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ABSTRACT. Let Ty,...,T,, be a family of dxd invertible real matrices with || T;|| <
1/2 for 1 <i <m. For a = (ay,...,an,) € R™ let 72: ¥ = {1,...,m}N — R4
denote the coding map associated with the affine IFS {T;x + a;}7,, and let K2
denote the attractor of this IFS. Let W be a linear subspace of R? and Py the
orthogonal projection onto W. We show that for £™%-a.e. a € R™¢, the Hausdorff
and box-counting dimensions of Py (K?) coincide and are determined by the zero
point of a certain pressure function associated with 77y, ...,T;, and W. Moreover,
for every ergodic o-invariant measure p on ¥ and for £™%-a.e. a € R™9, the local
dimensions of (Py7?).p exist almost everywhere, here (Py7?).u stands for the
push-forward of p by Py 7®. However, as illustrated by examples, (Py7®).u
may not be exact dimensional for £™%a.e. a € R™¢. Nevertheless, when pu is
a Bernoulli product measure, or more generally, a supermultiplicative ergodic o-
invariant measure, (Py 7). is exact dimensional for £™m%-a.e. a € R™?.

1. INTRODUCTION

The main purpose of this paper is to study the dimensions of orthogonal projec-
tions of ‘typical’ self-affine sets and measures along specific directions.

It is a fundamental question in fractal geometry and dynamical systems to in-
vestigate orthogonal projections of many concrete fractal sets and measures and go
beyond general results such as Marstrand’s theorem (see, e.g., [17, 54, 7]). Before
introducing the background and our results of this study, let us first provide some
necessary notation and definitions regarding various dimensions of sets and mea-
sures. For a set A C R?, we use dimy A, dimp A, dimgA, and dimpA to denote the
Hausdorff, packing, lower box-counting, and upper box-counting dimensions of A,
respectively (see, e.g., [16, 43] for the definitions). If dimyA = dimpA, we denote
the common value by dimg A and refer to it as the boz-counting dimension of A.

Recall that for a probability measure n on R?, the local upper and lower dimensions
of n at x € R? are defined as follows:

dimloc(n7 .T) — hm sup M, di—mloc (7’]7 fL’) — hm 1nf M7
r—0 10g r r—0 10g r
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where B(x,r) denotes the closed ball of radius r centered at x. If dimy.(n,z) =
dim, (7, x), we denote the common value as dimy,.(7, ) and refer to it as the local
dimension of n at x. We say that n is exact dimensional if there exists a constant C'
such that the local dimension dimy.(7, ) exists and equals C for almost every x with
respect to i (i.e., for n-a.e. x € R?). It is well known that if 7 is exact dimensional,
then the lower and upper Hausdorff and packing dimensions of 7 coincide and equal
the constant C' (see e.g., [15, 58]); in this case, we simply denote this constant as
dim 7 and call it the dimension of 7. Recall that the lower and upper Hausdorff and
packing dimensions of 1 are defined as follows:

dimyn = essinf dimy..(n,z), dimpn = esssupdimy,.(n, ),
z€spt(n) xEspt(n)

dimpn = essinf dimyee(n, ), dimpn = esssup dimyy(n, x).
x€spt(n) xEspt(n)

Next, let us introduce the definition of self-affine sets. By an affine iterated func-
tion system (affine IFS) on R? we mean a finite family {f;}™, of affine mappings
from RY to RY, taking the form

fi(z) = Tix + a;, i=1,...,m,

where T} are contracting d x d invertible real matrices and a; € R?. It is well known
[37] that, for any such IFS {f;}/",, there exists a unique non-empty compact set
K C R? such that

K =J £i(K).

We call K the attractor of {f;}™,, or the self-affine set generated by {f;}*,. In
particular, if all the maps f; are contracting similitudes, we call K a self-similar set.

In what follows, we let T = (T3,...,T,,) be a fixed tuple of contracting d x d
invertible real matrices. Let (X,0) be the one-sided full shift over the alphabet
{1,...,m}, that is, ¥ = {1,...,m}N and ¢ : ¥ — X is the left shift map. For
a=(ay,...,a,) € R™ let 7*: ¥ — R? be the coding map associated with the IFS
{f2(z) = Tix + a;}*,, here we write f? instead of f; to emphasize its dependence
of a. That is,

(1.1) 7(z) = lim f2 o---0 f2(0)

- n—oo 1 In

for x = (2,)2, € X. It is well known [37] that the image 72(X) of ¥ under 72 is
exactly the attractor of {f2}7,. For convenience, we write K* = 7(X). For an
ergodic o-invariant measure g on X, let 721 denote the push-forward of p by 72,
and we call it an ergodic stationary measure associated with the IFS {f2}™ . It is
known [23] that every ergodic stationary measure associated with an affine IFS is
exact dimensional; see also [5, 24| for some earlier results.

