B(a,d) x B(b,9)), y* € By and z* € DiF(z,y)(y*) N Bx.
Then, the following statements are equivalent:

(1) There exist n,r € (0, +00) such that
B(y,tn) C F(B(x,t)) Yz € B(a,r), y € F(z)NB(b,r) and t € (0, 1).
(ii) There exist v € (0, 2) and B € (0, 8) with 3 > o(4y* + %) such that

B(b,B) C F(B(a,7))- (4.3)
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(111) There exist 7, A € (0, +00) such that
d(z, F(y)) < 7d(y, F(z)) ¥(z.y) € Ba,\) x B(b, A).

Proof. (i)=-(ii). Suppose that (i) holds. Then B(b,tn) C F(B(a,t)) for all t € (0, 1).
Let ¢y € (0, 1) be sufficiently small such that n > o(4ty + ton?). Thus, one can see that (ii)
holds with § := toyn and v = t,.

(ii)=-(iil). Suppose to the contrary that for any n € N there exist (x,,y,) € X x Y such
that

|z, —all <min{y,1/n}, |y, —b]| <min{B,1/n} (4.4)
and d(x,, F~(y,)) > nd(yn, F(x,)). Then, by [41, Lemma 3.1] there exist 7, € X and
Un € F(Z,,) such that

10 = @all < d(@n, F~H(yn)), 0 < 1l7n = yull < d(@n, F~H(ya))/n (4.5)
and
(0,0) € {00, (@ = yn) /90 = ynlD)} + (Bx x By)/n + Ne(Gr(F), (Zn, In))-
Hence there exists (), —y*) € N(Gr(F), (Zn,yn)) such that

lznll < 1/n, yy € (Fn = yn) /190 — ynll + By /n, (4.6)
and so
(2, =)/ (L+ 1/n) € Ne(Gr(F), (Zn, §n)) N (Bx X By). (4.7)
By (4.3) and (4.4), for each n € N there exists z, € F~*(y,) N B(a,~). Then
(2, F(yn)) < Nz — zll < llon — all + lla — 20l < 1/n+ 7
and it follows from (4.5) that
|Z, —al| <2/n+~ and |7, — bl < (2+7)/n. (4.8)

Consider all large n such that (2 +v)/n < fand 3y+2/n < §. Let v, := (6—(2+7)/n) ||§Z:§Zu'
Then, by (4.8), one has

B(a,~) C B(%y,2v+2/n) C B(a,0) and g, — v, € B(b,3).
16



It follows from (4.3) that there exists w, € B(Z,,2y + 2/n) such that g, — v, € F(w,).
Hence, by (4.7) and § € (0, §), one can apply (4.2) to (Wn, Yn —n), (ZTn, Yn) and H%(:v;‘;, yr)

in place of (u,v), (z,y) and (z*, y*) respectively, and we get
(@ wn = Tn) < (Y, —va) + (L+ 1/n)o([lwn — ZulI* + [[vall?). (4.9)
By (4.6) and our choice of v,, and w,,, we have
—1/n(2y +2/n) < (x5, wn — Tn) and (y,, —vn) < =G+ (2+7)/n+1/n(8 = (2+7)/n).
It follows from (4.9) that

—1/n(2y+2/n) < =42+ 7)/n+1/n(6—(2 + 7)/n)+(1+1/n)o (2y+2/n)*+(B—(2 +7) /n)?).

Letting n — oo, one has § < (4% + 3?), contradicting the given in (ii). This shows that

(ii)=-(iii) holds. Since (iii)=(i) is immediate from [19, Proposition 2], the proof is completed.

5. Metric subregularity for generalized equations

In extending several known results in the literature, this section is devoted to provide two
characterizations for the metric subregularity of generalized equation (GE): one is in terms
of the points of the solution set F'~1(b) while the other in terms of the points not belonging
to F~1(b). A major novelty here for our consideration is that the usual convexity assumption
regarding [ is replaced by considerably weaker assumption that F' is prox-regular. As in
the preceding section, we assume throughout that X,Y are Hilbert spaces; F' denotes a
closed multifunction from X to Y, b € Y and a € F~'(b). In this Hilbert space framework,

the implication (ii)==-(i) in the following theorem is a strengthened version of Result I (as
DpF(z,y)(y") C DEF(x,y)(y") for any y*).

