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Abstract The equivalence between Hausdorf{ measure induced by natural covering net and Hausdorff measure
in usual meaning has been obtained for one-dimensional symmetric Cantor sets. As an application, the Hausdorff di-

mensions of such sets are determined.
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Let # be a collection of subsets of interval Eq= [0, 1] such that for any =z € E4 and € >0,
there exists ] €& with z € I and | I|<Ce, where | I| denotes the diameter of I. ¥ is called a

net for Eg.

Given EC[0,1] and a, >0, define
He o(E) = inf{Z |5 | EcyLLes |1 |<el,
H¥E) = lei»{{)ng,y(E),
dimy, s(E) = infla > 0; H%(E) = 0}.
H%(E) al"ld dimp, s(E) are called a- dimensional Hausdorff measure and Hausdorff dimension of

E with respect to # respectively. If & consists of all subsets of Eg, then we just get the Hausdorff

measure and Hausdorff dimension in usual sense.

Now let %, % be two nets for Ey, and ECE_Then %, % are called equivalent for E if
there exist two positive constants, ¢y, ¢, such that for any 0< «<1,

C1H§1(E) < H‘fyZ(E) < CzH‘E-;l(E).

In this case, it is easy to see that the Hausdorff dimensions induced respectively by these two nets

for E are equal.

We have pointed out that the net related to Hausdorff measure in usual sense just consists of
all subsets of Ey. Thus if we want to calculate the Hausdorff dimension of E by the definition,
we must consider all possible covers for set E. But if we can find a well-constructed set equivalent
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to the above net, then we might simplily the calculation for measure and dimension. For more

discussions about net measure, please refer to references [1—4].

In this paper we discuss the net measure properties of symmetric Cantor sets, the Hausdorff

dimension of which, as an application, can be determined.
Now we begin to define symmetric Cantor sets as follows.

Let #= {1} ,>1be a sequence of positive integers and let 4= {c,| be a sequence of positive

real numbers satisfying 7,222, 0<¢, <1 and nuc,<<1 for all &.

Now we construct E; from E,. E; is a union of n; closed subintervals of E satisfying: (i)
these ny intervals have the same length c{; (ii) the gaps between these intervals are the same;
(iii) the leftmost interval has the same left end-point with Ey. The rightmost one has the same
right end-point with Ey. These 7; intervals are called fundamental intervals of order 1.

Let % denote the collection of all fundamental intervals of order 1. We will define E,, Ej, -
by induction. Now assume that E, is defined, and let %, be the collection of all fundamental in-
tervals of order k. Letting I € %, be any fundamental interval of order &, we replace Ey by I,
and repeat the process of constracting E; from E,. We get E,+; when I runs over # (noticing

. k+1
that the length of each fundamental interval of order £+ 1 is ¢4+ [1]= chj).
e

Finally, let E = QoEk and call it a symmetric Cantor set determined by the sequences W, 4.

Denote E = E(A, %). Symmetric Cantor sets are very important Fractal sets, some special types
of which had been studied by Kahane et al. 51 Tee et al. (6] Moorthy et al. 7] and Hua Sut?!.
The Hausdorf{ dimensions of some special cases have been determined. But the Hausdorff dimen-
sions of general cases have not been obtained up to now. In this paper we will solve this problem
by the net measure techniques.

1 The net measure properties of symmetric Cantor sets

Let &, denote the collection of all subsets of E,. As we have discussed above, the net measure tech-
nique consists in finding a relatively simple net which is equivalent to %. From the definition of
symmetric Cantor sets, we know that {%,|,>,is a simple and natural net. We will show that it is
equivalent to % by using some intermediate nets. Thus it will be easy to determine the dimensions
of symmetric Cantor sets.

Now we give some definitions and notations as follows.

Let ¥={v;{ be a set sequence (finite or countable infinite). Let AC E, and define

A ﬂ"t/"‘ {A n 'U 'U Eﬂl/} ’"f/” E! IS,"I/'f'.ZI = {'Uj"'x!vjey,

vE’f’

where vj+x={y+x:y€vjf. Let 9, = {I:IZ‘QlIi,I{E%,lgmgnk, and 3] €%, such

‘that ICJ b, ie. any element of G, is a union of some fundamental intervals of order £ which are
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generated from the same {undamental interval of order £ —1. Let ¥= kgl%.