In 1988, in his seminal paper [13]|, Falconer introduced a quantity associated
with the matrices T, ...,T},, now commonly referred to as the affinity dimension

dimapp (711, ..., 1)) (we will present its definition shortly). Falconer showed that
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this quantity is always an upper bound for the upper box-counting dimension of
K?2. Furthermore, when

1
(1.2) ||| < 3 for all 1 <7 <m,

the equalities
dlmH K? = dlmB K? = min{d, dimAFF(Tl, e ,Tm)}

hold for £™4-a.e. translation vector a. In fact, Falconer initially proved this using
1/3 as the upper bound on the norms; it was later shown by Solomyak [55] that 1/2
suffices.

In 2007, Jordan, Pollicott and Simon [39] proved analogous results for ergodic sta-
tionary measures. They showed that for each ergodic o-invariant measure g on X,
dim 721 is bounded above by the Lyapunov dimension dimpy (u, T) for each transla-
tion vector a € R™? (see Definition 2.14 for the definition of Lyapunov dimension).
They also showed that under the assumption of (1.2), the equality

dim 72y = min{d, dimpy (u, T)}
holds for £Lm4-a.e. a € R™.

Now let us present the definition of affinity dimension. Let Maty(R) denote the
collection of all d x d real matrices. For A € Maty(R), let

a(A) = - > aq(4)

denote the singular values of A (i.e. the positive square roots of the eigenvalues
of the positive semi-definite matrix A*A). Following [13], for s > 0 we define the
singular value function ¢®: Maty(R) — [0,00) as

oo aa(A) (Al d(A) if0<s<d,
(1.3) ©*(A) = { det(A)s/d ! if s> d,

where j = [s] is the integral part of s. Then the affinity dimension of the tuple
T = (11,...,T),) is defined by

n—oo 1,

(1.4) dimapp(T) = inf {5 >0: lim — log Z (T, -~ T;,) < 0}

For a linear subspace W of R, let Py, denote the orthogonal projection onto W.
In this paper, we aim to study the dimensions of Py (K?) and (Py7?).u, where p
is an ergodic o-invariant measure on I, for almost every translation vector a.

To state our main results, we still need to introduce some notation and definitions.
Write ¥y = {0}, where () stands for the empty word, and ,, = {1,...,m}" forn > 1.
Set ¥, = |J,—, X,. For a linear subspace W of R?, define

(1.5) dimapp(T, W) = inf {s >0: i Z O (PwTy) < oo} :

n=1IeX,
3



where Ty =T, - - - T;, for I =iy ...14,. It was recently proved by Morris [44, Theorem
1] that

dimg Py (K?) < dimpp(T, W)
for every a € R™? and each linear subspace W of R?.

For k € {1,...,d — 1}, the collection of all k-dimensional linear subspaces of
R? forms the Grassmann manifold G(d, k). Let 4 denote the natural invariant
measure on G(d, k), which is locally equivalent to k(d — k)-dimensional Lebesgue
measure; see [43, p. 51] for the detailed definition.

A set A of matrices in Maty(R) is said to be irreducible if there is no proper
nontrivial linear subspace V' of R? such that A(V) C V for all A € A; otherwise A
is called reducible. For a pair of integers n > ¢ > 0, let

(3) ==

denote the coefficient of the term x7 in the expansion of (1 + x)™.
The first result of this paper is the following.
Theorem 1.1. Let k € {1,...,d —1}. Then the following statements hold.

(i) When W runs over G(d, k), dimapr(T, W) can only take finitely many val-
ues. More precisely,

#{dimape(T,W): W € G(d,k)} < min (Z) - (k> Y

qeN: (<q¢<k q

where # stands for cardinality and ¢ is the smallest integer not less than
min{k, dimapr(T)}. Moreover, if {T"%: i = 1,...,m} is irreducible for some
integer q with £ < q < k, then

for all W € G(d, k).

(ii) Fquality (1.6) holds for v4x-a.e. W € G(d, k). Here we do not need any
wrreducibility assumption on T.

(iii) Assume that ||T;|| < 1/2 for all1 <i<m. Let W € G(d, k). Then
dlmH Pw(Ka> = dlIIlB Pw(Ka) = dlmAFF<T, W)
for Lm-q.e. a € R™. Moreover, if
.1 k
(1.7) Jirgoﬁloglgz: O (PwTr) > 0,

then HE(Py (K®)) > 0 for L™-a.e. a € R™, where H* stands for the k-
dimensional Hausdorff measure.