Theorem 5.1. Consider the following statements for the data F, a, b specified above:
(i) (GE) is metrically subregular at a.
(i1) There exist n,d € (0, +00) and € € (0, 1) such that

4(0. DL F(x,9)(Jo(y — b)) > 7 (5.1)
17



for all z € B(a,8)\ F~1(b) and all y € Pry (0) N B(b,6).
(iii) There exist n,0 € (0, +00) and € € (0, 1) such that
4.0, DypF(w,5) (5 — 1)/ ly — bl + <By)) > 1 (52)

for all z € B(a,d) \ F~1(b) and y € F(x) N B(b,9).
Then (iii)=(ii)=(i). Moreover (i)& (ii)< (i) if F is assumed to be proz-regular at (a,b).

Proof. For any y € Y \ {b}, noting that J(y —b) = {(y — b)/|ly — b||}, one has
J-(y—b) C (y—"b)/|ly — b|| +eBy. Hence (iii)=-(ii) is evident. To prove (ii)=-(i), suppose to
the contrary that (GE) is not metrically subregular at a. Then, for each n € N there exists
r, € B(a,1/n)\ F~(b) such that d(z,, F~1(b)) > nd(b, F(z,)). Thus

(2, F7 (b)) < ||lzn — al| < 1/n (5.3)

and

3 — b|| < d(z,, F~1(b))/n  with some y,, € F(x,,). (5.4)

Define ¢ : X x Y — RU {40} by

P(z,y) = ||y — bl + 5Gr(F)(937?/) V(z,y) € X x Y.

Then ¢ is lower semicontinuous and

H(Tn,yn) < inf  é(x,y) + d(z,, FH())/n.

(z,y)eX XY

By Lemma 2.3 (applied to ¢ = d(z,, F71(b))/n and A = d(z,, F~1(b))/2), there exist
(Zn, Yn), (Un,vn) € X XY such that

[ (tns Vn) = (T, Yn) || < d(y, F_l(b>>/2v [(Zny ) — (U, vn)|| < d(zn, F_l(b))/Q (5.5)

and (Z,, ¥,) is a minimizer of the function gb—l—m |-, )= (tn, v, ||*. By the optimality
condition and Lemma 2.1, we have
(Oa O) € 8P¢(fn7 gn) + 8(fn — Un, y_n - ’Un)/nd(xna Fﬁl(b)) (56)
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This and the definition of ¢ imply that 4, € F(z,). Noting that z, & F~1(b) (by the
second inequality of (5.5)), one has ¢, # b. Hence the function (z,y) — ||y — b|| is twice
continuously differentiable at (Z,, 9,), and so one can apply Lemma 2.1 to rewrite (5.6) as

(0,0) € Opdcr(r)(Tn, §n) + (0, (Fn — b)/ |15 — bll) + (a7, 97),

where (2, y) := 8(Z,, — U, Yn — vn)/nd(xp, F~1(b)) (which is of the norm less than 4/n (by
the second inequality of (5.5)). Thus (—x}, —y* — (g, — b)/||yn — b||) € Np(Gr(F), (Zn, ¥n))
and so
d(0, DpF(Zn, §n) (U, + (g = 0)/llym — 0I1)) < || = 23] < 4/m,
which contradicts (ii) when n is large enough because (Z,,y,) — (a,b) by (5.3)—(5.5).
Therefore (ii)=-(i).
It remains to show that if F' is prox-regular at (a,b) then (i)=-(iii) holds. To do this,

suppose by (i) that there exist 7,7 € (0, +00) such that
d(z, F7Y(b)) < 7d(b, F(x)) Vz € Bla,r). (5.7)
By the prox-regularity of F' at (a,b), there exist o € (0, +00) and r; € (0, r) such that
(0% u— 2) < (", b— ) + o(lu— 2 + b — g (5.5)

whenever x € B(a,ry), v € F~1(b) N Bla,r1), y € F(z) N B(b,r1), y* € By and z* €
DiF(z,y)(y*) N Bx. Let e € (0, 1), ¢’ € (¢, 1) and take § € (0, r1/2) such that

(1—e—0d)/T—0d>(1-¢)/T.

