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Abstract. We study general constrained multiobjective optimization problems with objectives
being closed multifunctions in Banach spaces. In terms of the coderivatives and normal cones,
we provide generalized Lagrange multiplier rules as necessary optimality conditions of the above
problems. In an Asplund space setting, sharper results are presented.
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1. Introduction. Let X be a Banach space and f; : X — RU{+o0} be proper
lower semicontinuous functions (i = 0,1,...,m). Many authors (see [2, 3, 4, 16, 29,
30]) studied the following optimization problem with inequality and equality con-
straints:

(1.1) min fo(x),
file) <0, i=1,...,n,
filx) =0, i=n+1,...,m,
x €.

Under some restricted conditions (e.g., each f; is locally Lipschitz), it is well known,
as the Lagrange multiplier rule, that if Z is a local solution of (1.1), then there exists
Ai € R (0 <4 < m) such that

m

(1.2) 0€> dNf) () + N(Q,2),
1=0
D [Nl =1and A >0, 0<i<n,
i=0

where (A, f;) and N (€, Z) denote the subdifferential and the normal cone (see sec-
tion 2 for their definitions). Some authors established the so-called fuzzy Lagrange
multiplier rule (see [3, 14, 20] and the references therein). The main aim of this paper
is to establish the corresponding rules for multifunctions in Banach spaces.

Let X, Yp,Y:,...,Y,, be Banach spaces, €2 be a closed subset of X, and F; : X —
2Yi (i = 0,1,...,m) be closed multifunctions. Let Cy C Y, be a closed convex cone
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such that Cy # CoN—Cy (i.e, Cy is not a linear subspace), which specifies a preorder

<¢, on Yy as follows: for yi,y2 € Yo,
y1 <c, Y2 if and only if yo —y; € Ch.
For i =1,...,m, let C; be a closed convex cone in Y;. Consider the following con-

strained multiobjective optimization problem:

(1.3) Co — min Fy(z),
Fi(x)ﬂ—Ci;é@, 1=1,...,m,
x € Q.

Recall that @ € A is said to be a Pareto efficient point if @ <, a whenever a € A and
a <¢, @, that is,

AN (@—Cy) Ca+Cyn—Co.

We use E(A, Cp) to denote the set of all Pareto efficient points of A. In the case when
Cy is pointed (i.e., Co N —Cy = {0}),

a€ E(A, Cy <= An(a— Cy) = {a}.

For £ € X and § € Fy(Z), we say that (Z,7) is a local Pareto solution of the mul-
tiobjective optimization problem (1.3) if there exists a neighborhood U of Z such

that
’ CO) .

In the case when each F; is single-valued, many authors have established sufficient or
necessary optimality conditions for Pareto solutions and weak Pareto solutions under
some restricted conditions; e.g., the ordering cone has a nonempty interior, the spaces
are finite dimensional, and C; = R"} (see [1, 5, 7, 9, 10, 11, 12, 13, 22, 23, 24, 26, 27]
and the references therein). In the set-valued setting, in terms of cotangent derivatives
Gotz and Jahn [8] provided the Lagrange multiplier rule for (1.3) under the convexity
assumption. Ye and Zhu [25] and Mordukhovich, Treiman, and Zhu [19] gave some
necessary optimality conditions for multiobjective optimization problems with respect
to an abstract order in a Euclidean space or Asplund space setting. Recently, the
authors [28] studied a unconstrained multiobjective problem with the objective being
multifunctions in Banach spaces and, as generalizations of the Fermat rule, presented
necessary optimization conditions. In this paper, in a general setting we provide the
following fuzzy Lagrange multiplier rule for constrained multiobjective optimization
problem (1.3).

Let X,Y; be Banach spaces, © be a closed subset of X, and F; : X — 2% be a

y€E<F0

Uunan <ﬁ F;l(—ci)>

i=1

closed multifunction (i = 0,1,...,m). Suppose that (Z go) is a local Pareto solution
of the constrained multiobjective optimization problem (1.3), and let g; € F;(Z)N—C;
(i=1,...,m). Then one of the following two assertions holds.

(i) For any € > 0 there exist ©; € T+eBx, w € QN (T +eBx), y; € Fi(x;) N (g; +
eBy,), and ¢} € C;" such that

m m

D el =1 and 0€ > DiFi(wi,yi)(c; +eBys) + Ne(Q,w) + eBx-,
1=0 1=0
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where Bx denotes the closed unit ball of X, C;t := {y* € Y;* : (y*,¢) > 0 Ve € C;},
N.(-,-) denotes the Clarke normal cone, and D} F;(-,-) denotes the Mordukhovich
coderivative with respect to the Clarke normal cone.

(ii) For any € > 0 there exist ; € T +eBx, w € QN (T +eBx), y; € Fi(z;) N
(¥ +€By,), ¥] € DFi(%;,y:)(eBy>), and w* € Nc(2, w) + eBx- such that

m m
(1.4) lw* |+ llzf =1 and w* + ) a} =0.
1=0 1=0

Using this result, we give some exact Lagrange multiplier rules for (1.3). In the case
when X,Y; are Asplund spaces, these results are sharpened; in particular, we prove
the following result (see section 2 for terms undefined).

Let (Z, 7o) be a local Pareto solution of (1.3), and let g; € F;(Z) N —C;. Suppose
that each F; is pseudo-Lipschitz around (Z,7;) and that each C; is dually compact
(e.g., C; has a nonempty interior). Then there exists ¢} € C; such that

(1.5) Z||C*H—1 and OGZD* z,7:)(c;) + N(Q, ),

where D*F;(-,-) denotes the Mordukhovich coderivative with respect to the limiting
normal cone (see section 2 for its definition). Under the condition that X,Y; are finite
dimensional, we provide the following necessity optimality condition of constrained
multiobjective optimization problem (1.3).

Let each F; be a closed multifunction and each C; be a closed convex cone.
Suppose that (Z, go) is a local Pareto solution of (1.3). Then, for any g; € F;(Z)N—C,
one of the following assertions holds.

(a) There exists ¢; € C; such that (1.5) holds.

(b) There exist z} € D*F;(Z,%;)(0) and w* € N(€, Z) such that (1.4) holds.

