WEIGHTED EQUILIBRIUM STATES FOR FACTOR MAPS BETWEEN
SUBSHIFTS

DE-JUN FENG

ABSTRACT. Let m : X — Y be a factor map, where (X,0x) and (Y, oy ) are subshifts
over finite alphabets. Assume that X satisfies weak specification. Let a = (a1,az2) € R?
with a1 > 0 and a2 > 0. Let f be a continuous function on X with sufficient regularity
(Holder continuity, for instance). We show that there is a unique shift invariant measure
pon X that maximizes p(f) + a1hu(ox) + azh,or—1(0y). In particular, taking f = 0
we see that there is a unique invariant measure g on X that maximizes the weighted
entropy ai1hy(ox) + azh,q.—1(oy). This answers an open question raised by Gatzouras
and Peres in [14]. An extension is also given to high dimensional cases. As an application,
we show the uniqueness of invariant measures with full Hausdorff dimension for certain
affine invariant sets on the k-torus under a diagonal endomorphism.

1. INTRODUCTION

Let k > 2 be an integer. Assume that (X;,0x,), i = 1,...,k, are one-sided (or two-
sided) subshifts over finite alphabets. Furthermore assume that X;.1 is a factor of X; with
a factor map m; : X; — X;4q fori =1,...,k—1. For convenience, we use 7 to denote the
identity map on Xi. Define 7; : X1 — X;41 by 7, = mom_10---omg fori =0,1,..., k—1.
Let M(X;,0x,) denote the set of all ox,-invariant Borel probability measures on Xj,
endowed with the weak-star topology. For f € C(X;) (the set of continuous functions
on Xi), and a = (a1,as,...,a;) € R¥ with a; > 0 and a; > 0 for i > 2, we say that
w € M(X1,0x,) is an a-weighted equilibrium state of f for the factor maps m;’s, or simply,

a-weighted equilibrium state of f if

k k
L) al) Y ah s (ox) = s (0(f) 4D b (ox,) ).
=1 =1

neM(X,ox)

where pu(f) = le f du, po Ti__ll denotes the measure on X; given by pu o Ti__ll(B) =

(7,4 (B)) for any Borel set B C X;, huon?l (0x,) denotes the measure theoretic entropy

(2
of ,u,OTz-__ll. The right hand side of (1.1) is called the a-weighted topological pressure of f and
is denoted by P?(ox,, f). The existence of at least one a-weighted equilibrium measure

follows from the upper semi-continuity of the entropy functions h(.y(ox,). In this paper
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we want to give conditions on f and X;’s to guarantee a unique a-weighted equilibrium

state. The question seems quite fundamental in ergodic theory and symbolic dynamics.

We say that X7 satisfies weak specification if there exists p € N such that, for any two
words I and J that are legal in X; (i.e., may be extended to sequences in X1), there is a
word K of length not exceeding p such that the word I K J is legal in X;. Similarly, say
that X, satisfies specification if there exists p € N such that, for any two words I and J
that are legal in X, there is a word K of length p such that the word I K J is legal in Xj.

For more details about the definitions, see Sect. 2.

For f € C(X;) and n > 1 let

n—1

(1.2) Suf(z) =) flok,x), =€ X1

=0

Let V(ox,) denote the set of f € C'(X;) such that there exists ¢ > 0 such that
(1.3) |Snf(x) — Spf(y)] < ¢  whenever z; = y; for all 0 < i < n.

Endow X; with the usual metric (see Sect. 2). Clearly V(ox,) contains all Hélder contin-

uous functions on X;. The main result of the paper is the following.

Theorem 1.1. Assume that X satisfies weak specification. Then for any f € V(ox,)
and a = (ay,as, ..., a;) € RF with a1 > 0 and a; > 0 for i > 2, f has a unique a-weighted

equilibrium state p. The measure u is ergodic and, there exist p € N and ¢ > 0 such that

P
lim ian,u(A N a)_(:‘_i(B)) > cp(A)pu(B), VY Borel sets A,B C Xj.
i=0

Furthermore, if X1 satisfies specification, then there exists ¢ > 0 such that

liminf u(ANoy"(B)) > cu(A)u(B), V Borel sets A, B C X;.

n—oo

When a = (1,0,...,0) and X; satisfies specification, Theorem 1.1 reduces to Bowen’s

theory about the uniqueness of classical equilibrium states for the subshift case [5]. Taking
f = 0 in Theorem 1.1 yields, whenever X, satisfies weak specification, there is a unique
ox,-invariant measure p which maximizes the a-weighted entropy Zle aihMOT_—ll (ox;)-
Since each irreducible subshift of finite type satisfies weak specification (cf. Sect. 2), this

solves the following open question raised by Gatzouras and Peres (see [14, Problem 3]):

Let m: X — Y be a factor map between subshifts X and Y, where X is an irreducible
subshift of finite type. Let o > 0. Is there a unique invariant measure p maximizing the
weighted entropy h,(ox) + ahyor-1(0y)?

The above question is closely related to dimension theory of non-conformal dynamical

systems. Let T be the endmorphism on the k-dimensional torus T* = R /Z* represented
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by an integral diagonal matrix
A = diag(mq,ma, ..., mg),

where 2 <mj < ... <my. Let A denote the Cartesian product

k
[To. 1. oms — 1}
i=1
and let R: AN — T* be the canonical coding map given by
[ee]
R(x) = ZA_”xi, r=(z;)2, € AV,
n=1

For any D C A, the set R(DY) is called a self-affine Sierpinski sponge. Whenever k = 2,
McMullen [22] and Bedford [4] determined the explicit value of the Hausdorff dimension
of R(DY), and showed that there exists a Bernoulli product measure z on DV such that
dimy po R~ = dimy R(DY). Kenyon and Peres [17] extended this result to the general
case k > 2, and moreover, they proved for each compact T-invariant set K C T*, there
is an ergodic o-invariant g on AN so that u(R7!1(K)) = 1 and dimy po R~ = dimy K.
Furthermore, Kenyon and Peres [17] proved the uniqueness of u € M(DY, o) satisfying
dimg po R™' = dimy R(DY), by setting up the following formula for any ergodic n €
M(AN, o):

k-1
. _ 1 1 1
(1.4) dimpyno R = hy(o) + E < > Popor=1(04),

log my, — \logmj  logmyp—it1 i

where 7; denotes the one-block map from AN to AN, with A; = H?;i{(), 1,...,mj—1},s0
that each element in A (viewed as a k-dimensional vector) is projected into to its first (k—1)
coordinates; and o; denotes the left shift on AY. Formula (1.4) is an analogue of that for
the Hausdorff dimension of C1*® hyperbolic measures along unstable (respectively, stable)
manifold established by Ledrappier and Young [21]. As Gatzouras and Peres pointed out
n [14], the uniqueness has not been known for more general invariant subsets K, even
if K = R(X), where X C AY is a general irreducible subshift of finite type. However,
as a direct application of (1.4) and Theorem 1.1, we have the following rather complete

answer.

Theorem 1.2. Let X C AY be a subshift satisfying weak specification. Then there is a
unique p € M(X,0x) such that dimy po R™! = dimy R(X).

Before this work, the problem of Gatzouras and Peres had been studied and partially
answered in the recent decade by different authors. Assume that 7 is a factor map be-
tween subshifts X and Y, where X is an irreducible subshift of finite type. Recall that a
compensation function for 7 is a continuous function F' : X — R such that

sup  (v(¢) +hu(oy)) = sup  (u(¢pom+F)+hu(ox))

veM(Y,oy) HeEM(X,0x)
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for all ¢ € C(Y). Compensation functions were introduced in [7] and studied systemat-
ically in [32]. Shin [29] showed that if there exists a compensation function of the form
fom with f € C(Y), and if 1§ f om has a unique equilibrium state, then there is a
unique measure p maximizing the weighted entropy h,(ox) + ahjor-1(0y). However,
there exist factor maps between irreducible subshifts of finite type for which there are no
such compensation functions [30]. Later, Petersen, Quas and Shin [26] proved that for
each ergodic measure v on Y, the number of ergodic measures y of maximal entropy in
the fibre 7= 1{v} is uniformly bounded; in particular, if 7 is a one-block map and there
is a symbol b in the alphabet of Y such that the pre-image of b is a singleton (in this
case, m: X — Y is said to have a singleton clump), then there is a unique measures p of
maximal entropy in the fibre 771{v} for each ergodic measure v on Y. Recently, Yayama
[33, 34] showed the uniqueness of measures of maximal weighted entropy if 7 : X — Y
has a singleton clump. The uniqueness is further proved by Olivier [23] and Yayama [34]
under an assumption that the projection of the “Parry measure” on X has certain Gibbs

property (however the assumption only fulfils in some special cases).