We remark that the limit in (1.7) always exists; see Proposition 4.4 for a more
general statement.
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To state our second result, let p be an ergodic g-invariant measure on ¥ and
W e G(d, k). For x = (x;)32, € ¥ and n € N, we define

(1.8) Sn(p, T, W, z) =sup {s € [0,k]: ¢*(PwTup) > p(lz1---22])},
where z|n =21 ... 2y, Ty =Ty, - -+ T}, and

1. xp] = {(y)2:ys =x; for i =1,...,n}.

Equivalently,
_ |k if o (P Topn) = pi(lzln]),
(1.9) Sn(p, T, W, z) = { s € [0, k) with o (P Tupn) = ul[zln]) otherwise.
Next we define
(1.10) S(p, T,W,z) = lim S,(u, T, W, z),
n—oo

if the limit exists.

A probability measure 77 on X is said to be supermultiplicative if there exists C' > 0
such that

n([IJ]) > Cn([1])n([J]) for all I,J € ¥*.

Now we are ready to formulate our second result.

Theorem 1.2. Let p be an ergodic o-invariant measure on . Then there exists a
Borel subset 3 of X with u(3') = 1 such that the following properties hold.

(i) The limit in (1.10) that defines S(u, T,W,z) ezists for every x € ¥' and
W e G(d, k). Moreover, we have

#{S(u, T,W,2): W € G(d, k), v € T/} < (d+€’_k;)’

El

where €' is the smallest integer not less than min{k,dimpy(u, T)}. Here
dimpy (1, T) denotes the Lyapunov dimension of u with respect to T; see
Definition 2.14.

(ii) For every W € G(d, k) and a € R™,
Tt (P ), Pn®s) < S(u, T, W,z)  for paee. @ € 3,
and consequently,
dimp72p < S(p, T, W),  dimym?p < S(u, T, W),
dimpr?p < S(u, T, W), dimpr2u < S(u, T, W),
where

(1.11)  S(p, T,W) :=essinf S(u, T,W,z), S(u, T,W) := esssupS(u, T, W, z).
resptu zresptu
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(iii) Assume additionally that p is fully supported and supermultiplicative. Then
S(p, T,W) = S(u, T,W) for all W € G(d, k). If furthermore {T]\7}™, is
irreducible for some integer q such that ¢ < q < k, where ' is the smallest
integer not less than min{k, dimpy (pu, T)}, then

(1.12) S(p, T,W) =8(u, T,W) = min{k, dimpy (1, T)}
for all W € G(d, k).

(iv) Assume that ||T;|| < 1/2 for 1 < i < m. Let W € G(d,k). Then for
L g.e. a € R™,

dimyee (P m®)ept, Pwm?z) = S(p, T, W, z)
for p-a.e. x € ¥. Consequently, for L™ -a.e. a € R™,
dimy (Py7®).p = dimp (P m®)p = S(p, T, W),
dimy (Py7®)op = dimp (Py72) o = S, T, W).
Moreover, (1.12) holds for vq-a.e. W € G(d, k).

According to Theorem 1.2(iv), under the assumption of (1.2), for every ergodic o-
invariant measure ; on ¥ and every linear subspace W of R?, the local dimensions of
(Pym®).pu exist almost everywhere for £L™-a.e. a € R™. However, as demonstrated
by Example 8.1, (Py7®).p may be not exact dimensional for almost all a. Further-
more, if T is a tuple of 2 x 2 antidiagonal matrices, then under a mild assumption
on T, we can construct a compact o-invariant set X C X with positive topological
entropy such that S(u, T, W) # S(u, T,W) for every ergodic o-invariant measure
supported on X with h,(c) > 0, where W is either the z-axis or the y-axis in R?; see
Proposition 8.3 and its proof. This phenomenon is both intriguing and unexpected.
Nevertheless, by Theorem 1.2(iii)-(iv), for any tuple T satisfying (1.2), if p is fully
supported and supermultiplicative (e.g., when p is a Bernoulli product measure),
then (P m®).u is exact dimensional for almost all a. We note that the assumption
of p being fully supported can be dropped; see Remark 5.8.