Let fo, f1,..., fm be as in (1.1). In the special case when Y; = R, C; = {0} for
0<i<m, Fi(z) =[fi(z), +00) for 0 <i <mn, and F;(z) = fi(z) for n+1<i < m.
The above results can be applied to (1.1). In particular, under the assumption that X
is an Asplund space and that fy, f1,-, f are lower semicontinuous and f,41,..., fm
are continuous, we prove that if Z is a local solution of (1.1), then one of the following
assertions holds.

(i) For any € > 0 there exist A; € R\ {0}, w € (T+¢eBx)NQ, and x; € T +eBx
with |fi(z;) — fi(Z)] < e such that A; > 0for 0 <i<n, > ;" |\| =1, and

m
0€ > d(\ifi)(x:) N MBx+ + N(Q,w) N MBx- +eBx-,
=0

where M > 0 is a constant independent of €.

(ii) For any € > 0 there exist w € (Z+eBx)NQ, z; € T+eBx with | f;(x;)—f:(%)] <
e, e € (¢, €), w* € N(Q,w)+eBx-, and z* € d(e; f)(x;) such that (1.4) holds and
g, >0for 0<i<n.

2. Preliminaries. Throughout this section, we assume that Y is a Banach
space. Let f : Y — R U {400} be a proper lower semicontinuous function, and
let epi(f) denote the epigraph of f, that is,

epi(f) :={(y,t) €Y x R: f(y) < t}.



Downloaded 07/15/13 to 137.189.49.141. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

LAGRANGE RULE FOR MULTIFUNCTIONS IN BANACH SPACES 1157

Let y € dom(f), let h € Y, and let f°(y, h) denote the generalized directional deriva-
tive given by Rockafellar (see [4]), that is,

o o flztw) = f(2)

°(y,h) := lim]1 f

Plhy=igise, i, =0
z—Y,

where By denotes the closed unit ball of Y, and the expression z EN Yy means z —
yand f(z) — f(y). It is known that f°(y, h) reduces to Clarke’s directional derivative
when f is locally Lipschitzian (see [4]). Let

Oef(y):={y" €Y": (y",h) < f°(y,h) VheY}.

Let A be a closed subset of Y, and let N.(A,a) denote Clarke’s normal cone of A at
a, that is,

No(4,a) = {Sf‘”*(“)’ Y

where 64 denotes the indicator function of A: da(y) = 0 if y € A and d4(y) =
+o0 otherwise. The following result (see [4, Corollary, p. 52]) presents an important
necessity optimality condition in terms of Clarke’s subdifferential and normal cone for
a nonsmooth constrained optimization problem.

ProroSITION 2.1. Let f :' Y — R be a locally Lipschitz function and A be a
closed subset of Y. Suppose that f attains its minimum over A at a € A. Then
0€d.f(a)+ Ne(A,a).

We also need the notion of Fréchet normal cones and that of limiting normal
cones. For € > 0, the set of e-normals to A at a is defined by

)

N.(Aja) =y eY™*: limsupw
A lly—al

y—a

where y 4 4 means that y — a with y € A. The set NO(A, a) is simply denoted by
N (A, a) and is called the Fréchet normal cone to A at a. The limiting Fréchet normal
cone to A at a is defined by

N(A,0) i={y" € Y"1 32, = 0%,y > a, y; > y* with g € Ne, (4, y)}-
In the case when A is convex, it is well known that
Ne(A,a) = N(A,a) = N(A, a).

Recall that the Fréchet subdifferential §f(y) and the limiting subdifferential df (y) of
f at y € dom(f) are defined by

Af(y) ={y": (y*,—1) € N(epi(f), (v, f(v))}

and

of(y) :=={y" € Y™ : (y*,—1) € N(epi(f), (y, f(¥)))},
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respectively. It is known (see [18]) that

éf(y) = {y* €Y”": liminf FW) = fy) — v —y) > O} .
vy o=yl
Let 9 f(y) and 9 f(y) denote, respectively, the singular Fréchet subdifferential and
the singular limiting subdifferential of f at y, that is,

0= f(y) ={y": (y7,0) € N(epi(f), (v, f ()}

and

0% f(y) :={y" €Y": (y",0) € N(epi(f), (y, f()))}-

Recall that a Banach space Y is called an Asplund space if every continuous
convex function defined on an open convex subset D of Y is Fréchet differentiable at
each point of a dense G subset of D. It is well known that Y is an Asplund space if
and only if every separable subspace of Y has a separable dual. The class of Asplund
spaces is well investigated in geometric theory of Banach spaces; see [21] and the
references therein. In the case when Y is an Asplund space, Mordukhovich and Shao
[18] proved that Of(y) = lim sup s of (v),

(2.1) N(Aa)={y" €Y*: Iy, Da, yi Sy withy, € N(A,y.)},

and N.(A,a) is the weak™ closed convex hull of N(A4,a).

In the Asplund space setting, in terms of the Fréchet subdifferential and Fréchet
normal cone one has the following necessity optimality condition similar to Proposition
2.1.

PROPOSITION 2.2. Let Y be an Asplund space and f : Y — R a locally Lipschitz
function, and let A be a closed subset of Y. Suppose that f attains its minimum over
A at a € A. Then for any € > 0 there exist a. € a+eBy and u. € AN (a+ £By)
such that

0 € df(as) + N(A,u.) + eBy-.

Proposition 2.2 is due to Fabian [6] (also see [18] for the details).
For ® : X — 2Y, a multifunction from another Banach space X to Y, let Gr(®)
denote the graph of ®, that is,

Gr(®) :={(z,y) e X xY : y e ®(x)}.

We say that @ is closed if Gr(®) is a closed subset of X X Y and that ® is convex if
Gr(®) is a convex subset of X x Y. Recall (see [15, 17]) that ® is pseudo-Lipschitz
at (z,7) € Gr(®) if there exist a constant L > 0, a neighborhood U of Z, and a
neighborhood V' of § such that

O(z1) NV C P(x2) + |1 — 22| LBy V1,22 € U.