The notions of weighted topological pressure and weighted equilibrium state were re-
cently introduced by Barral and the author in [1], motivated from the study of the mul-
tifractal analysis on self-affine sponges [18, 24, 2, 3]. It was shown in [1] that, whenever
mi: Xi — X411 (i =1,...,k — 1) are one-block factor maps between one-sided full shifts
(Xi,0x,), each f € V(ox,) has a unique a-weighted equilibrium state, which is Gibbs and
mixing. The result had an interesting application in the multifractal analysis [1]. However,
the approach given in [1] depends upon the simple fibre structure for the full shift case,

and it does not work for the general case in Theorem 1.1.

The main ingredient in our proof of Theorem 1.1 is to show the uniqueness of equilibrium
states and conditional equilibrium states for certain sub-additive potentials, rather than
for the classical additive potentials (or almost additive potentials). A crucial step is to
prove, for certain functions f defined on A* (the set of finite words over A), there exists
an ergodic invariant measures p on the full shift space AN and ¢ > 0, so that u(I) > cf(I)
for I € A* (see Proposition 4.3).

The paper is organized as follows: In Sect. 2, we introduce some basic notation and
definitions about subshifts. In Sect. 3, we present and prove some variational principles
about certain sub-additive potentials. In Sect. 4, we prove Proposition 4.3. In Sect. 5, we
prove the uniqueness of equilibrium states for certain sub-additive potentials. In Sect. 6,
we prove the uniqueness of weighted equilibrium states for certain sub-additive potentials
in the case k = 2. The extension to the general case k > 2 is given in Sect. 7, together
with the proof of Theorem 1.1.



2. PRELIMINARIES ABOUT SUBSHIFTS

In this section, we introduce some basic notation and definitions about subshifts. The

reader is referred to [13] for the background and more details.

2.1. One-sided subshifts over finite alphabets. Let A be a finite set of symbols which
we will call the alphabet. Let

k=0

denote the set of all finite words with letters from A, including the empty word e. Let
AN = {(2)%, : x5 € Afori>1}

denote the collection of infinite sequences with entries from A. Then AN is a compact

metric space endowed with the metric
d(w,y) =27 M SAS g = ()2, y = ()20
For any n € N and I € A", we write
(2.1) I ={(x)2 € AN: zy.oap =1}
and call it an n-th cylinder set in AN.

In this paper, a topological dynamical system is a continuous self map of a compact
metrizable space. The shift transformation o : AN — AN is defined by (o2); = i1
for all i € N. The pair (A", o) forms a topological dynamical system which is called the
one-sided full shift over A.

If X is a compact o-invariant subset of AN, that is, o(X) C X, then the topologi-
cal dynamical system (X, o) is called a one-sided subshift over A, or simply, a subshift.

Sometimes, we denote a subshift (X, o) by X, or (X,0x).

A subshift X over A is called a subshift of finite type if, there exists a matrix A =
(A, #))a,pea with entries 0 or 1 such that

X = {(xz)fil e AN A(xj,x1) =1forallie N}.

If A is irreducible (in the sense that, for any «,3 € A, there exists n > 0 such that
A™(a, ) > 0), X is called an irreducible subshift of finite type. Moreover if A is primitive
(in the sense that, there exists n > 0 such that A™(«, 3) > 0 for all o, 5 € A), X is called
a mizing subshift of finite type.

The language L£(X) of a subshift X is the set of all finite words (including the empty
word €) that occur as consecutive strings zi ...z, in the sequences x = (z;){°; which
comprise X. That is,

LX)={I€A": I =x...x, for some z = (2;)7°, € X and n > 1} U {e}.
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Denote |I| the length of a word I. For n > 0, denote

Lo(X)={I €L(X): |I|=n}.

Let p € N. A subshift X is said to satisfy p-specification if for any I, J € L£(X), there
exists K € L,(X) such that IKJ € L£(X). We say that X satisfies specification if it
satisfies p-specification for some p € N. Similarly, X is said to satisfy weak p-specification
if for any I,J € L£(X), there exists K € |J_, £;(X) such that IKJ € £(X); and X is
said to satisfy weak specification if it satisfies weak p-specification for some p € N. It is
easy to see that an irreducible subshift of finite type satisfies weak specification, whilst a

mixing subshift of finite type satisfies specification.

Let (X,0x) and (Y,oy) be two subshifts over finite alphabets A and A’, respectively.
We say that Y is a factor of X if, there is a continuous surjective map 7 : X — Y such
that 77" = Sw. Here 7 is called a factor map. Furthermore 7 is called a 1-block map if

there exists a map 7 : A — A’ such that
m(x) = (m(2i))iZy s r = ()2 € X.

It is well known (see, e.g. [13, Proposition 1.5.12]) that each factor map 7 : X — Y
between two subshifts X and Y, will become a 1-block factor map if we enlarge the
alphabet A and recode X through a so-called higher block representation of X. Whenever
m: X — Y is 1-block, we write 7/ = w(z1)...7(zy) for [ = z1...2, € L,(X); clearly
nl e L,(Y).

2.2. Two-sided subshifts over finite alphabets. For a finite alphabet A, let
A? = {2z = (2;)iez : i € Aforalli € Z}

denote the collection of all bi-infinite sequence of symbols from A. Similarly, A% is a

compact metric space endowed with the metric

d(z,y) = 27 "HEEeAvd 0 = (2)icz, v = (Yi)iez-
The shift map o : A% — A” is defined by (oz); = x;41 for = (x;);cz. The topological
dynamical system (A%, o) is called the two-sided full shift over A.

If X C A” is compact and 0(X) = X, the topological dynamical system (X, o) is called
a two-sided subshift over A.

The definitions of £(X), (weak) specification and factor maps for two-sided subshifts

can be given in a way similar to the one-sided case.
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2.3. Some notation. For two families of real numbers {a;};c7 and {b;};cz, we write

a; ~ b; if there is ¢ > 0 such that %bi <a; <cb; forieT;
a; =b; if there is ¢ > 0 such that a; > c¢b; for ¢ € Z;
a; < b; if there is ¢ > 0 such that a; < c¢b; for ¢ € Z;

a; =b; +0O(1) if there is ¢ > 0 such that |a; — b;| < ¢ for i € Z;
a; > b;+0(1) if there is ¢ > 0 such that a; — b; > —c for i € T;
a; <b;+0(1) if there is ¢ > 0 such that a; — b; < c for i € T.

3. VARIATIONAL PRINCIPLES FOR SUB-ADDITIVE POTENTIALS

In this section we present and prove some variational principles for certain sub-additive

potentials. This is the starting point in our work.

First we give some notation and definitions. Let (X,o0x) be a one-sided subshift over
a finite alphabet A. We use M(X) to denote the set of all Borel probability measures
on X. Endow M(X) with the weak-star topology. Let M(X,ox) denote the set of all
o x-invariant Borel probability measures on X. The sets M(X) and M(X,ox) are non-
empty, convex and compact (cf. [31]). For convenience, for p € M(X) and I € L(X), we
would like to write

pl) = p(lI] N X),

where [I] denotes the n-th cylinder in AN defined as in (2.1).

For p € M(X,0x), the measure theoretic entropy of p with respect to ox is defined as

. 1

(3.1) hu(ox) == lim — % u(I)logu(I).
Ieln(X)
The above limit exists since the sequence (a,)5 ;, where
an=— Y p(I)logu(I),

Iel,(X)

satisfies ap+m < ap + am, for n,m € N. It follows
a1
(3:2) hu(ox) = inf — > (D) log (1)
Ieln(X)

The function p +— h,(ox) is affine and upper semi-continuous on M(X,ox) (cf. [31]).