We will prove that (5.2) holds for n := min{(1 —¢’)/7, 1}. To do this, let x € B(a,d) \
F7(b), y € F(z)N B(b,d), y* € (y—b)/|ly — b|| + eBy and z* € DpF(z,y)(y*). We have

to show that ||z*|| > 7. Since n < 1, we can assume that ||z*|| < 1. Noting that
0<d(x, F71(b) < ||z —al| <6,
there exists a sequence {u,} in F~!(b)) such that

|z — up|| < min {(1+1/n)d(z, F~'(b)),6} VneN.
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Our choice of y* clearly implies that

(W b—y) = ((y=0)/lly=0l,b—y)+ " —(y—0b)/lly—0l,b—y)

< —(1=a)lly—oll

Noting that ||u, — a|| < ||u, — z|| + ||z — a]| < 20 < ry, it follows from (5.8) that

(@ un —2) < —(1=e)lly =0l +o(llz—ual*+ lly — bl*)
< —(1=a)lly = bll + (0l = unll + 6]y — 0l])
< —(I—e—0ad)lly = bl + od]lz — un]|
< —(1—e—0ad)d(b, F(x)) + 06|z — ul|

(because —1 + ¢+ 06 <0 and y € F(z)). Since « € B(a,r), it follows from (5.7) that

*

(x*, 0 —u,) > (1—¢e—0d)/rd(x, F7 (b)) — od||x — u,||

> n(l—e—0d)/(n+ 1)7|x — uy,|| — dd||z — uy,||

(by our choice of u,). This implies that ||z*]] > n(l —¢ —0d)/(n+ 1)7 — 0d and so, in
limits,

|lz*| > (1—e—00)/T—ad > (1—€")/T

as wished to show. The proof is completed.

Remark. Let Y, A and F be as in (1.2) with a proper lower semicontinuous function
f. Then DLF(z, f(2))(1) = Opf(x) and dom(DpF(z,y)) = {0} for any € dom(f) and
y € (f(x), +00); thus Theorem 5.1 implies that a € S is a weak sharp minimum of f if and
only if there exist 1,6 € (0, +00) such that

d(0,0pf(x)) >n Vax € B(a,d)\ S with |f(z) — A <.

The following example shows that if the prox-regularity assumption is dropped then

Theorem 5.1 and the above characterization are not true even if f is assumed to be Lipschitz.
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Example. For any n € N, let ¢, : [2*2”, 2*2(”*1)) — R be such that

3z 2—2714—17 T € [2—271—&—17 2—2(n—1))

2—2n7 T € [2—271’ 2—2n+1)'

Let X =R and f: X — R be defined as follows.

z, z € [1, +00)
f(@) =9 on(z), ze[27%, 2_2(”_1)) andn € N
0, x € (—o0, 0].
Then,
0, 1, +00)

92— 2n+1 2(n—1)) andn € N

272 272t andn € N

\ 0).

Hence f is a Lipshcitz function and m)f(f(x) = 0. Note that S ={zx € X : f(z) =0} =
Te

(=00, 0] and f(z) > 12 = id(z, S) for all z € [0, +oc). Thus 0 is a weak sharp minimum
of f. But, dpf(z) = {0} for any z € (272", 272"*!) and n € N.

f'(x) =

€ (
€
€ (
€ (-o0

] “O oW

?

Theorem 5.1 are motivated by loffe’s work [18] and Result I in which the sufficient con-
ditions and characterizations are expressed in terms of the subdifferentials and coderivatives
of the concerned function outside the solution set. In a different line, in terms of some prop-
erties of the concerned function inside the solution set, many authors [7, 16, 23, 28, 38-40]
studied the weak sharp minima or the metric regularity. In this line and in the Euclidean
space case, Burke and Ferris [8] used technique of conjugate functions to study weak sharp
minima of a convex function and established several interesting characterizations for weak
sharp minima. Using the same technique as [8], Burke and Deng [7] extended Burke and
Ferris’ results to the Hilbert space case. In particular, they proved the following result:
Result II. Let X be a Hilbert space and f: X — RU {400} be a proper lower semicontin-

uous convex function. The following statements are equivalent.
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(i) a € S is a weak sharp minimum of f:

(ii) There ezist 7, € (0, +00) such that

N(S,x)N Bx+ C [0, 7]0f(x) Vz e SnNB(a,o).