For z € X and y € ®(x), let D*®(x,y), D*®(z,y) and D:®(x,y) : Y* — 2% denote
the Mordukhovich coderivatives of ® at (x,y) with respect to the Fréchet, limiting,
and Clarke normal cones, respectively, that is,

(2.2)  D*®(z,y)(y") == {a" € X*: (¢, —y") € N(Gx(®), (z,y))} Wy €Y,
(2.3)  D*®(z,y)(y*) =={2" € X*: (z%,-y") € N(Gx(®), (z,9))} Vy" €Y",
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and
Di®(z,y)(y") == {z" € X" : (2", —y") € Ne(Gr(®), (z,9))} Vy €Y”

(see [17, 18]). We will need the following known result.
PROPOSITION 2.3. Let ® : X — 2Y be a closed multifunction. Suppose that ® is
pseudo-Lipschitz at (Z,7) € gr(P). Then there exist constants L, 6 > 0 such that

sup{[|2*| : &* € D*®(z,y)(y")} < Ly

for any (z,y) € Gr(®) N (B(z,6) x B(y,5)) and any y* € Y*.

Proposition 2.3 can be found in Mordukhovich [15]. Moreover, readers can find a
simpler proof of Proposition 2.3 in Jourani and Thibault [11].

Let S; : M; — 2¥ (i = 1,...,n) be multifunctions from metric spaces M;
with metrics d;. Recall (see [19]) that Z is called an extremal point of the system
(S1,...,5) at (51,...,5,), provided that z € ;_, S;(5;) and there exists r > 0 such
that for any & > 0 there exists (s1,...,8,) € My X -+- X M,, with

di(si,5) < e, d(z,Si(s:)) <e, i=1,...,n, and []Si(s;) N (z+7rBy) =1.
i=1
Mordukhovich, Treiman, and Zhu [19] proved the following extended extremal prin-
ciple.

Theorem MTZ. Let S; : M; — 2Y be multifunctions from metric spaces
(M;,d;) to an Asplund space Y, i = 1,...,n. Assume that T is an extremal point
of the system (S1,...,S5,) at (81,...,38,), where each S; is closed-valued around s;.
Then for any o > 0 there exist s; € M;, z; € Si(s;), and } € Y*, i =1,...,n, such
that

di(si,5:) < 0, |wi—Z|| < 0, 2 € N(Si(si),2:)+0By+, > |z}l =1, and > 7 =0.
i=1 =1

Next we provide a slight improvement of Theorem MTZ, which will be used in the
proofs of the main results.

For a natural number n and subsets A1,..., A, of Y, we define the nonintersection
index y(A1,...,A,) of Ay,..., A, as

n—1
YAy, ... Ap) = inf{z lla; — anll : (@1,...,a,) € A3 X -+ X An}.
i=1

LEMMA 2.1. Let Y be an Asplund space and Aq,...,A, be closed subsets of Y
with (i_; A; = 0. Let a; € A; (i=1,...,n) and € > 0 such that

n—1
Z la; — an|l < ¥(A1,...,4,) + €.

i=1

Then for any A > 0 there exist a; € A; and a] € Y* such that

n ) . . ) c
Z ||(lz - a’L” < >\3 a; € N(Alv a’i) + XBY’H
1=1

n n
ZHafH:l and Zafzo.
i=1 i=1
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Proof. Let the product Y™ be equipped with the norm |||(z1,...,z,)||
Soiy llai| for any z; € Y (i =1,...,n), and define f: Y™ — RU {+oco} by

flze, ... x,) = Z lo: — 2nll + 64,5 xa, (X1, -y xn)  V(T1,...,2,) €Y.

Then
inf{f(z1,...,2n) : (@1,...,25) €EY"} =~(A1,..., Apn),
and so, by the assumption,
flar,...,an) <inf{f(x1,...,2n): (x1,...,2,) EY"} +e.
Take i € (0, €) and 8 € (0, A) such that

< = and f(a1,...,an) <inf{f(z1,...,2n): (X1,...,2n) €Y"} +n.

s
> o

Then, by the Ekeland variational principle, there exists ; € A; such that
(2.4) > llai— &) <8
i=1
and
(2.5)  f(@1,. @n) < f(21,. .., 20 %Z s — &) Y(@1,...,20) €Y.

This and the definition of f imply that (Z1,...,%,) € A; X --- x A,. It follows from
Ni_, Ai = 0 that
n—1

(2.6) > llE — @l > 0.
=1

We define a continuous convex function i by

n—1

(T, . X)) = Zsz—aﬁnH—i— ZHQ?Z Tl V(x1,...,zn) €Y.

It follows from (2.5) that ¢ attains its minimum over Ay x --- X A, at (Z1,...,Tp).
By (2.6) and Proposition 2.2, there exist Z; € Y and a; € A; (i = 1,...,n) such that

n—1 n
SollE =zl >0, D llai— &l < A—p
=1 =1

and

2.7)  0€0P(T1,...,7n) + N(Ay X - X An, (@1, ... ,dn)) + (ig) BL..
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It follows from (2.4) that > ., |la; — a;l| < Doiy lla; — & || + Yoy 1T — ail] < A. Let

n—1
O(x1, ..., xy) = Z |z: — znll Y(z1,...,2,) € Y™
i=1

Then

5‘@!)(@17 . ,i’n) C 0¢(E1, . ,.’En) + %B(yn)*.

This and (2.7) imply that
€

(2.8) 0€0P(ZT1, ..., En) + N(AL X -+ X Ay, (a1, ...,0n)) + s

B(Y")* .

We claim that
(2.9)  9p(Z1,...,7n) C {(x;...,x;;) e )" : > ar=0and Y _|af]| > 1}.
=1 i=1

Granting this and noting that
N(Ap x -+ % Ay, (a@1,...,a3)) = N(Ar,a1) x -+ x N(Ap, @n)

is a cone, it follows from (2.8) that there exists (af,...,a}) € (Y*)™ such that

* 7 ~ € - k|| - *
a; € N(A;,a;) + XBY*’ ;”ai =1, and ;ai = 0.