A sequence ® = (log ¢,,)22 ; of functions on a subshift X is called a sub-additive potential
on X, if each ¢, is a non-negative continuous function on X and there exists ¢ > 0 such
that

(3.3) Gnam () < cdp(T)pm(okx), Ve X, n,meN.
For convenience, we denote by Csq (X, 0x) the collection of sub-additive potentials on X.

For ® = (log ¢)22 € Csa(X,0x), define @, : M(X,0x) = RU{—0c0} by

(3.4) ®.() = lim > [ logon(o)du(o).
7



The limit in (3.4) exists by the sub-additivity of log ¢y,.

Remark 3.1. One observes that for f € C(X), if & = (log¢,)52, is given by ¢, (z) =
exp(Spf(z)), then ® € Cs(X,0x) and P, (u) = u(f) for each p € M(X,0x).

By the sub-additivity (3.3), we have the following simple lemma (cf. Proposition 3.1 in
[9))-
Lemma 3.2. (i) D is affine and upper semi-continuous on M(X,0x).

(i) There is a constant C' € R such that [log¢n(x)du(x) > n®.(u) — C forn € N
and pp € M(X,0x).

Definition 3.3. For ® € Cs,(X,0x), n € M(X,0x) is called an equilibrium state of ® if

D, (1) + hu(ox) = sup{Ps(n) + hylox) : n € M(X,0x)}.
Let Z(®) denote the collection of all equilibrium states of ®.

A function ¢ : L(X) — [0,00) is said to be sub-multiplicative if, ¢(¢) = 1 and there
exists a constant ¢ > 0 such that ¢(IJ) < cp(I)p(J) for any IJ € L£(X). Furthermore,
say @ = (log ¢n )52y € Csa(X, 0x) is generated by ¢ if

Pn(z) = (1. .. 20), r=(2;)i2; € X.

Proposition 3.4. Assume that ® = (log¢,)52, € Cso(X,0x) is generated by a sub-
multiplicative function ¢ : L(X) — [0,00). Then

(i) sup{®.(1) + hu(ox): p€ M(X,0x)} = limp—oo = logu,, where u, is given by
un =Y ().
1€L (X)
(ii) Z(®) is a non-empty compact conver of M(X,o0x). Furthermore each extreme

point of T(®) is an ergodic measure.

We remark that Proposition 3.4(i) is a special case of Theorem 1.1 in [8] on the varia-
tional principle for general sub-additive potentials. Proposition 3.4(ii) actually holds for
any ® € Cy(X,0x), by the affinity and upper semi-continuity of ®.(-) and h.(ox) on
M(X,0x) (see the proof of Proposition 3.6(ii) for details).

Now let (X,0x) and (Y, 0y ) be one-sided subshifts over A, A’, respectively. Assume
that Y is a factor of X with a 1-block factor map 7: X — Y.

Definition 3.5. For v € M(Y,0y), p € M(X,0x) is called a conditional equilibrium

1

state of ® with respect to v if, pon™" = v and

D, (1) + hyulox) = sup{®.(n) + hy(ox) : n € M(X,0x), non ' =v}.

Let Z,(®) denote the collection of all equilibrium states of ® with respect to v.
8



The following result is a relativized version of Proposition 3.4.

Proposition 3.6. Let ® = (log ¢,,)02 ; € Cso(X,0x) be generated by a sub-multiplicative
function ¢ : L(X) — [0,00). Let v € M(Y,o0y). Then

(1) Sup{®.(1) + hu(ox) — hulov) = p € M(X,0x), ot = v} = T.(v), where
= (logn)e, € Cso(Y,0v) is generated by a sub-multiplicative function 1) :
L(Y) — [0,00), which satisfies

(3.5) Y= Y. o), JeL®)

I€L(X): nl=J

(ii) Z,(®) is a non-empty compact conver of M(X,ox). Furthermore, if v is ergodic,

then each extreme point of Z,(®) is an ergodic measure on X.

We remark that Proposition 3.4 can be obtained from Proposition 3.6 by considering

the special case that Y is a singleton (correspondingly, A’ consists of one symbol).

To prove Proposition 3.6, we need the following lemmas.

Lemma 3.7 ([6], p. 34). Suppose 0 < p1,....pm < 1, s =p1+ - +pn <1 and
a1y ...,am > 0. Then

m
Zpi(log a; —logp;) < slog(ai + -+ + am,) — slogs.
i=1

Lemma 3.8 ([8], Lemma 2.3). Let ® = (log ¢,,)22 € Csa(X,0x). Suppose (nn)ff 1 isa
sequence in M(X). We form the new sequence (pn)3%; by pn = Zl 0 Mmooy Assume
that i, converges to p in M(X) for some subsequence (n;) of natural numbers. Then

we M(X,ox), and moreover

lim sup 1 /log On, () dn, () < Py (p).

i—oo T

Lemma 3.9 ([8], Lemma 2.4). Denote k = #A. Then for any & € M(X), and positive
integers n, £ with n > 2¢, we have

y4
LY etz Y euDlogta(l) — logk,

IeLn X) IEL[ X)

wherefnzlz foa



Proof of Proposition 3.6. Fix v € M(Y,oy). For any p € M(X,0x) with pon™!t = v,
and n € N, we have

> w(I)log ¢(I) — p(I) log u(T)

I€L,(X)

= > > u(D)log ¢(I) — pu(I)log u(T)

JELH(Y) IELH(X): mI=J]
< Z v(J)logy(J) —v(J)logrv(J) (by Lemma 3.7).
JeLn(Y)

Dividing both sides by n and letting n — co, we obtain

®.(1) + hulox) — hy(oy) < T.(v).

Thus to complete the proof of (i), it suffices to show that there exists p with pon™t = v,

such that ®,(u) + hy(ox) — hy(oy) > W, (v). For this purpose, construct a sequence
(Mn)224 in M(X) such that

v(r)o(1)
n(l) = , V1IeLl,(X),
(1) = 250 (x)
where we take the convention § = 0. Clearly, n, o7 '(J) = v/(J) for all J € L,(Y). Set

Ly = % ?:_01 M © a;(i. Assume that pu,, converges to pu in M(X) for some subsequence

(n;) of natural numbers. By Lemma 3.8, p € M(X,0x) and

o) ) 2 limsup o [ logon, (@) din (o) = lmsup - 3 (1) log (1)

1—00 1—00 €L, (X)

We first show that pon! = v. Let J € L(Y). Denote £ = |J|. For n > ¢ and
0<i<n-—/{, we have

Mooy on '(J)=muor ooy (J)

= > M o H(J1J J2)
JIELI(Y), J2€Ly—i—¢(Y): J1JJ2€Ln (Y)
— Z v(J1JJ2) = v(J).

TLELI(Y), J2€Ln—io(Y): J1TJ2€Ln(Y)
It follows that i, o 7~ 1(J) = 1S P, ooy o m1(J) — v(J), as n — oco. Therefore
pon 1(J)=uwv(J). Since J € L(Y) is arbitrary, we have pon~! = v.
We next show that
(3.7) D, (1) + hulox) — hy(oy) = Va(v).

Fix ¢ € N. By Lemma 3.9, we have for n > 2/,
1 2/
- Z nn(I) IOgnn(I) > Z Z ,un(I)IOg/'Ln(I)_zlogka

IeLn(X) IeLy(X)
10
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where k := #.A. Since p,, — p as i — oo, we obtain

tminf 3" g (Dlogna, (1) = 5 S0 (D) log ().

1—00 My
IeLy, (X) Iely(X)

Taking ¢ — oo yields

.1
(3.8) liminf -~ >, (1) logmn, (1) = —hu(ox).
IeLy, (X)

Observe that

Z m(I)log¢(I) = Z nn(f)logw

IeL,(X) IeLn(X)

+ ) w(J)(logi(J) —logu(J)).

JELL(Y)

This together with (3.8) yields

1
lim inf - Z s (1) log ¢(1) > —hy(ox) + Vu(v) + hy(oy).
oo T I€Ln,; (X)
Applying (3.6), we have ®.(u) > —hyu(ox) + Vi(v) + hy(oy). This proves (3.7). Hence
the proof of (i) is complete.