Lemma 1. The nets % and ¥ are equivalent .

Proof. Y0< s<1, H}O(E)éH‘y (E) since ¥ is a sub-collection of #. So we only need to

show that there exists ¢ >0 such that

cHYy (E) < Hn(E). (1)

Let I be an open sub-interval of Eq, I N E+@. Then there is only one positive integer &
such that I contains at least one fundamental interval of order &, but no fundamental interval of

order £ —1. Hence [ intersects at most two fundamental intervals of order £ —1.

If T intersects two fundamental intervals of order 2 =1, we denote them by Ji, J,. Let I

:]1ﬂI,Iz=]zﬂI. Since lI1|’<U|’,|Iz|‘<H|‘, we have
s 1 s s
L= L] L], (2)

Let G(I;) be the union of fundamental intervals of ‘order k which intersect I;, i =1,2. Then

k
G(I,)E Y, and |G <] +2£[1c,~. Since one of I; and I, or both I; and I, contain a
fundamental interval of order k, we can assume that I; is the interval. So
k .
|G(11)"<(|11I+2HC,‘)5<(3“1')5- (3)
i=1
If I, contains also one fundamental interval of order %, then by the same argument, we have

L G(I) << @I 1)

(1= 26U |+ [GU]).
If I, contains no fundamental interval of order &, then

k
e = Tla<|GUD].
i=1
So by egs. (2) and (3), we have
3'_5

11z e = (U + |G

So we always have

1= =X (e |+ (6 [ 2 S e+ (6. @
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When I intersects only one fundamental interval of order 2 — 1, by similar discussion, we

have
[1I°=371G(D|*, G(I) € G,. (5)

By the above analysis, we can see that INEC(G(I;)NEYU(G(I,)NE), or (INEC
G(INE), and |G(I], |G(I)I<6]1].

Now let I ={I;} be a §-cover of E. By the above discussions and egs. (4) and (5), we may
find a 68-cover ¥ = | g;1 € ¥ such that

$

|

=5l

So letting c-:-l‘li, we obtain (1). Q.E.E.
Now we consider a fundamental interval 1 €%, _,, and denote the 7, fundamental intervals
of order % generated from I by I, ;(I), -, I, ,,k(I) in order. Let m be an integer, 1<Xm < n,,

and let
n=gqgm+r, 0<<r<m,q€ N.

If >0, we construct g + 1 subsets of I as follows.

Let W,,»,1(I) be the closed interval which has the same left endpoint with I, ;(I) and the
same right endpoint with I ,(I). W, , ;= U A.

AEW Ny,

kym, 1 &

Let Wy, ., o(I) be the closed interval which has the same left endpoint with I t(q-m+1(I)

and the same right endpoint with I, ,.,.(I). Weme= N u A.

A€ Wk,m,qnyk

—

Let Wi, m,q+1(I) be the closed interval which has the same left endpoint with I, (gm+1) (I)

and the same right endpoint with I, ,,, +,(I). Wim,qt1= U A.

AeWk.m,qﬂn““’k

Put W, w (D= { Wi, i bicicortr Woom=1{v: 0EW,, (1), IEF_,].
We see that #},,, is a cover collection of E;, and for any &, m, Wy, m ",

If »=0, in the same way, we construct g + 1 subsets of I except that the last one is empty.

Lemma 2. There exists ¢ >0 such that for any cover collection ¥ (C¥) of E, there exists
a cover collection W, ,, such that ¥V 0<s<1,

7 = cll %, .l

Proof. Let ¥={v;} be an arbitrary cover subcollection of &, Then we can assume that ¥is
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finite since E is compact. Assume that k; and %, are respectively the lowermost and highest order

or fundamental intervals contained in the same v;.

Put

D; = {vj:v; €V v; contains at least one fundamental interval of order k1 ;

D,= {I:IE%{, there exists no v; € ¥such that 1T ;15

D:DIUDz.

The above definitions imply that D is a cover collection of E, . For p& D, let

Gy 12 €Dy
h(p,s) =

o0 if p € Dy,
where # p(k;) denotes the number of fundamental intervals of order k; contained in p. By the
construction of % we know that if v; €% and v; & Dy, then v; must be contained in some funda-

mental interval of order ;. Assume that A(p, s) attains to its minimum at p = po (this is al-

ways possible since 7 is finite).
(i) po€ Dy.