It remains to show that (2.9) holds. Let (z7,...,z}) € 0¢(Z1,...,Zy). It follows from
the convexity of ¢ that for any h € Y,

n

> (@i h) < @@+ by E+h) = G(T, ., Fn) =0,

i=1
This means that ). ; zf = 0. On the other hand,

n—1 n n—1
=3 (@ E =T =Y (), —Z) < B(0,...,0) = $(&1, ... Tn) = — | Ti — T
i=1 i=1 i=1
Since, as in (2.6), Y277 |Zi — Zn|| > 0, it follows that S [|«¥]| > 1. This completes
the proof. 0
Remark. Lemma 2.1 recaptures Theorem MTZ. Indeed, by the assumption of
Theorem MTZ, there exists 7 > 0 such that for any o € (0, min{Z, r2}) there exists
($1,-.+,8n) € My X -+ x M, such that each S;(s;) is closed,

2

di(ss,5:) < o, d(z, Si(s:)) < %n i=1,...,n, and (] Si(s;) N (z+rBy)=0.
i=1

Hence, there exists u; € S;(s;) such that ||u; — Z|| < % This implies that

n—1 n—1
3 i = wall < 37 (i — 2| 4+ 117 — wall) < 0,
=1 =1
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and so

n—1

Z i — un|l < Y(S1(s1) N (% +7By),...,Su(sn) N (T +rBy)) + o2
i=1

Now with A; = S;(s;) N (Z +rBy), a; = u;, ¢ = 02, and A\ = o, there exist a; € A;
and af € Y* satisfying the properties as stated in Lemma 2.1. Note that a; lies in
the interior of Z + 7By, and it follows that a € N(S;(s;),a;). Thus Theorem MTZ
is seen to hold.

Similar to the proof of Lemma 2.1 but applying Proposition 2.1 in place of Propo-
sition 2.2, we have the following result applicable to the case when Y is a general
Banach space.

LEMMA 2.2. LetY be a Banach space and Ay, ..., A, be closed subsets of Y with
Nie, Ai=0. Leta; € A; (i=1,...,n) and e > 0 such that

n—1
Z Hal - a”"«” S ’7(‘41’ ... 7An) + €.
i=1

Then for any A > 0 there exist a; € A; and a] € Y* such that

> llas — il <A af € Ne(Ay,ai) + %By*,
=1

n n
ZHafH:l and Zaf:O.
i=1 i=1

3. Fuzzy Lagrange multiplier rules. In this section, we always assume that
X,Y; are Banach spaces (unless stated otherwise), that C; C Y; is a closed convex
cone, and that each multifunction F; : X — 2Y¢ is closed. Further we assume that the
ordering cone Cj in Y is nontrivial (i.e., Cy is not a linear subspace). For convenience
we define the norm on the product X x []\",Y; by

m
1z, g0, y1s- sy | = el + D llyill-
i=0

In this section we present three fuzzy Lagrange multiplier rules. The first one works
on general Banach spaces, while the last two work on Asplund spaces dealing, respec-
tively, with the set-valued and the numeral-valued functions.

THEOREM 3.1. Let (Z,9o) be a local Pareto solution of the constrained multiob-
jective optimization problem (1.3) and g; be a point in Fy(Z) N —C; (i =1,...,m).
Then one of the following assertions holds.

(i) For any € > 0 there exist v; € T+ eBx, w € QN (T +eBx), yi € Fi(x;) N
(y; + €By,), and ¢ € C;% such that

D gl =1 and 0€ > DiFi(xs,yi)(c; +eBy)NMBx-+N(Q,w)\MBx-«+¢Bx-,
=0 1=0

where M > 0 is a constant independent of €.
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(ii) For any € > 0 there exist x; € T+ eBx, w € QN (T +eBx), y; € Fi(x;) N
(yi +€By,), xf € DiFy(xi,y:)(eByr), and w* € No(Q,w) + eBx- such that

m m
lw*| + > llzill =1 and w* + >z =0.
1=0 1=0

Proof. By the assumption there exists ¢ > 0 such that

m
(3.1) €k (FO (.f—F(SBx)ﬁQﬁ <ﬂ Fi_l(—Ci)> ,CO) .
i=1
Since the ordering cone Cj is not a subspace of Yy, there exists ¢y € Cp with ||¢g]] =1
such that
(3.2) co & —Co.

For any natural number k, let s := W’ and consider the following sets in the
product space X x H;":O Y;:

Ai:: (xvy();ylv"wym)eXxH}/j: (Iayl)EGr(Fl) ) 7;:0,17...,’”7,,
j=0

and

m

Am+1 = ((i‘ + (SBx) n Q) X (go — SpCo — Co) X H(gl — Cl)

i=1

Then ﬂ?:gl A; = (0. Indeed, if this is not the case, then there exist ' € X and
y; € Fi(2') (i =0,1,...,m) such that

' € (Z+6Bx)NQ, yy <c, Yo — skco, and y; € §; — Ci(C =C;), i=1,...,m.
Hence, 2’ € (24 6Bx) N QN (N, F; '(—C;)), and so

(z+6Bx)NOQN (ﬁ F;l(—Ci)ﬂ :

i=1

y6€F0

It follows from (3.1) that §o <¢, ¥i, and so §o <¢, Yo — Skco. This implies that
co € —Cy, contradicting (3.2). Let

apg=ay = - = Qm = (i‘vg()aglw-'vgﬂ’L) and Am+1 = (i‘,go—SkCo,yl,...,gm).

Then

m

1
Y llas = amsr] = (m+1)s, < 72 S 7(Ao Ar e Apg) +
=0

1
ﬁ.

1

By Lemma 2.2 (applied to the family {Ag, A, ..., Amq1} and the constants € = 55,

A = 1), there exist

ai(k) = (zi(k),yi0(k), yi1(k), .. yim(k)) € X x HYJ
j=0
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and

(@ (k), yio (k) yia (), yim(R)) € X [T Yy

j=0
(i=0,1,...,m+1) such that
m+1 m m
(3.3) D laitk) —asl =D | llwilk) =2+ D lyis(k) — 55
i=0 i=0 §=0
_ _ = _ 1
+ lemir(k) = 2| + [Yms1.0(k) = @o — skco)ll + D lymr1,(k) — 51l < o

j=1

(34) @), iRy () € NolAsas(h) + 1 | B x [ By |

=0
m—+1
(3.5) > max{ |l (k)|l, max{[|y;; (k)] : 5=0,1,...,m}} =1,
=0
and
m—+1
(3.6) D@ k), yio (k) yia (k) -y i (R)) = 0.
=0