Now we show (ii). By the above proof, we see that Z,(®) # (. The convexity of
Z,(®) follows directly from the affinity of ®,(-) and h.(ox) on M(X,o0x). Furthermore,
the compactness of Z,,(®) follows from the upper semi-continuity of ®,(-) and h.(ox) on
M(X,0x). Next, assume that v is ergodic and let p be an extreme point of Z,(®). We
are going to show that p is ergodic. Assume it is not true, that is, there exist pi, us €
M(X,ox) with g1 # pe, and ag, s € (0,1) with a1 + ag = 1, such that p = Z?Zl QU ;-

Then v = pon— ! = Z?:l a;pi o L. Since p; ot € M(Y,0y) for i = 1,2 and v is

1

ergodic, we have iy om~! = g o 7! = v. Note that

2
U, (v) = ®u() + hulox Zal « (1) + by (0x) = by (oy))
=1

and @, (u;) + hy, (0x) — hy(oy) < Wy (v) by (i). Hence we have
O, (i) + hy(ox) — hy(oy) = Ve(v), i=1,2.

That is, u; € Z,(®) for i = 1,2. However pu = 21221 a;i. It contradicts the assumption
that p is an extreme point of Z,(®). This finishes the proof of the proposition. O

Definition 3.10. Let a = (aj1,a2) € R? with a; > 0 and az > 0. For ® € Cs(X,0),

uw € M(X,ox) is called an a-weighted equilibrium state of ® for the factor map m, or
11



simply, a-weighted equilibrium state of @, if
q)*(u) + alhu(ax) + aghuoﬂ.—l (Uy)
= sup{®.(n) + arhy(ox) + a2hpor-1(oy) : 1€ M(X,0x)}.

We use Z(®,a) to denote the collection of all a-weighted equilibrium states of ®. The
value in the right hand side of (3.9) is called the a-weighted topological pressure of ® and
is denoted by P?(ox,®). Each p € Z(®,a) is called an a-weighted equilibrium state of ®.

(3.9)

As a corollary of Propositions 3.4 and 3.6, we have

Corollary 3.11. Let ® = (log ¢,)52; € Cso(X,0x) be generated by a sub-multiplicative
function ¢ : L(X) — [0,00). Define ¢ : L(Y) — [0,00) by

o2 (J) = ( Z gs([)ﬁ)al for J € L,(Y), neN.

IeLy(X): wI=J

Let ®2) = (log U)o € Csa(Y,0y) be generated by #?. Then

(i) u € I(®,a) if and only if pon ! € I(a1+a ®@) and p € T, o1 1(I>), where
1/(a1+ 1
i @@ o= (log(w )22y and L@ = (log(gi/™));2
(ii) Furthermore, Z(®,a) is a non-empty compact convex set, and each extreme point

of I(®,a) is ergodic.
(iii) Z(®P,a) is a singleton if and only if T(——

contains a unique ergodic measure.

n=1-*

®2)) is a singleton {v} and, I, (& -P)

a1+a

Proof. Note that for p € M(X,0x),

Q. (p) + arhy(ox) + azhyor—1(oy)

= ®u(p) + a1 (hpu(ox) = hyor—1(oy)) + (a1 + a2)hyon-1(0y ).
By Proposition 3.6,
sup { .(n) + a1 (hy(ox) — hpor-1(0y)) : n € M(X,0x), nor ' =pon~'}

=P (uor ).

Hence p € Z(®, a) if and only if that (i)
. (1) + a1(hu(0x) = hyor-1(0y)) = 8 (o m);

and (ii)

@5‘2) (mor ) + (ay + az)hor-1(0y) =  sup <<I>(2)(u) + (a1 + ag)hl,(Uy)> )
veM(Y,oy)

That is, 4 € Z(®,a) if and only if p € T ;o1 ( 11(I>) and ponm ! € I(a1+a2<1>(2)). This

proves (i). The proof of (ii) is essentially identical to that of Proposition 3.4(ii). Part (iii)

follows from (i) and (ii). O
12



Remark 3.12. Proposition 3.6 was proved in [1] in the special case that 7: X — Y is
a one-block factor map between full shifts. Independently, Proposition 3.6 and Corollary
3.11 were set up in [34] for the special case that ¢ =1 and X is an irreducible subshift of
finite type, by a direct combination of [20, Theorem 2.1] and [27, Corollary].

4. ERGODIC INVARIANT MEASURES ASSOCIATED WITH CERTAIN FUNCTIONS ON A*

Let A be a finite alphabet and let A* = ;7 ;. A". We define two collections of functions

over A*.

Definition 4.1. Let p € N. Define Q,(A*,p) to be the collection of functions f : A* —
[0,1] such that there exists ¢ > 0 so that

(H1) > rean f(I) =1 for any n > 0.
(H2) For any I,J € A*, there exists K € |Jt_y A® such that f(IKJ) > cf(I)f(J).
(H3) For each I € A*, there exist i,j € A such that

fGI) = cf(I),  f(1j) = cf(I).
Definition 4.2. Let p € N. Let Q(A*,p) denote the collection of functions g : A* — [0,1]

such that there exists ¢ > 0 so that

(A1) > e ang(I) =1 for any n > 0.
(A2) For any I,J € A*, there exists K € AP such that g(IKJ) > cg(I)g(J).

For f € Q,(A*, p) UQ(A*, p), define a map f*: A* — [0,00) by
(4.1) f(I) = sup frn(l), Ie A,

m,n>0

where frnn(I) =Yg cam Sopenr SiI2). Cleatly, f(I) = foo(I) < f*(I) < 1 for any
I e A*.

The main result in this section is the following proposition, which plays a key role in

our proof of Theorem 1.1.

Proposition 4.3. Let f € Q,,(A*,p) UQ(A*,p) and f* be defined as in (4.1). Let (n,)5>,

be a sequence of Borel probability measures on AN satisfying
() = f(I), VIeA".

We form the new sequence (fin)oey by fin, = %Z?:_ol npoo . Assume that py,, converges
to p for some subsequence (n;) of natural numbers. Then u € M(AYN,0) and it satisfies

the following properties:

(i) There is a constant Cy > 0 such that Cy f*(I) < p(I) < f*(I) for all I € A*.
13



(ii) There is a constant Co > 0 such that

p
liminf » - p(ANo~"(B)) > Con(A)u(B)

i=0
for any Borel sets A, B C AN.
(iii) w is ergodic.
(iv) p is the unique ergodic measure on AN such that u(I) > Csf(I) for all I € A* and
some constant C'5 > 0.

(v) % Z?:_()l Nn o o™ converges to w, as n — oo.

Furthermore if f € Q(A*,p), we have

(vi) There is a constant Cy > 0 such that

liminf u(A N o™"(B)) > Cip(A)u(B)

n—~oo

for any Borel sets A, B C AN.

To prove the above proposition, we need several lemmas.

Lemma 4.4. Let f € Q,(A*, p) UQ(A*, p). Then there is a constant C > 0, which
depends on f, such that

(1) for (L) > Cfrn(I) for any I € A*, m' > m+p and n' > n+p.
(ii) For each I € A*, there exists an integer N = N(I) such that

fmn (L) > (C/2) (1), Vm,n > N.

Proof. To show (i), we first assume f € Q,(A*,p). Let ¢ be the constant associated with
f in Definition 4.1. Fix I € A* and m,n,m/,n’ € NU {0} such that m’ > m + p and
n' > n+p. By (H2), for given I € A™, I, € A", I3 € A =m=p and I, € AV "P there
exist K1, K, € U, A’ so that

f(LK LT Koly) > P f(I3) f(IL I 1) f(1L).
Furthermore by (H3), there exist K3, Ky € |Jf_, A so that |K1|+|K3| = p, |Ka|+|K4| = p
and
(4.2) fK3LK NITLKYILWKY) > ¢ f(IsK I T, KoIy) > P2 f(I3) f (I 1) f ().