In addition to Theorems 1.1-1.2, we also present some additional results concern-
ing the quantities dimapp(T, W), S(u, T,W) and S(u, T,W) in specific cases in
Section 7. For instance, in the case where d = 2, we provide a simple verifiable
criterion for dimapp(T, W) to be strictly less than min{1, dimapr(T)}, a verifiable
criterion for S(u, T,W) to be strictly less than min{1, dimy(u, T)}, and a neces-
sary and sufficient condition for which S(u, T,W) > S(u, T, W); see Propositions
7.1-7.2.

It is interesting to note that in the case where T; = p;O; for all 1 < i < m,
with 0 < p; < 1 and O; being orthogonal, then (1.6) and (1.12) hold for all W €
G(d, k); see Section 9. Therefore, in this case, there is no dimension drop regarding
orthogonal projections of K2 and 72y for almost all a if p; < 1/2 for all i.

We point out that our results can be easily extended to general linear projections,
rather than being limited to orthogonal projections. To illustrate this, let L: R% —

R? be a singular linear transformation with rank k, and let W = L*(R?), where
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L* denotes the transpose of L. Then, there exists an invertible transformation M
on R such that L = M Py; see Lemma 4.5(ii). Thus, the dimensional properties
of projected sets and measures under the linear projection L are the same as those
under the orthogonal projection Py .

Rather than typical self-affine sets and measures, there have been some existing
results in the literature regarding the orthogonal projections of specific self-similar
and self-affine sets and measures along all or particular directions (see, e.g., the
surveys [17, 54], and the book [7]). Notably, the following result was achieved
by Peres and Shmerkin [47] in the plane and by Hochman and Shmerkin [33] in
higher dimensions: Let K C R? be a self-similar set generated by an IFS {f;(x) =
piO;x + a; }™, of similitudes with dense rotations (i.e., the rotation group generated
by Oi,...,0p, is dense in the full group of rotations SO(d,R)). Suppose that the
IFS {fi}™, additionally satisfies the strong separation condition (i.e., f;(K) are
pairwise disjoint). Then

(1.13) dimyg Py K = min{dimyg K, k} for all W € G(d, k),

and the above equality also holds if K is replaced by any self-similar measure asso-
ciated with the IFS. Later, Farkas [21] and Falconer and Jin [18] showed that (1.13)
and its variant for self-similar measures still hold without any separation condition
on the IFS. In terms of projections of self-similar measures, Algom and Shmerkin [1]
further weakened the denseness assumption on the rotation group. Specifically, they
obtained the exact sharp condition on the rotation group under which the measure
variant of (1.13) holds when k£ =1 or d — 1. It is worth noting that for any planar
self-similar set or measure, the set of exceptional directions W € G(2,1) for which
(1.13) or its measure variant does not hold is at most countable. This result was
recently achieved by Wu [57], improving a previous result of Hochman [32] that the
set of such exceptional directions has zero packing dimension.

In [28], Ferguson, Jordan and Shmerkin proved that under a suitable irrational-
ity assumption, for several classes of self-affine carpets K in the plane (including
Bedford-McMullen, Gatzouras-Lalley or Branski carpets), it holds that

(1.14) dimyg Py K = min{dimy K, 1},

for all W € G(2,1) except for the x-axis and the y-axis. This extends the previous
result of Peres and Shmerkin [47] on sums of Cantor sets. Recently, for general
planar diagonal affine IF'Ss under a suitable irrationality assumption, a version of
(1.14), where K is replaced by any self-affine measure, was proved for all W € G(2,1)
except for the z-axis and the y-axis by Barany et al [6, Theorem 1.6] and Pyorala
[50]; see also [27] for an earlier result. We note that this also holds for a special class
of ergodic measures on product-like planar self-affine sets—more precisely, products
of two ergodic stationary measures supported respectively on two homogeneous self-
similar sets—see Hochman and Shmerkin [33] and Bruce and Jin [11]. In [19], Falconer
and Kempton studied planar affine [FSs consisting of maps whose linear parts are
given by matrices with strictly positive entries. They showed that the dimension
of a self-affine measure n for such an IFS is preserved for all projections with a

possible exception of one direction, provided that the dimension of 7 is equal to
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its Lyapunov dimension. In 2019, Barany, Hochman and Rapaport [4] achieved
breakthrough results on planar self-affine sets and measures. They proved that for
a planar self-affine set K, if the generating IFS of K satisfies the strong open set
condition, and the linear parts of the IFS are strong irreducible and proximal, then
the Hausdorff dimension of K equals its affinity dimension, and moreover, (1.14) and
its version for self-affine measures hold for all subspaces W. Recently, among other
things, Rapaport [51] obtained analogous results for every affine IFS {T;x + a;}1",
in R3 that satisfies the same assumptions as in [4].