In this case, by the above analysis we have

I =2 0pl+ 22 e Nl

pED pED
E#ﬂHM%Q+2M%Q
pED pGD
> > # p(k)R(pors) + D h(poss)
. 1>ED1 pGD2
= ( DEFICNES #Dz)h(Po,S)-
pED,

Notice that ( EZI)) # p(k,) + # D) is just the number of fundamental intervals of order £y, thus it
»

1
equals nymy*  ny. Since

nklh(po’s) #p(k)IPOI’

by direct calculation, we have
s 1 s
" = 5 I #a st pyip I (6)

(i) po€ Da.

In this case pg is a fundamental interval of order k;. Suppose that the distances between the
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left endpoints of n7, " n, fundamental intervals of order k; and the left endpoint of po are re-
spectively ty, 25, tn moom,, - Denote ¥* = { py ¥+ t"h@g";"z"'"k]' Then v* C ¥, Since pq

¥ contains no fundamental interval of order £ — 1, any element of ¥contains no fundamental in-

terval of order £;. Thus for V ,* €v*, “ v; "

= h(po,s). So by the calculation similar to that

of (i), we have

117 = (1L )h Coors) =197 1" (7)

We have pointed out that ¥ CC¥, and any element of ¥* contains no fundamental interval of
order k;. Noticing that %, is the highest order of fundamental intervals contained in some ele-

ments of ¥*, we may repeat the discussion of (i), and by formulae (6)and (7), after a finite
number of 'steps, we may find k", k;<Ck " <(k,, and positive integer m such that

s 1 s
1= 2 e 0

Lemma 3. There exists a positive constant ¢ >0, such that for any positive integer bk, m=>
2 and 0<s<{l, there is :

HHm "= c | Fen I

Proof. Suppose that I is an arbitrary fundamental interval of order £-1, and let n, = qm+
r, 0SSr<m. Then n,<<(g+1)m. Let §(m) be the diameter of the union of m adjacent fun-
damental interval of order . Then 8(m) is bigger than the gap between any two adjacent funda-
mental intervals of order k. Thus we have

T 2\,(q +1)8(m).

| T1°<<2°(q + 1) (8(m))* <4dq(8(m))*.

Hence

P P <4l W, 117

Remark 1. If m=1, then#, ,=W, =%, and | .|°=|%|".

Theorem 1. Let E be the symmetric Cantor set determined by the sequences {nylz>i,
’ Cp } k=15 Then

k
chman < HY(E) < lim [] nies,
koo £ oo =1
where 0Xs<<1, and c is an absolute positive constant.

Proof. Note that for any £ 2> 1, and %, is a cover of E. So



]
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H(E) < lim ”%H = hman

i=1

k“’m h—oo

Now suppose that ¥ is an arbitrary &-cover of E. Then according to Lemmas 1—3 and Remark

1, there exist positive constant ¢ and positive integer & such that

I =cll %l

So if & is small enough, we have 1"1’]325 h__r_n‘%‘s, i.e. H'(E) = ¢ hman

i=1

ko0 —» CO

Theorem 2. Let E be the symmetric Cantor set determined by the sequences | ny bists

{ Cy i k=1 Then

lognyn, - n,

dlmHE - 1_1r_n - logclcz"'ck

k-0

‘ logn;n, ' n
Proof. Given any s> lim — , there exists a subsequence {&;};>1, such that s>

”’IOgCICZ"'Ck
koo

logniny
— So H nic;<<1. Thus hman <{1. Hence by Theorem 1, H'(E)<1. So

—Iogclcz"'cki it

koo
dimy(E)<(s. Thus

]
dimy(E) < lim Jogn iyt M

F 2]

~ logcycarer”

By similar discussion, we may prove the converse inequality .

Given ECR, E is c,alled s-set if 0< H*(E) < 0. According to Theorems 1 and 2, we have

k
Corollary 1. The symmetric Cantor set E is s-set if and only if 0< limI_[1 nici<o,and s =
b 00
. logniny - my
lim——————.
— —logcica e

k>
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