Summing over I} € A", I € A", Iy € A™ P and I, € A” P, and using (H1), we
obtain

1
fm’,n’ (I) > MCQerQfm,n(I)a

where M denotes the number of different tuples (J1, Jo, J3, J1) € (A*)* with [J1|+|J3] = p

and ‘J2| + |J4’ =p.
14



Now assume f € Q(A*,p). Instead of (4.2), by (A2), we can find K;, Ky € AP such
that

f(I3K LTI Koly) > P f(I3) f (I I 1) f(IL).
Summing over [y, Is, I3, 14 yields
fm’,n’(I) > C2fm,n(l)-
This proves (i) by taking C' = min{c?, Lc?*?} = Lc2P+2,

To show (ii), note that f*(I) = sup,, ,>0 fmn(I). Hence we can pick mq,ng such that
fmomo(L) > f*(I)/2. Let N =mgy + ng + p. Then by (i), for any m,n > N, we have

Jmn(I) 2 Cfmono (1) 2 = 7 (1).

This finishes the proof of prove the lemma. O

SIS

Lemma 4.5. Let f € Q. (A*,p) UQ(A*,p). Then there exists a constant C' > 0 such that
for any I,J € A*, there exists an integer N = N(I,J) such that

SN UK M), YnzN.

i=0 KeAnti
In particular, if f € Q(A*,p), then the above inequality can be strengthened as

S UKD 2 CfAAT). Ynz N
KeAn

Proof. First assume f € ,(A* p). Let C' be the constant associated with f in Lemma
4.4. Fix I,J € A*. By Lemma 4.4(ii

~—

, there exists k € N such that for mq, ms, ms, mg > k,

C .. C .

fm17m2(1) > Ef (I), fmg,mz;(J) > §f (J)

Take N = 2k. Let n > N. Then we have
C . C .
fran s 2 S £ (D), ferlD) 2 517D

By (H2), for any I, € AF, I, € A" 7% J;,J, € A*, we have

P
(4.3) SN FMILULTT) > cf (L) f (1] Js).

=0 UeA?

Summing over [y, Is, J1, Jo yields

p
Yo D ferlKJ) = cfpn-i (D) frr(J).

Hence, we have

S S FUKD) 2 i ilT) 2 dC/22 (D ().
i=0 KeAnti
15



Next assume f € Q(A*, p). By (A2), instead of (4.3), we have
> LU T) > cf (I I) f(J1] Jo)
UeAr
for any I; € A*, I, € A" %, J,Jo € A*. Summing over I, Iy, J;, J» we obtain
o fenUKT) 2 cfin k(D) () = e(C/2)° (1) ().
KeAntp
Hence > joc gntn f*(IKJ) > ¢(C/2)? f*(I) f*(J). This finishes the proof of the lemma. [

Proof of Proposition 4.3. By [31, Theorem 6.9], u is o-invariant. Fix I € A*. Let m = |I|.
For n > m, we have

1 n—m ' n—1 _
Mn(I):E Znnoa_’(f)—i— Z Moo (1)
i=0 j=n—m+1
1 n—m n—1 '
=— > finemiD+ D mmoo(I)
n =0 j=n—m+1

Applying Lemma 4.4(ii) to the above equality yields

gf*([) < liminf pu, (I) < limsup (1) < f*(I),

2 n—oo

where C' > 0 is a constant independent of I. Hence

(C/2) (1) < (1) < f(1).
This proves (i) by taking C; = C/2.

By (i) and Lemma 4.5, we have

timint 3 ([0 () 2 Culimint Y Y UK
=0

(44) 1=0 KeAn+i

> OO fH (I () > (Dl
for some constant ¢’ > 0 and all I,J € A*. Take Cy = C1C". Since {[I] : I € A*}
generates the Borel o-algebra of A, (ii) follows from (4.4) by a standard argument.

As a consequence of (ii), for any Borel sets A, B C AN with u(A4) > 0 and u(B) > 0,
there exists n such that u(A No~"(B)) > 0. This implies that p is ergodic (cf. [31,
Theorem 1.5]). This proves (iii).

To prove (iv), assume that 7 is an ergodic measure on AN so that there exists C3 > 0
such that

n(l) > Caf(I), Ve A"
Then for any I € A* and m,n € N,

nM)= Y Y nIiIL)>Cs > > f(ILIL) = Csfmn(l).

IeA™ [ye AN IieA™ [oe An
16



Hence n(I) > Csf*(I) > C3pu(l). It implies that p is absolutely continuous with respect
to 1. Since any two different ergodic measures on A" are singular to each other (cf. [31,
Theorem 6.10(iv)]), we have n = p. This proves (iv). Notice that (v) follows directly from
(1), (iii) and (iv).

Now assume that f € Q(A*, p). Instead of (4.4), by (i) and Lemma 4.5 we have
liminf u([I]No~"([J]))) = Ciliminf Y f*(IK.J)

n—oo

KeAn
> CLC (D) () =2 il D)) = Cop(I)u( ),
from which (vi) follows. This finishes the proof of Proposition 4.3. O

5. EQUILIBRIUM STATES FOR CERTAIN SUB-ADDITIVE POTENTIALS

In this section, we show the uniqueness of equilibrium states for certain sub-additive

potentials on one-sided subshifts.
Let (X,0x) be a subshift over a finite alphabet A. For n > 1, denote
Ln(X)={I€A": XnN[I]#0}.
Denote Lo(X) = {e}, where ¢ denotes the empty word. Set £L(X) = J;2, Ln(X).

Let p € N. We use D, (X, p) denote the collection of functions ¢ : £(X) — [0, 00) such
that ¢(I) > 0 for at least one I € £L(X)\{e}, and there exist 0 < ¢ <1 so that

(1) ¢(IJ) < e to(I)p(J) for any IJ € L(X).
(2) For any I,J € L(X), there exists K € |J!_, £;(X) such that IKJ € £(X) and
H(IK.T) > cp(T)o(.]).
Furthermore, we use D(X, p) denote the collection of functions ¢ : L(X) — [0, c0) such
that ¢(I) > 0 for at least one I € £(X)\{e}, and there exist 0 < ¢ < 1 so that ¢ satisfies

the above condition (1), and

(2’) For any I,J € L(X), there exists K € L,(X) such that IKJ € L(X) and
P(IKJ) > chp(I)¢(J).
Remark 5.1. (i) D(X,p) C Dy(X,p).
(ii) Dyw(X,p) # 0 if and only if X satisfies weak p-specification. The necessity is
obvious. For the sufficiency, if X satisfies weak p-specification, then the constant
function ¢ = 1 on £(X) is an element in D, (X, p). Similarly, D(X,p) # 0 if and

only if X satisfies p-specification.

Lemma 5.2. Suppose ¢ € D, (X,p). Then the following two properties hold:

(i) There exists a constant v > 0 such that for each I € L(X), there exist i,j € A

such that $(iI) = vo(I) and $(Ij) = vo(I).
17



(ii) Let un = Y ey, ¢(J). Then the limit u = lim,_oo(1/n)logu, exists and u, =~

exp(nu).

Proof. Let ¢ € D,,(X,p) with the corresponding constant ¢ € (0, 1]. For (i), we only prove
there exists a constant v > 0 such that for each I € £(X), there exist j € A such that
¢(Ij) > ~v¢(I). The other statement (there exists i € A so that ¢(il) > y¢(I)) follows by
an identical argument. Fix a word W € L£(X)\{e} such that ¢(W) > 0. Let I € L(X)
so that ¢(I) > 0. Then there exists K € (J!_, £;(X) such that ¢(ITKW) > co(I)d(W).
Write KW = jU, where j is the first letter in the word KW. Then

$(17)p(U) = cp(IjU) = cd(IKW) = o(I)(W).

U)
Hence ¢(U) > 0 and ¢(Ij) > 2¢(I)¢p(W)/#(U). Since there are only finite possible U
(for |U| < |W|+p), ¢(17)/p(I) > ~ for some constat v > 0.

To see (ii), we have

Un+m = Z o(1J)

IGﬁn(X), JELm(X) IJELn+'m(X)

(5.1)
< Y W) =
I€LA(X), JELm(X)
and
P
Zun—i-m-‘rk = Z ¢(IKJ)
(5.2) k=0 [€Ln(X), JELm(X) KeUP_y Li(X): IKJEL(X)

> Z co(I)P(J) = cupum,.