By the definitions of A,,+1 and @.m,11(k), we see that Ne(Apmit1, Gm+1(k)) is equal to
the following product:

m
Ne((Z+6Bx)NQ, my1(k)) X Ne(Fo—5kc0—Co, Ym1,0(k)) % [ | Ne(@—Cj ym1.5 (k).
j=1
By well-known relations
Ne(5o — skco — Cos ymr1,0(k)) € Cf and N (j — Cj, ymy1,5(k)) C Cf (1 <j <m),

it follows that

Ne(Ami1,@mi1(k)) C No((Z + 6Bx) NQ zmpa (k) x [[ CF
j=0

We do the above for every natural number k, and by (3.3) we assume without loss
of generality that Z + éBx is a neighborhood of x,,11(k), and so N.((Z 4+ 6Bx) N
Qa xm-‘rl(k)) = NC(Qa xm-‘rl(k)) Hence,

Ne(Ami1,dm1 (k) C Ne(Q zmpa (k) x [] CF
j=0

This and (3.4) imply that there exists (cj(k), ¢j(k), ..., ¢}, (k) € []j2y C; such that

v m

1
(3.7) Zhi1 (k) € Ne(S, 21 (1)) + - B
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and

(38) ||ym+1,j(k) _Cj(k)” < %a J 2071,...77’)1.
Moreover, for 0 < i < m, we have by the definition of 4; and a,;(k) that
(3.9)

Ne(Ai, a;(k))
= {(x*vygv s ’yer) : (33*7247) € NC(Gr(Fi)v (xl(k)’ yi,i(k))) and yj =0 Vj 7é Z}
This and (3.4) imply that for 0 < ¢ < m,

1 1
B10) i) € DR ) () + By ) + B
and
x 1 , o
(3.11) sl < 5 0<i<m and j£i

By (3.6), (3.8), and (3.11), one has

(3.12) —yi (k) = ymrri(k) + D wia(k) € ¢ (k) + — By, i=01,...m
1=0,1£i
This and (3.10) imply that for i = 0,1,...,m,

In the case when {327 [lc;(k)|[} does not converge to 0, without loss of generality
we assume that there exists 7 > 0 such that " [[ci(k)|| > 7 for all k& (passing to

subsequences if necessary). It follows from (3.133, (3.7), and (3.6) that

R e k), (k)| B 2 |
3% s 0 3% s 0

sk 1 o
%A S NC(Q,xm+1(k)) + %BX* and Z ,,nxzi =0.
> e (B i=0 > [lc5 (k)]
j=0 =0

By virtue of (3.3) and (3.5) and by considering large enough k, it follows that (i)
holds with M = ™2,

Next we consider the case when t; := Y7 [|c; (k)| — 0. In this case, (3.8)
implies that

Ym1,;(k) — 0 for j=0,1,...,m.

It follows from (3.11), (3.12), and (3.5) that 375" ||z (k)| — 1. Thus, by (3.13),
(3.7), and (3.6), there exist

2
5(06) € DR ). ea(h) (00 + ™ 2By ) fori =01,
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and
m+ 2

#rr41(k) € Ne(Q 2mia (k) + = —Bix-

such that

m+1 m-+1
rec= Y |IF5 (k) —1 and > F (k) =0.
i=0 i=0
Therefore, for all k large enough,
vt (k 'k 2
i (k) € Dy Fi(xi(k),yi,:(k)) ((q() + m—l—) BY*) )
Tk Tk krk ‘

merl(k) m+2
TmALY € NAQ, 21 (K
€ Ve () + T

BX*7

m—+1

i (k R E(k
Z xl()Hzl and ZL():O.
i=o Il Tk izo "k

Noting that 7, — 1 and ||¢f(k)|| < tx — 0, this implies that (ii) holds, and the proof
is completed. |

In the special case when F;(z) =0 for all x € X and i = 1,...,m, (1.3) reduces
to the following problem:

(3.14) Co — min Fy(z),
x € Q,

and D¥F;(z,0)(y}) =0 for all (z,y}) € X xY;* and i = 1,...,m. Thus, the following
corollary is an immediate consequence of Theorem 3.1 and recaptures [28, Theorem
3.1] by putting our Q = X.
COROLLARY 3.1. Let (Z,7) be a local Pareto solution of the constrained multiob-
jective optimization problem (3.14). Then one of the following two assertions holds.
(i) For any e > 0 there exist u € T+eBx,w € QN(T+eBx), y € Fo(u)N(g+eBy),
and ¢* € C* with ||c*|| =1 such that

0 € D:Fy(u,y)(c* +eBy+) N MBx~ + N.(Q,w) N MBx~ + eBx~,

where M > 0 is a constant independent of €.
(ii) For any e > 0 there exist u € T+eBx,w € QN(T+eBx), y € Fy(u)N(g+eBy),
and x* € X* with ||z*|| = 1 such that

x* € DI Fy(u,y)(eBy+) N (—N.(Q,w) + eBx~).

When X and each Y; are Asplund spaces, Theorem 3.1 can be strengthened to the
following theorem, Theorem 3.2, in which D} and N.(,-) are replaced, respectively,
by the Fréchet coderivative D* and the Fréchet normal cone N(f2,-) (recall that
N(A,a) € N(A,a) and N.(A,a) is the weak*-closed convex hull of N(4,a)). The
proof is the same as the proof of Theorem 3.1, but use Lemma 2.1 in place of Lemma
2.2.

THEOREM 3.2. Let (Z,9o) be a local Pareto solution of the constrained multiob-
jective optimization problem (1.3) and g; be a point in Fy(Z) N —-C; (i =1,...,m).
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Suppose that X andY; (i =0,1,...,m) are Asplund spaces. Then one of the following
assertions holds.

(i) For any € > 0 there exist v; € T+ eBx, w € QN (T +eBx), yi € Fi(z;) N
(9 + eBy,), and c; € C;" such that

Dl =1 and 0€ > D*Fi(x, yi)(c; +eBy»)NMBx-+N(Q,w)NMBx- +¢Bx-,
=0 =0

where M > 0 is a constant independent of €.
(ii) For any e > 0 there evist v; € T +eBx, w € QN (T +¢eBx), yi € Fi(w;) N
(¥i +€By;,), z} € D*Fy(zi,y:)(eBy»), and w* € N(Q,w) + eBx+ such that

o+ Dl =1 and w4 > =0,
i=0 =0

Next we prove that (ii) in Theorem 3.2 cannot happen when each F; is pseudo-
Lipschitz at (Z, ;).