(11i) There exist 7,6 € (0, +00) such that

U NSa)nBx-c |J [0 70f(2)

z€SNB(a,d) z€SNB(a,d)

(iv) There exist 7,0 € (0, +00) such that
d(h, T(S,u)) < 7[d* f(u)(h)]. Yue SN Bla,d)and h e X.
(v) There exist 7,0 € (0, +00) such that
[d* f(u)(h)]+ > 7||h|| Yu € SN B(a,d) and h € N(S,u).
(vi) There exist 7,0 € (0, +00) such that
[d" f(u)(x —u)]y >d(z,S) Vo € B(a,d) and u € Ps(x),

where Ps(z) :={ue€ S: ||z —u| =d(z,S)}.

The authors [39,40] extended (i)<(ii)<(iv) to convex generalized equations and (i)<(ii)

to subsmooth (not necessarily convex) generalized equations in Banach spaces.

Next, in terms of some properties of the concerned multifunction inside the solution set,

we consider sufficient and /or necessary conditions for the metric suregularity of generalized

equation (GE) in the prox-regularity case. In particular, relaxing the convexity assumption,

we generalize Result II to more general generalized equations in Hilbert spaces. To do this,

we need the following inclusions which are immediate from the related definitions.

T(F(b),u) C DF(u,b)"(0) VYue F(b)

and
DLF(u,b)(Y) C Np(F*I(b),u) Yu € F*I(b).
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Theorem 5.2. Let (GE) be proz-regular at (a,b) and consider the following statements.
(i) (GE) is metrically subreqular at a.
(i1) There exist 7,6 € (0, +00) such that

Np(F~(b),u) N By C D% F(u,b)(By) Yu € F~*(b) N B(a,d). (5.11)
(11i) There exist 7,6 € (0, +00) such that

U Np(F~1(b),u) N By C U D F(u,b)(TBy). (5.12)

u€F—1(b)NB(a,d) ueF~1(b)NB(a,d)

(iv) There exist 7,0 € (0, +00) such that
d(x, T(F7'(b),u)) < 7d(0, DF(u,b)(z)) Yu € F'(b)N B(a,d) and z € X. (5.13)
(v) There exist T, € (0, +00) such that
d(0, DF(u,b)(h)) > 7||h|| Yu € F7'(b)N B(a,d) and h € Np(F~1(b),u). (5.14)
(vi) There exist 7,0 € (0, 4+00) such that for all x € B(a,d) and v € Pp-1)(z),
d(0, DF (u,b)(x — u)) > 7d(z, F~(b)). (5.15)
Then (i)& (ii)< (iv), (ii)=(iii) and (iv)=(v)=(vi).
Proof. Since (GE) is prox-regular at a, there exist o, € (0, +00) such that
(', 2 —u) < (v*,y = b) + o(llz — ul|® + [Jy — b]*) (5.16)

whenever z € B(a,r), u € F~'(b) N Bla,r), y € F(x) N B(b,r), v* € By and u* €
D! F(u,b)(v*) N Bx. Hence Np(Gr(F), (u,b)) = N.(Gr(F), (u,b)) and so

T(Gr(F), (u,b)) = T.(Gr(F), (u,b)) Yu e F1(b) N B(a,r).
This means that

D% F(u,b) = D:F(u,b) and DF(u,b) = D F(u,b) Yu € F~'(b)N B(a,r). (5.17)
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Hence DF(u,b) is convex and
D*(DF(u,b))(0,0) = D5 F(u,b) Yu € F~Y(b) N B(a,r). (5.18)

(i)=(ii). By [40, Theorem 4.2], (i) implies that there exist 7,9 € (0, +00) such that

A

N(F~*(b),u) N Bx C 7D!F(u,b)(By) Yu € F~'(b)N B(a,?)

A

and so (5.11) holds because N,(F~*(b),u) C N(F~'(b),u) for all u € F~'(b). Thus (ii)
holds.

The proof of (ii)=-(i) is similar to that of [40, Theorem 4.4] (but with Proposition 2.1
replacing [42, Theorem 3.1]).

(i)=(iv). By (i) there exist 7 € (0, +00) and 0 € (0, r) such that

d(z, F~Y(b)) < rd(b, F(z)) Vz € B(a,?).