IeLy(X), JELm(X)
On the other hand,

Unp1 = Y > oI5 =y D o) =yun,

IeLn(X) jeA: IjeLni1(X) IeLn(X)
and un+1 < ¢ lujuy, by (5.1). Hence u, 41 ~ uy,. This together with (5.1) and (5.2) yields
Untm & Uplpy, from which (ii) follows. O

Note that we have introduced ,,(A*, p) and Q(A*, p) in Sect. 4. As a direct consequence

of Lemma 5.2, we have

Lemma 5.3. Let ¢ € Dy(X,p). Define f: A* — [0,1] by

o(1) .
ifIeLy,(X), n>0,
(5.3) F(I) = > geLnx) () ()
0 if I € A\L(X),

Then f € Quw(A*,p), and f(IJ) < f(I)f(J) for I,J € A*. Moreover if ¢ € D(X,p), then
f e QA p).
18



Lemma 5.4. Let n,u € M(X,0x). Assume that n is not absolutely continuous with
respect to . Then

Tim Y (D) log ul(I) = n(I)logn(I) = —oo.

Proof. We take a slight modification of the proof of Theorem 1.22 in [6]. Since 7 is
not absolutely continuous with respect to p, there exists ¢ € (0,1) such that for any
0 < € < ¢/2, there exists a Borel set A C X so that

n(A) >c¢ and p(A) <e.

Applying [6, Lemma 1.23], we see that for each sufficiently large n, there exists F,, C L, (X)
so that
AL Ay +n(AnAy) <e with A, = | [[]NnX,
IeFy
which implies n(4;,) > ¢ —€ > ¢/2 and p(A,) < 2¢. Using Lemma 3.7, we obtain
> 0 log (1) — n(I)logn(I) < n(An)log u(An) + sup slog(1/s)

(5.4) IEF, Oss<l

< (¢/2)log(2¢€) + log 2

and
n(I)log pu(I) —n(I)logn(l)
(55) 1Ly (X)\Fn
< n(X\Ap)log p(X\An) + sup slog(1/s) <log?2.
0<s<1

Combining (5.4) and (5.5) yields
> n(I)log u(I) = n(I)logn(I) < (c/2)log(2¢) + 2log2,
Ieln(X)

from which the lemma follows. O

The main result in this section is the following

Theorem 5.5. Let ¢ € Dy(X,p). Let = (log ¢ppn)22, € Csa(X,0x) be generated by ¢,
i.e. op(x) = @d(x1...20) for x = (24)72, € X. Then ® has a unique equilibrium state p.
The measure 1 is ergodic and has the following Gibbs property

~ o(1)
> gecnx) ()

where P = lim,, o %log Zjecn(X) o(J). Furthermore, we have the following estimates:

Y wDlogg(I) = nd.(p) +O(1), > u(I)logu(I) = —nhy(ox) + O(1).
IeLn(X) Ieln(X)
19
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Proof. Define f : A* — [0,1] as in (5.3). By Lemma 5.3, f € Q,(A* p) and f satisfies
fUIJ) < f()f(J) for I,J € A*. Let f*: A* — [0,00) be defined as

ffO)=sup > > f(LIL), TeA.

mm20 e An e Am

Since f(IJ) = f(I)f(J) for I,J € A*, we have f*(I) ~ f(I). Hence by Proposition 4.3,
there exists an ergodic measure p on AN such that u(I) ~ f(I), I € A*. Since f(I) =0
for I € A\L(X), p is supported on X. By Lemma 5.2(ii), 3 /e, (x) @(I) = exp(nP),
hence we have

w(l) = f(I) = exp(—nP)op(I), I€L,(X), neN.

Let ) be an ergodic equilibrium state of ®. By Proposition 3.4(i), ®.(n) + hy(ox) = P.
By Lemma 3.2 and (3.2), we have
(.7 > n(D)loge(I) =nd.(n)+O0(1), — > n(I)logn(I) > nhy(ox) + O(1).
I€Ln(X) 1€Ln(X)
Thus we have

oMy < Y (n(hloge(D) —n(D)logn(1)) ~ nP

Ieln(X)
= > (n(Dogu(n) = n(Dlogn(1)) +0(1).
IeLn(X)
That is, > rcr, (x)n(I)log u(I) — n(I)logn(I) = O(1). By Lemma 5.4, n is absolutely

continuous with respect to u. Since both u and 7 are ergodic, we have n = p (cf. [31,

(5.8)

Theorem 6.10(iv)]). This implies that p is the unique ergodic equilibrium state of ®. By

Proposition 3.4(ii), p is the unique equilibrium state of ®.
Since n = p, by (5.8), we have
> (n()10g6(1) = n(I)ogn(I)) = n.(n) = nhy(ox)

Ieln(X)
= > (n(D)1og (D) — n(I)logn(I)) ~nP = O(1).
Ielyn(X)
This together with (5.7) yields the estimates:
Y n)logg(I) =nd.(n) +O(1), = > n(I)logn(I) = nhy(ox) + O(1).
IeLn(X) IeLn(X)

This completes the proof of Theorem 5.5. O

Remark 5.6. The introduction of D, (X, p) and D(X,p) was inspired by the work [12].
Indeed, Theorem 5.5 was first setup in [12] for a class of ¢ € D, (X, p), where X is an
irreducible subshift of finite type and, ¢ is given by the norm of products of non-negative
matrices satisfying an irreducibility condition (see [12, Theorem 3.2], [10, Theorem 3.1}).
Although the approach in [12] can be adapted to prove (5.6) under our general settings,

we like to provide the above short proof using Proposition 4.3. Independently, Theorem
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5.5 was set up in [34] in the special case that X is a mixing subshift of finite type, and ¢

a certain element in D(X, p), through an approach similar to [12].

In the end of this section, we give the following easy-checked, but important fact.

Lemma 5.7. Let (X,0x), (Y,oy) be one-sided subshifts over finite alphabets A, A’, re-
spectively. Assume that Y is a factor of X with a one-block factor map m: X — Y. Let
p € Nand a > 0. For ¢ € Dy(X,p), define ¢*: L(X) — [0,00) and ¢p : L(Y) — [0,00)
by
¢UI) = o(I)" for I € L(X), o(J)= Y o) for J€LY).
I€L(X): mI=J

Then ¢* € Dyw(X,p) and ¥ € Dy(Y,p). Furthermore if ¢ € D(X,p), then ¢* € D(X,p)
and v € D(Y,p).

Proof. Clearly ¢ € D,,(X,p). Here we show ¢ € D, (Y, p). Observe that for J;Jo € L(Y),
Y(J1)2) = > ¢(1112)

LIeL(X): nli=J1, mla=J2

< > ¢t o(h)e(I2)

LI:eL(X): mhi=J1, nla=J>
< > > ¢ o(M)g(I2) = ¢ ()Y (o).
I1E[:(X): nli=J1 IQEﬁ(X): wlo=Jo
Furthermore for any Ji, J; € L(Y),

> Y(JLW )

Well_o Li(Y): hWJ2eL(Y)

= > > > S K D)

IleL(X): mli=J1 IQG,C(X)Z wlo=Jo KGUf:O Ei(X): IlKIQGE(X)
> > > co(I1)(I2) = cvo(J1)(J2).
I1€[,(X): mlh=J1 IQEE(X): wlo=Jo
Therefore there exists W € [JI_, £;(Y), such that JiWJy € L(Y), and ¢(J1W J2)
£4p(J1)p(J2), where L denotes the cardinality of (JI_;£;(Y). Hence 1) € Dy(Y,p).
similar argument shows that ¢ € D(Y,p) whenever ¢ € D(X,p).

O »= v

6. UNIQUENESS OF WEIGHTED EQUILIBRIUM STATES: k = 2

Assume that (X, 0x) is a one-sided subshift over a finite alphabet A. Let (Y, 0y ) be a
one-sided subshift factor of X with a one-block factor map 7: X — Y.