COROLLARY 3.2. Let (Z,%0) be a local Pareto solution of the constrained multi-
objective optimization problem (1.3) and §; be a point in F;(Z)N—=C; (i=1,...,m).
Suppose that X andY; (i =0,1,...,m) are Asplund spaces and that each F; is pseudo-
Lipschitz at (Z,y;). Then for any € > 0 there exist x; € T+eBx, w € QN (T +eBx),
yi € Fy(:) N (9 +By,), and ¢; € C; such that

dleill=1 and 0 €Y D*Fi(xi, yi)(c} +eBy:)NM Bx-+N(Q, w)NMBx- +¢Bx-,
i=0 i=0
where M > 0 is a constant independent of €.

Proof. Since each F; is pseudo-Lipschitz at (Z,y;), Proposition 2.3 implies that

there exist constants L,§ > 0 such that for any (z,y;) € Gr(F;) N (B(Z,6) x B(¥;,9))
and y; € Y*,

(3.15) sup{||lz*|| : = € D*Fy(x,y:)(y})} < Llyi]l.

We need only show that (i) of Theorem 3.2 holds. If this is not the case, Theorem 3.2
implies that there exist

(316) xT; € B(f,6)7 w e NN B(i’,é), Yi € Fz(mz) n B(g“(S),
* A % BY'* * 7
such that
(3.18) lw*| + > llzill =1 and w* + >z =0.
i=0 i=0

By (3.15), (3.16), and (3.17), one has

m

.
DL

=0

)

o~ =

m
<D llafl <
=0

contradicting (3.18). This completes the proof. |
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Let f: X — RU{+o0} be a proper lower semicontinuous function and F(z) =
[f(z), +00) for all z € X. Then F is closed and Gr(F') = epi(f). Recall (see [14,
Lemma 2.2]) that if » € F(Z) and X is an Asplund space, then the following assertions
hold.

(@) A # 0 and z* EAZA)*F(@,T)()\) = A>0, r=f(z), and z* € I\ f)(Z).

(B) For any z* € D*F(z,r)(0) there exist sequences {zx}, {z}}, and {\;} such
that

zp € O\ f)(xn), (xg, flar)) — (2, £(2)), A L0, and [z} — 2| — 0.

Let ¢ : X — R be a continuous function and G(z) = {g(z)} for all z € X. The
following assertions are known (see [14, Lemma 2.3]).

(o) D*G(z, g(z))(\) = d(Ag)(z) for any X # 0.

(8) x* € D*G(x,g(x))(0) if and only if there exist sequences {z3}, {z}}, and
{tx} such that

i € O(teg) (k) U O(—trg)(zn), (xx, g9(xx)) — (2,9(Z)), te | 0, and ||z} — 2*| — 0.

As an application of Theorem 3.2, now we can establish fuzzy necessary optimality
conditions for scalar-objective optimization problem (1.1).

THEOREM 3.3. Let X be an Asplund space and Q) be a closed subset of X. Let
fosfi,ooy ot X — RU {+o0} be proper lower semicontinuous and foi1,..., fm :
X — R be continuous. Suppose that T is a local solution of (1.1). Then one of the
following assertions hold.

(i) For any € > 0 there exist \; € R\ {0}, w € (Z+eBx)NQ, and x; € T+eBx
with |fi(x;) — fi(Z)| < & such that \; > 0for 0 <i<mn, Y " |\| =1, and

0€ > d(\ifi)(x:) N MBx+ + N(Q,w) N MBx- + eBx-,
=0

where M > 0 is a constant independent of €.

(ii) For any € > 0 there exist w € (Z +eBx) N Q, x; € T + eBx with |fi(z:) —
fi(@)] < e, e € (—e, e)\ {0}, w* € N(Q,w) + eBx-, and xF € d(e; fi)(x;) such that
5i>0f07“0§i§n

m m
lw*| + " ll25 | =1 and w* +) "} =0.
=0 i=0

Proof. Let € be an arbitrary positive number. By the lower semicontinuity as-
sumption, there exists § € (0, %) such that

(3.19) fi(@) —e < fi(x) foranyz € T+ éBx and i=0,1,...,n

Let Yo =Y, =---=Y,, = R. Let C; = R, Fi(z) = [fi(z), +o0) for i =0,1,...,n
and C; = {0}, Fi(x) = {fi(x)} for i = n+1,...,m. Then, each F; is closed, (Z, 7o) is
a local Pareto solution of (1.3), and g; := f;(Z) € F;(Z)N—C; for i = 1,...,m. Hence,
one of the assertions (i) and (ii) in Theorem 3.2 holds. It suffices to show that (i) in
Theorem 3.2==>(i) and (ii) in Theorem 3.2==-(ii). As the arguments are similar, we
shall prove only that the implication (i) in Theorem 3.2==(i). Suppose that (i) in
Theorem 3.2 holds. Let ¢ € (0, min{$,6}), and take (a) into account. Then there
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exist w € (Z+0Bx)NQ, (u;,r;) € (T+0Bx) X (fi(z) — 0, fi(T)+0),and s; € R
such that

r; > filw) for0<i<n, r;=fi(u;) forn+1<i<m,

m

(3.20) s >0 fori=0,1,....,n, > |s;| >1—o,
=0
and
(3.21) 0€ > D*Fi(u;,ri)(s;) N KBx« + N(Q,w) N KBx+ + 0Bx-,
=0

where K > 0 is a constant. By (3.19), one has
(3.22) fi(@)—e< flw) <r; < fi(Z)+0o< fi(Z)+¢€ fori=0,1,...,n.
Take u} € DFy(us,7;)(s;) N KBx- (by (3.21)) such that

(3.23) - uj € N(Q,w) N KBx- + 0Bx-.

i=0
Let In := {0 <i<m: s; =0}. It follows from («) and («’) that
(3.24) ui C 9(sifi)(u) N KBx- forany i€ {0,1,...,m}\ I.