By the already established implication (i)=-(ii), we may assume that (5.11) holds (take a
smaller § and a larger 7 if necessary). This together with (5.10) and (5.17) implies that

Np(F~Yb),u) = DpF(u,b)(Y) = D:F(u,b)(Y) Yu € F~*(b) N B(a, ). (5.19)
By (5.18), we can also rewrite (5.11) as
Np(F~Y(b),u) N Bx C 7D*(DF(u,b))(0,0)(By) Yue€ F~'(b) N B(a,d). (5.20)
Let w € F~1(b) N B(a, ). We claim that
T(F~1(b),u) = DF(u,b)"*(0) (5.21)

and

N(T(F~(b),u),0) C Np(F~(b),u). (5.22)

To show (5.21), let h € DF(u,b)~'(0); we need only show that h € DF(u,b)"'(0) (thanks
to (5.9)). Noting that (h,0) € T(Gr(F), (u,b)), there exists a sequence {(tn,hn,ys)} in
R x X x Y such that

tn — 07, (hn,yn) — (h,0), b+ toy, € F(u+tyhy,) and u +t,h, € B(a,d).
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Then, by our choice of 7 and 9,
d(u + tphn, F71(b)) < 7d(b, F(u + t,hy)) < 7tol|lyall-

It follows that there exists u, € F~'(b) such that ||u + t,h, — u,|| < 27¢,||y.|| and so
Up, = u+ ty(hy + o) for some oy, € 27|y, || Bx. Noting that h,, + «, — h, this implies that
h € T(F~1(b),u), as wished to show. To prove (5.22), suppose to the contrary that there

exists

v e N(T(F(b),u),0)\ Np(F~(b),u). (5.23)

We claim that Np(F~1(b),u) is closed. Let {z*} C Np(F~(b),u) converge to z*. By (5.11)

xZ

there exists a sequence {y’} in 7By such that H” € DLF(u,b)(yr) for all n € N, where
M :=1+sup|jz}|. It follows from (5.16) that
neN

()M, —u) < (1+ 7)oz —ul|* Vxe F'(b)nB(a,r).
Letting n — oo, one has
(5,2 —u) < M +7)o||lz —ul* Voxe F'b)N B(a,r)

and so ¥ € Np(F~!(b),u). This shows that Np(F~'(b),u) is closed. Since a proximal
normal cone is always convex, it follows from (5.23) and the separation theorem that there

exists h € X such that
(*,h) <0< (v,h) Va* € Np(F~(b),u). (5.24)
This and (5.19) imply that
((@",y7), (h,0)) <0 V(" y") € Ne(Gr(F), (u,b)).

This means that h € D.F(u,b)"'(0), and so h € T(F~'(b),u) (by (5.17) and (5.21)). It
follows from (5.23) that (v, h) < 0, contradicting (5.24). This shows that (5.22) holds. By
(5.20)—(5.22), one has

N(DF(u,b)~*(0),0)N Bx C D*(DF(u,b))(0,0)(TBy).
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It follows from [39, Theorem 3.1] that
d(x, DF(u,b)"%(0)) < 7d(0, DF(u,b)(x)) Vz € X.

This and (5.21) imply that (5.13) holds because u is arbitrary in F'~*(b) N B(a,d). This
completes the proof of (i)=(iv).
(iv)=-(ii). Suppose that there exist 7 > 0 and ¢ € (0, r) such that (5.13) holds. Since a

contingent cone is always closed, this implies that
DF(u,b)"*(0) c T(F~*(b),u) Yue F(b)n B(a,o).

It follows from (5.9) that (5.21) holds for all u € F~(b) N B(a,d). Therefore, (5.13) means
that for each uw € F~1(b) N B(a, ), the sublinear generalized equation

0 € DF(u,b)(z)
is metrically subregular at 0 with the modulus 7. This and [39, Theorem 3.1] imply that
N(DF(u,b)"1(0),0) N Bx € D*(DF(u,b))(0,0)(tBy) Yu & F~*(b)N B(a,d).
Thus, by (5.17), (5.18) and (5.21), to prove (ii) it suffices to show that
Np(F~Yb),u) € N(T(F*(b),u),0) VYue F~(b)N B(a,d). (5.25)

Let u € F~1(b) N B(a,d) and u* € Np(F~'(b),u). Then there exist n,dy € (0, +oc) such
that
(u*,x —u) < nllr—ul®> Voe F1(b) N Bu,d).

For any h € T(F~1(b),u), there exists a sequence {(t,,h,)} in R x X such that
t, — 0%, h, — h and u+t,h, € F'(b) V¥n €N.