Let a = (a1,a2) € R? so that a; > 0 and as > 0. Assume that D, (X,p) # 0 for

some p € N, equivalently, X satisfies weak p-specification. Let ¢ € D, (X,p). Define
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¢®) : L(Y) — [0,00) by
(6.1) A= X ¢(I)i)“1 for J € Ln(Y), n € N.

Ieln(X): wl=J
Furthermore, define ¢ : N — [0, 00) by
(6:2) o) = Y P()Tm, neN,

JeLln(Y)
The main result of this section is the following.

Theorem 6.1. Let ¢ € D, (X,p). Let & = (logpn)oe, € Csa(X,0x) be generated by
by ¢, i.e. dp(z) = @(z1---2p) for x = (24)72, € X. Then ® has a unique a-weighted
equilibrium state p. Furthermore, u is ergodic and has the following properties:
(i) p(I) =~ ¢*(I) = (1) for I € L(X), where ¢, d* : L(X) — [0,00) are defined by
1 1
~ o(I)ar o (ml)ar+az

o o= 6D (xna  ¢Pm) T€LalX),neN

and

¢*(I) = sup S(IIID), 1€ L(X).
MN20 1 €L (X), ELA(X): TTEL(X)

(i) liminfp—oo D b o p (AN 0;("7i(B)) = w(A)u(B) for Borel sets A,B C X.

(iii) We have the estimates:

S alogul) = 3 u(D)log§(I) + O(1) = —nh,(ox) + O(1),

IeLn(X) IeLn(X)
> ) logd(I) = n®. (1) + O(1).
Ieln(X)

Moreover, if ¢ € D(X,p), then instead of (ii) we have

(iv) liminf, oo p (AN 0" (B)) = u(A)u(B) for Borel sets A,B C X.

Proof. By (6.3), we have

where 6(I) is given by
1 1
(1) = ¥ (n)pPD (al)ar " ave . [ e L£,(X), neN.
We claim that gg and 6 satisfy the following properties:
(2) Y e, (x)@(I) =1 for each n € N.

(b) For any I € L(X), if ¢(I) > 0 then 6(I) > 0.

(¢) O(I11s) < 0(11)0(Lz) for 115 € L(X).
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Property (a) follows immediately from the definition of q~5 To see (b), one observes that
if ¢(I) > 0 for some I € £,(X), then so are (2 (xI) and ¢ (n), hence 8(I) > 0. To see
(¢), by Lemma 5.7, ¢?) € D, (Y, p) and thus

oA (n(L12) < P (r1)¢P (xl), LIy € L(X).
Furthermore by Lemma 5.2, ¢(3) (n +m) ~ ¢ (n)¢(®) (m). Hence (c) follows.

Extend ¢, ¢* : A* — [0, 00) by setting ¢(I) = ¢*(I) = 0 for I € A*\L(X). By (a), (b),
(¢) and Lemma 5.2(i), we see that ¢ € Q,(A*,p). Hence by Proposition 4.3, there exists
an ergodic measure u € M(AY, o) such that

(6.4) w(I) ~ " (1) = o(I), IeAV.

Moreover, i satisfies
p .

(6.5) liminf Y~ p (ANo™""(B)) = u(A)u(B) for Borel sets A, B C AN,
=0

By (6.4), p is supported on X and pu € M(X,o0x).
Let &) = (log quE))gozl € Cso(Y, 0y) be generated by ¢, i.e.
D (y) = ¢ (y1 - -yn) for y = (i), €Y.

Define ¢ : L(Y) — [0,00) by

By the definitions of 5 and 1Z, we have
N N -~
(6.6) H(I) = % “p(nl), I€L(X).
$2 (x 1)

Since ¢ € D, (Y,p), by Lemma 5.7, (¢(?))1/(@1+a2) ¢ D, (Y,p). Hence by Theorem
5.5, —— &) has a unique equilibrium state v € M(Y, oy) and v satisfies the properties

7 aitaz

(6.7) Y w(Nlogu(J) = > w(J)logy(J) + O(1) = —nh,(oy) + O(1),
JeLn(Y) JeLA(Y)

and

(6.8) ST w()log (1) = ne® (v) + O(1).

JeLn(Y)

Assume that 7 is an ergodic a-equilibrium state of ®. By Corollary 3.11(i), non™! = v

and 7 is a conditional equilibrium state of é@ with respect to v, that is,

(6.9) )+ hyfox) = huloy) = B0,
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By (6.7) and (6.8), we have
nhy(o ne® V)= — v (o} 7¢ J)
(6.10) holoy) + @l (v) Y. vlJ)log 07 +0(1).

By Lemma 3.2(ii) and (3.2), we have
(6.11) Y. a)logg(I) = n®.(n) +0(1), — > n()logn(l) = nhy(ox).

IeL,(X) IeLn(X)

Combining (6.9), (6.10) and (6.11), we obtain

) < (1) tog(8(1)7) = (1) log (1)) = @, () — nhy(ox)
1€Ln(X) 1
(1) tog(6()7) = (1) log (1)) = nhu(ox,) — — & (v)
1€Ln(X) 1
(77 )log(o(1)71) — (I)logn(f))
I€LA(X)
(6.12) TZ(J)
+ v(J)log —+0(1)
Jeﬁzn:(Y) P2 (J)ex
O
Z( (Dog™ Do ) +0(1)
Z ( Jlog $(1) — n(I) logn(1)) + O(1)  (by (6.6)).
eLn
That is,
(6.13) > (n10gé(1) — n(D)logn(1)) = O(1).

1€Ln(X)
Combining (6.13) and (6.4) yields
> (77(1) log p(I) — n(I) logn(f))

Ieln(X)

> Y (n(1)10gd(D) = n(I)logn(I)) +O(1) = O(1).

I€L(X)

(6.14)

By (6.14) and Lemma 5.4, n is absolutely continuous with respect to u. Since both p

and n are ergodic, we have n = p (cf. [31, Theorem 6.10(iv)]). This implies that u is

the unique ergodic a-weighted equilibrium state of ®. By Corollary 3.11(iii), p is the

unique a-weighted equilibrium state of ®. Now parts (i), (ii) of the theorem follow from

(6.4)-(6.5).
To show (iii), due to nn = p, the left hand side of (6.14) equals 0. Hence by (6.14),
(6.15) > (nD10g6(1) —n(1)logn(1)) = O(1).

IeLn(X)
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Combining (6.15) and (6.12) yields

616) > (n0)oa(@(1)")  n(1)logn(D) ~ @ (n) — nhy(ox) = O).

1€Ln(X)

However (6.16) and (6.11) imply

(6.17) > n(Dlogg(I) =nd.(n) +O1), — > n(I)logn(I) = nhy(ox) + O(1).
TELA(X) 1€Ln(X)

Now part (iii) follows from (6.17) and (6.15). To see (iv), note that whenever ¢ € D(X,p),

we have ¢ € Q(A*,p), following from (a)-(c). Now (iv) follows from Proposition 4.3(vi).

This finishes the proof of the theorem. U

7. UNIQUENESS OF WEIGHTED EQUILIBRIUM STATES: k > 2

Let k > 2 be an integer. Assume that (X;,0x,) (i = 1,...,k) are one-sided subshifts
over finite alphabets so that X;;; is a factor of X; with a one-block factor map m; : X; —
Xip1 fori=1,...,k — 1. For convenience, we use my to denote the identity map on Xj.

Define r;: X1 — X;u1 by =mom_q10---ompfori=0,1,....k— 1.
Let a=(ay,...,a;) € R¥ so that a; > 0 and a; > 0 for i > 1. Let ¢ € Dy (X1,p). Set
o) = ¢ and define ¢ : L(X;) — [0,00) (i = 2,..., k) recursively by
3 . 1
o= > eihmEEE
Ieln(Xi—1): mi—1I=J
for n € N, J € £,(X;). Furthermore, define ¢*t1) : N — [O o0) by
= S e

IeLn(Xk)

)a1+---+ai71

Let & = (log ¢,)22 1 € Csa(X1,0Xx,) be generated by ¢. Say that p € M(X;,0x,) is an

a-weighted equilibrium state of @ if

k k
W) + Z aihMOT:l (0x,) = sup <<I>*(77) + Z aihnOT:l (O'Xi)> .
i=1 1=1

T]EM(X,O'Xl)

Let Z(®,a) be the collection of all a-weighted equilibrium state of .