For any i € {0,1,...,n} NIy, (3.22) and (B) imply that there exist @; € u; + 0Bx
with ‘fz(flq) — fz(ul)| < € — |f1(uz) — fi(i’”, t; > 0, and xj‘ € a(tlfz)(ﬂl) such that

lz7 —u;|| < Z. Hence, for any i € {0,1,...,n} NI,
(3.25) | — 2l < ||t —wil| + lui — 2| <20 <&, |fi(W) — fi(2)] <e
and
A 1
m m

Moreover, for any j € {n+1,...,m} NIy, (3') implies that there exist @; € u; +o0Bx
with | f;(t;) — fj(u;)| < o,t; € R\{0}, and =} € J(t;f;)(t;) such that ||z} —u}| < Z.
Hence, for any j € {n+1,...,m} NIy,

(3.27) la; —z|| <20 <e, |f;j(@;) = f;(T)] <20 <e
and
A N 1

Let n := Ezlo|3i|+2ielo [t:], Ai = % ifie{0,1,...,m}\ o, and \; := %’ if i € Iy,
and let z; :=u; if i € {0,1,...,m} \ Iy and a; := @; if ¢ € Iy. Then

1 m
n>1-0>2, >0 for0<i<n, ;M:l,
and dividing (3.23), (3.24), (3.26), and (3.28) by 7, it follows that

m

~ 2 N
0e Z@()\lf,)(ul) N <2K—|- m) Bx+ —l—N(Q,w) N2KBx« +eBxx.
=0

It follows from (3.25) and (3.27) that (i) holds with M = 2K + 2. The proof is
completed. 1]



Downloaded 07/15/13 to 137.189.49.141. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1170 XI YIN ZHENG AND KUNG FU NG

4. Lagrange multiplier rules. In this section, we provide some exact Lagrange
multiplier rules for the constrained multiobjective optimization problem (1.3). We will
need the following notions. Recall (see [28]) that a closed convex cone C' in X is dually
compact if there exists a compact subset K of X such that

(4.1) CT c{z* e X*: ||z*| < max{{z*,z): v € K}}.

This condition is trivially satisfied if X is finite dimensional (because one can then
take K = Bx). Note that if C' has a nonempty interior, then there exists ¢y € C' such
that

CT c{z* e X*: ||z*| < (z*,co)}-
Thus,
int(C) # ) = C is dually compact.

It is known that if C' is dually compact, then
(4.2) cieCt and ¢ 20 = ¢ — 0.

The concept C' being dually compact is closely related to the locally compact concept
introduced in Loewen [12] (see [28, Proposition 3.1] for the details).

Following Mordukhovich [15] and Mordukhovich and Shao [17], we say that a
multifunction ® from X to another Banach space Y is partially sequentially nor-
mally compact at (x,y) € Gr(®) if for any (generalized) sequence {(n, Yn, x5, yi)}
satisfying

w*

T, € D" ®(2n,yn)(Yn): (T, yn) = (2,9), [lypll — 0, and z;, =
one has ||z || — 0.

Clearly, @ is automatically partially sequentially normally compact at each point
of Gr(®) if X is finite dimensional. Moreover, Proposition 2.3 implies that & is
partially sequentially normally compact at (z,y) € Gr(®) if ® is pseudo-Lipschitz at
(z,y).

In the remainder of this paper, we make the following blanket assumptions.

Assumption 4.1. Each Fj is a closed multifunction.

Assumption 4.2. (Z,70) € Gr(Fp) is a local Pareto solution of the constrained
multiobjective optimization problem (1.3) and y; € F;(Z) N —C; (1 <i < m).

We first consider the case when X, Y; are Asplund spaces (thus, in particular (2.1)
is valid in these spaces).

THEOREM 4.1. Let Assumptions 4.1 and 4.2 hold and X,Y; be Asplund spaces.
Suppose that each C; is dually compact and that each F; is partially sequentially nor-
mally compact at (Z,7;). Then one of the following assertions holds.

(i) There ezists c; € C; such that

Z llef] =1 and 0 € ZD*FA@@)(C?) +N(Q,z).
=0 =0
(ii) There ezist xf € D*F;(Z,4;)(0) and w* € N(Q, ) such that

m m
lll+ 3l =1 and w*+ 3" a7 =0,
1=0 1=0
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Proof. Since X,Y; are Asplund spaces, Assumptions 4.1 and 4.2 imply that one
of the assertions (i) and (ii) in Theorem 3.2 holds. Suppose that the assertion (i) in
Theorem 3.2 holds. Then, for any natural number k there exist

(4.3) (@i (k), ys(k)) € Gr(F)) ((m + ;BX) « (y 4 }CBYL.D ,

(4.4) w(k) € (:z + ;BX> NQ and (k) € O
such that
(4.5) PN EAGIES!
i=0

and

m R . . 1
(46) 0e ZD Fl(l‘l(k),yl(]f)) (Ci (ki) + /{BYI*> N MBx-

i=0

. 1

k
where M > 0 is a constant independent of k. Hence there exist bounded sequences
{z(k)} and {z*(k)} such that

1
2109 € D Fi(as(h), (k) (50 + 1B )
z*(k) € N(Q,w(k)) and z*(k)+ wa(kj) — 0.
i=0
Since a bounded set in a dual space is relatively weak™ compact, without loss of
generality we can assume that

xf(k)&xf and c;‘(k)ﬂcf (i=0,1,...,m).

It follows from (2.1), (4.3), and (4.4) that
0€ Y D*Fi(z,5:)(c}) + N(Q, 7).
=0

Noting that Y., ||cf|| # 0 by (4.2) and (4.5), this implies that (i) is true.
Next suppose that assertion (i) in Theorem 3.2 holds. Then for any natural
number k there exist

(47)
(@i (k), ys(k)) € Ga(F) <(z + ]iBX) « <y + ;By)> Cw(k) € <sc + llfBX) na,

1

(4.8) zi(k) € D*Fi(zi(k), yi(k)) <kBY;> and z*(k) € N(Q, w(k))

such that

m m

(4.9) lz* (k)| + > i (k)| — 1 and 2" (k) + )« (k) — 0.
=0 ]
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Without loss of generality we assume that

o (k)" o and 2i(k) ™S 2l (i =0,1,...,m),

and hence it follows from (2.1) that

m
x; € D*Fy(Z,9;)(0), 2* € N(,Z), and z* + fo =0.
i=0
Further [|z*|| + Y77 [|lz]| # 0 by (4.9) and thanks to the assumption that each Fj is
partially sequentially normally compact at (Z, ;). Thus (ii) holds, and the proof is
completed. 0
As already noted, every closed multifunction between two finite dimensional
spaces is partially sequentially normally compact at each point in its graph, and
every closed convex cone in a finite dimensional space is dually compact. Thus, the
following corollary is a consequence of Theorem 4.1.
COROLLARY 4.1. Let Assumptions 4.1 and 4.2 hold, and suppose that X,Y; are
finite dimensional. Then one of (i) and (i) in Theorem 4.1 holds.
In the case when each Fj is pseudo-Lipschitz, we have the following sharp Lagrange
multiplier rule.
THEOREM 4.2. Let Assumptions 4.1 and 4.2 hold and X,Y; be Asplund spaces.
Suppose that each C; is dually compact and that each F; is pseudo-Lipschitz at (T, ;).
Then there exists ¢; € C; such that