Hence (u*,t,h,) < n||t,h,||* for all sufficiently large n. This implies that (u*, h) < 0 for all
h € T(F~1(b),u). Noting (by (5.17) and (5.21)) that T(F~'(b),u) is a closed convex cone,
it follows that u* € N(T(F~(b),u),0). Therefore (5.25) holds, and (iv)=>(ii) is shown.
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(ii)=-(iii) is trivially true.

To prove (iv)=-(v), suppose that there exist 7,0 € (0, +o00) such that (5.13) holds.
Let u € F~Y(b) N B(a,d) and h € Np(F~(b),u). Then, there exist o,r € (0, +00) such
that (h,z — a) < 0%z — a| for all z € F~'(b) N B(a,r). From the definition of the
contingent cone, it is easy to verify that (h,v) < 0 for all v € T(F~'(b),u). This implies
that d(h, T(F~'(b),u)) = ||h||. Tt follows from (5.13) that (v) holds.

(v)=-(vi). Suppose that there exist 7,0 € (0, 4o00) such that (5.14) holds. Let = €
B(a,2) and u € Pp-1()(x). Then x — u € Np(F~1(b),u). Noting that

[ —all < lu =2l + [l — o] <2z —al| <9,
it follows from (5.14) that

d(0, DF (u,b)(z — u)) > 7|z — ul| = 7d(z, F~(b)).

Hence (vi) holds. The proof is completed.

In Theorem 5.2, if F' is assumed to be locally convex at (a, b) then the following propo-

sition shows that each of (iii) and (vi) implies (i).

Proposition 5.1. Suppose that F is locally convezr at (a,b), namely there exists r > 0
such that Gr(F) N (B(a,r) x B(b,r)) is convex. Further suppose that one of the following
properties is satisfied.

1) There exist T > 0 and § € (0, r) such that (5.12) holds.

2) There exist 7,0 € (0, +00) such that (5.15) holds for all x € B(a,6) and u € Pp-14)(x).
Then (GE) is metrically subregular at a.

Proof. First suppose that 1) holds. By Theorem 5.2, we need only show that (ii) of
Theorem 5.2. Let u € F~1(b) N B(a,d) and u* € Np(F~*(b),u) N Bx. It follows from 1)
that there exist z € F~(b) N B(a,d) and v € By such that u* € D:F(z,b)(7v). From the

local convexity assumption, it is easy to verify that

(W', x —2z) —(tv,y —b) <0 Vz € B(a,r)and y € F(x) N B(b,r). (5.26)
27



Setting y = b in (5.26), it follows that
(u*,r —2) <0 Voec F1b)nBla,r). (5.27)
On the other hand, noting that u* € Np(F~1(b),u) and F~(b) N B(a,r) is convex, one has
(u*,r —u) <0 Vo e F b)) N B(a,r).

Since 6 < r, it follows from (5.26) that (u*,u) = (u*, z). By (5.25), one has u* €
D3 F(u, b)(Tv). This shows that (ii) of Theorem 5.2 holds.

Next suppose that 2) holds. Without loss of generality, we assume that § < Z. Let
x € B(a,0) be such that y € F(x) N B(b,0). Since Gr(F) N (B(a,r) x B(b,r)) is convex,
F~(b) N B(a,26) is a closed convex set. By the projection theorem, there exists u €
F~1(b) N B(a,26) such that u € Pp-1)npa2s (). Since ||z —al < 6, d(z, F71(b)) =
d(z, F~1(b) N B(a,25)). Hence u € Pp-1()(z). This and 2) imply that (5.15) holds. By the

convexity of Gr(F') N (B(a,r) x B(b,r)), one has
(x —u,y —b) € T(Gr(F)N (B(a,r) x B(b,1)), (u,b)) = T(Gr(T), (u, b))
for all y € F(x) N B(b,r). It follows from (5.15) that
ly = bl > Td(x, F~'(b)) Yy € F(z) N B(a,r).
Since d(x, F~'(b)) < %, one has
d(b, F(x)) > min{r, 2}d(x, F(b)).
This shows that (GE) is metrically regular at a. The proof is completed.

Remark. In the special case when F(z) = [f(x), +o0) and f : X — R U {400},
Theorem 5.2 together with Proposition 5.1 extends Result II.
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