Let ®?) € Cyq(Xo, ox,) be generated by 2. By a proof essentially identical to that of
Corollary 3.11, we have

Lemma 7.1. (i) Z(®, a) is a non-empty compact convex subset of M(X1,0x,). Fach
extreme point of Z(®,a) is ergodic.
(il) p € Z(®,a) if and only if u € I;wﬂ'
where b = (a1 + ag, as, ..., a) € RF L,
(iii) Z(®,a) is a singleton if and only if I(@(z),b) is a singleton {v} and, Il,(a—llCI))
contains a unique ergodic measure.
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As the high dimensional version of Theorem 6.1, we have

Theorem 7.2. Let ¢ € Dy (X1,p). Let ® = (log ¢n)22, € Csa(X1,0x,) be generated by
¢. Then ® has a unique a-weighted equilibrium state . Furthermore, p s ergodic and

has the following properties:

() pI) ~ ¢*(I) = ¢(I) for I € L(X1), where ¢, ¢* : L(X1) — [0,00) are defined
respectively by
O (ri 1) TF T\ ¢ (g Iy T
7.1 = .
(7.1) (H S (1, I)a1++az> S0+ (1)
forI e L,(X1),n€eN, and

¢*(I) = sup > (I IL), Ie€L(Xy)

>
20 pe o (X1), eLn(X1): [ IIeL(X1)

(ii) Timinf, oo 327 o 1 (A N J)_(:L_i(B)> = w(A)u(B) for Borel sets A, B C Xj.

(iii) We have the estimates:

> wDlogu) = > wIlogdI)+O(1) = —nhy(ox,) + O(1),

[€Ln(X1) 1€Ln(X1)
S u)logd(I) = 0. () + O(1)
Ieln(X1)

Moreover, if ¢ € D(X1,p), then instead of (ii) we have

(iv) liminf, o p (A N 0;{{‘(3)) = w(A)u(B) for Borel sets A, B C X;.

Proof. We prove the theorem by induction on the dimension k. By Theorem 6.1, Theorem
7.2 is true when the dimension equals 2. Now assume that the theorem is true when the
dimension equals k — 1. In the following we prove that the theorem is also true when the

dimension equals k.

By (7.1), we have

o(I) = TOR Iel,(X1), neN,

where 0(I) is given by

k ) 1 - 1
0(I) = gb(k“)(n) H¢(z) (riI)@FFei atFa T e £,.(X;), neN.
i=2
By Lemma 5.7 and Lemma 5.2(ii), we have ¢(?) € Dy, (X;,p) fori =2,...,k, and p*+1) (n+
m) ~ ¢+ (n)¢*+ (m). Similar to the proof of Theorem 6.1, we can show that ¢ and 6
satisfy the following properties:

(@) Xrec,(x) &(I) =1 for each n € N.
(b) For any I € L(X1), if ¢(I) > 0 then 6(I) > 0.
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(C) 9([1[2) < 9([1)9([2) for I1 15 € [,(Xl)

Extend ¢, ¢* : A% — [0,00) by setting ¢(I) = ¢*(I) = 0 for I € A}\L(X1). By (a), (b),
(¢c) and Lemma 5.2(i), we see that ¢ € Qy( 1,p). Hence by Proposition 4.3, there exists
an ergodic measure p € M(AY, o) such that

(7.2) W)~ (1) = (1), Te Al

Moreover, u satisfies

Ny

P
lim ianu (AN U_"_i(B)) p(A)u(B) for Borel sets A, B C AY.

i=0
By (7.2), p is supported on X; and p € M(X1,0x,).
Let ®®) = (log ¢$12));°;;1 € Csa(X2,0x,) be generated by ¢, i.e.
6D () = ¢ (a1 - 2) for & = (21)2, € Xo.
Let b = (a1 + as, as, ..., a;) € RF"1. Define ¢ : £(X3) — [0,00) by

Rl g g m—— 1
~ (Zs(l) ({'L—IJ) a1t+a; ¢(k) (é.k:flJ) a1 t-tag

7= ' J e L(X N
o (z:l_IQ ¢(i+1)(§ij)m d*+1) (n) ’ € L(X2), n €N,

where & := Id, and & = mw; 0 --- oo for ¢ > 2. By the definitions of ¢~5 and J, we have

_ W (ar -~
(7.3) o= DN T, e cx).
¢3)(m 1)

Since ¢®? € Dw(X2,p), by the assumption of the induction, ®®? has a unique b-
weighted equilibrium state v € M(X»,0x,) and v satisfies the properties

(T4 > v(Dlegu() = D w()logd(J) +0(1) = —nhy(ox,) + O(1),
JeLn(X2) JELn(X2)
and

(7.5) S w)log 6@ () = nel® (v) + O(1).
JeLn(X2)

Assume that 7 is an ergodic a-equilibrium state of ®. By Lemma 7.1, nom L=y and

7 is a conditional equilibrium state of a—llq) with respect to v, that is,
1 L (9
(7.6 —0.(1) + hy(ox,) — hulox) = -0 0),

Using (7.2), (7.3), (7.4)-(7.6), and taking a process the same as in the proof of Theorem

6.1, we prove Theorem 7.2 when the dimension equals k. O
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Remark 7.3. Let ¢ be defined as in (7.1), and let (1,) be a sequence in M(X) so that
mn(I) = ¢(I) for each I € £,(X1). Then by Proposition 4.3(v) and the above proof, the
measure p in Theorem 7.2 satisfies

n—1

= lim — E oo,
/’[/ n—oo n 4 « 7771 X1
1=

Proof of Theorem 1.1. We first consider the case that X; (i = 1,...,k) are one-sided
subshifts. Recoding Xj_1, Xr_1,..., X1 recursively through their higher block represen-
tations (cf. Proposition 1.5.12 in [13]), if necessary, we may assume that m; : X; — X;41
(¢ =1,...,k—1) are all one-block factor maps. Recall that X satisfies weak specification.
(Notice that this property is preserved by recoding via higher block representations). Let
f €V(ox,) (see (1.3) for the definition). Define ¢ : L£(X;) — [0,00) by
¢(I) = sup exp(Spf(z)), [I€Ln(X1), n€N,
z€ X1 (1]

where S, f is defined as in (1.2). Since f € V(ox,), it is direct to check that ¢ € D,,(X1,p),
where p is any integer so that X, satisfies weak p-specification. Let ® = (log ¢,)5; €
Csa(X1,0x,) be generated by ¢. Again by f € V(ox,), we have ®,(u) = p(f) for any
w e M(Xi,0x,). It follows that p is an a-weighted equilibrium state of f if and only if
that, u is an a-weighted equilibrium state of ®. Now the theorem follows from Theorem
7.2.

Next we consider the case that X;’s are two-sided subshifts over finite alphabets A;’s.

Again we may assume that m;’s are one-block factor maps. Define for i = 1,...,k,

(2

X = {(x]);il € AY: 3 (y;)jez € X; such that x; = y; for j > 1}.

Then (XZJr ,0y+) becomes a one-sided subshift for each i. Furthermore define I'; : X; —
X by (ZL‘]')]E% — (xj)jen. Then for each 1 < i < k, the mapping p +— p o ;7! is an
homeomorphism from M(X;,ox;) to M(X;, 0 y+) which preserves the measure theoretic
entropy. Now m; : Xf — XifH becomes a one—i)lock factor between one-sided subshifts
fori=1,...,k—1. Let f € V(ox,). Define ¢ : L(X]") — [0,00) by

o(I) = sup exp(Snf(z)), I€Ly(X{), neN.

rx€X1: x1...xn=1

Similarly, ¢ € D, (Xi,p) for some p € N. Let & = (log¢,)2, € CSQ(XIF,UX?) be
generated by ¢. Due to f € V(ox,), we have

/‘(f):q)*(qufl)7 p € M(Xy,0x,).

It follows that p is an a-weighted equilibrium state of f if and only if that, o Ffl is an
a-weighted equilibrium state of ®. Thus the results of the theorem follow from Theorem

7.2. U
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