(4.10) Y el =1 and 0€ > D*Fi(2,5:)(c;) + N(Q,z).
=0 =0

Proof. By Corollary 3.2, for any natural number k there exist x;(k) € T + %BX,
w(k) € QN (Z + £ Bx), yi(k) € Fi(z:) N (i + £ By, ), and ¢} (k) € C;" such that

(4.11) Dol k)l =1
i=0

and

m R 1 R 1

i=0
where M > 0 is a constant independent of k. Hence there exist

. 1 A
i (k) € D Flasl) (k) (e16) + 1By ) and (k) € N (@ 0(0)

such that

max{||z*(k)||, max{||z](k)||: 0<i<m}} <M and x*(k)+ fo(k:) — 0.

i=0

Without loss of generality, we can assume that

* *

(4.12) 2 (k)" 2, 2i(k) S zr, and (k)5 & fori=0,1,...,m.

Hence,

m
z* € N(Q,2), 2} € D*Fi(2,5:)(&) (i=0,1,...,m), and 2"+ z} =0,
1=0



Downloaded 07/15/13 to 137.189.49.141. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

LAGRANGE RULE FOR MULTIFUNCTIONS IN BANACH SPACES 1173

and so
(4.13) 0€ > D*Fi(z,5:)(E) + N(Q,z).
=0

Since each C; is dually compact, (4.11), (4.12), and (4.2) imply that > ' ||éF] # 0.
It follows from (4.13) that (4.10) holds with ¢} = W The proof is com-
j=0""J

pleted. 0

Let Z be a local solution of single-objective optimization problem (1.1), and sup-
pose that each f; is locally Lipschitz at . Let F; and C; be as in the proof of Theorem
3.3. Then Z is a local Pareto solution of (1.3), and each F; is pseudo-Lipschitz at
(Z, f:(Z)). It is routine to verify that

D*Fi(z, fi(z))(s) = 0(sfi)(Z) for0<i<n, s>0,
and
D*Fy(z, fi(z))(t) = 0(tf;) () forn+1<i<m, te€R.

Thus, (4.10) reduces to (1.2).

In the remainder of this section, we consider the case when X,Y; are general
Banach spaces. In this case we need the notion of the normal closedness.

We say that Q is normally closed at = € Q if for (generalized) sequences

w*

Ty =, T € No(Q, 2), z, — = implies 2™ € N.(Q,x)
(see [4, Corollary, p. 58]).

It is known that €2 is normally closed at each point of € if € is convex. Moreover,
if  is epi-Lipschitz around x € , then 2 is normally closed at x. We say that a
closed multifunction ® : X — 2Y is normally closed at (z,y) € Gr(®) if Gr(®) is
normally closed at (z,y) (see [28]).

Mimicking a corresponding notion introduced in [17], we say that ® : X — 2Y is
partially sequentially normally compact at (z,y) € Gr(®) in the Clarke sense if for
any (generalized) sequence {(zn, yn, 5, y")} satisfying

@y, € DI®(wn, yn)(¥n): (@nyn) = (,9), lynll — 0, and 2}, = 0

one has ||z} || — 0.

The following result can be proved in the same way as for Theorem 4.1 (but apply
Theorem 3.2 in place of Theorem 3.1).

THEOREM 4.3. Let Assumptions 4.1 and 4.2 hold, and suppose that each C; is
dually compact. Suppose that each F; is partially sequentially normally compact at
(Z,9;) in the Clarke sense and that Q and F; are normally closed at T and (Z,7;),
respectively. Then one of the following assertions holds.

(i) There exist c¢; € C; such that

Z lleil =1 and 0 € ZDZFi(:E,yi)(cf) + N.(Q, 7).
=0 =0
(ii) There exist xf € DXF;(Z,4;)(0) and w* € N.(Q,Z) such that

m m
lll+ 3l =1 and w*+ 3" =0,
1=0 1=0
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As in many classical situations, one can also provide a sufficient condition for
(Z,9o) to be a Pareto solution of (1.3), provided that a suitable convexity assumption
is made.

PROPOSITION 4.1. Let each F; be a closed convex multifunction and 2 be a closed
convex subset of X. Let yo € Fo(Z) and y; € Fi(z) N —=C; fori=1,...,m. Assume
that there exists ¢; € C;t such that

(4.14) (ch,¢) >0 Yee C\ {0}, Z(cf,gj,;) =0
and
(4.15) 0 e iD*Fl(i‘,gl)(C:) + N(Q, 7).

=0

Then (Z, o) is a Pareto solution of the constrained multiobjective optimization prob-
lem (1.3).
Proof. By (4.15) there exists 7 € X* such that

?

x} € D*Fi(z,5;)(c;) and - 27 € N(Q,7).
=0

It follows from the convexity of F; and (2 that

(4.16)

(v}

79

.13) _<c;<7yi> < <.13;<,i‘>— <Cr?gi> V(x7yz) GGI‘(Fl) and izoyla“-am

and

(4.17) <—fo,x> < <—fo,a:> Vo € Q.
i=0 i=0
Summing up (4.16) over all ¢ and making use of (4.17) and (4.14) we have
<637g0> < Z<C:7yi> for any x € Qa Yi € FZ('T)7 and i = 0,1,...,m.
i=0

Since ¢} € C;f, it follows that

(co,5o) < (co,y0)  Vyo € Fo (Q NN Fi_l(—cz’)> :

i=1

This and the inequality in (4.14) imply that 5o € E (Fo (QN~, F; 1 (=C3)) . Co).
The proof is completed. 0
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