Let us briefly outline some strategies employed in our proofs of Theorems 1.1(iii)
and 1.2(iv). By extending an idea of Falconer [13], one can prove that, under the
assumption of (1.2), for a given W € G(d, k), we have dimyg Py (K?) = to(W) for
Lm-a.e. a e R™. Here, to(W) = inf{s > 0: Mj, =0}, and Mj,  is defined as
follows:

oo = nf Y 0 (PwTy,),
n=1

where the infimum is taken over all countable covers {[I,]}, of ¥ consisting of
cylinder sets. However, this approach could only prove the constancy property of
dimy Py (K?) for almost all a. As the mapping I — ¢*(PyTy) from X, — (0,00)
is generally neither submultiplicative nor supermultiplicative for s € (0,k], it is
challenging to use this approach to determine the box-counting dimension of Py, (K?)
or the dimensions of projections of ergodic stationary measures. To overcome this
difficulty, we take a different approach. One crucial step is to apply Oseledets’s
multiplicative ergodic theorem to analyze, for each ergodic o-invariant measure pu,
the asymptotic properties of

1 1

—log ¢*(Ty,,Pw) and —log sup ¢* (T}, Prsw)

n n JEX,
for p-a.e. x € X, uniformly in W and s, where T := (T;)*. We successfully establish
this result (see Proposition 3.3). It enables us to prove Theorem 1.2(iv) by adapting
the arguments in the proofs of [25, Theorem 2.1(ii)] and [36, Theorem 4.1].

To prove Theorem 1.1(iii), we need another key ingredient. For s € [0, k] and

W e G(d, k), define ¥, : ¥, — (0,00) by
Uy () = sup gpS(TI*PT;W).
JEL.

It turns out that ¢§, is submultiplicative (see Lemma 4.1). Moreover, using Propo-
sition 3.3, we demonstrate that the quantity dimapp(T, W) corresponds to the zero
point of the topological pressure function of the subadditive potential {log 15, (-|n)}5°,
(see Proposition 4.4 and Lemma 4.6(ii)). Among other applications, this result al-
lows us to construct suitable measures g on ¥ from the equilibrium measures of
these subadditive potentials, ensuring that the dimension of ( Py 7®). approximates
dimyg Py (K?) from below for almost all a.

We point out that, simultaneously and independently of this work, Morris and
Sert [45] obtained alternative proofs of variants of Theorems 1.1(iii) and 1.2(iv).

Similar to Example 8.1, they also constructed examples to demonstrate that for an
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ergodic invariant measure p, the projection (Py7®),u may be not exact dimensional
for almost every a. We recently became aware that in a paper [2] in progress,
Allen et al. independently constructed a planar box-like self-affine set for which a
certain ergodic o-invariant measure has orthogonal projections which are not exact-
dimensional.

The paper is organized as follows. In Section 2, we provide some preliminaries on
linear algebra, subadditive thermodynamic formalism, singular value functions, and
Lyapunov dimensions. In Section 3, we prove Proposition 3.3 by applying Oseledets’s
multiplicative ergodic theorem. In Section 4, we present some properties of v};, and
the corresponding topological pressures. In Section 5, we prove Theorem 1.2. In
Section 6, we prove Theorem 1.1. In Section 7, we give some additional results
about dimapp(T, W), S(u, T, W) and S(u, T, W) in specific cases. In Section 8, we
construct a concrete example (see Example 8.1) for which S(u, T, W) # S(u, T, W);
we also give a simple criterion to check whether there exist such counter examples
for a given tuple T of 2 x 2 antidiagonal matrices. In Section 9, we give some final
remarks.

2. PRELIMINARIES

2.1. Exterior algebra. As usual in the study of matrix cocycles, we often make
use of the exterior algebra generated by the k-alternating forms, which we denote
(R, Tt is endowed with an inner product (-|-), with the property that

(Ul VANKIERIVAN vk|w1 VANIERIVA wk) = det((va,wb»lgmbgk,

where (v,,w;) is the usual inner product on R?. The norm of vy A -+ A vy is equal
to the k-dimensional volume of the parallelotope formed by vy, ..., vy (see, e.g. [53,
p. 220]). It follows that

k
(2.1) lor A= Al < T lloxl
i=1
and
22) oA Avgl  llon A A vl o A Al for kop > 1.

Moreover, in the special case when k = d,
(2.3) lor A= Avg|| = | det(vy, ..., v4)],

where (v, ...,v4) stands for the d x d matrix with column vectors vy, ..., v4.

For a linear subspace V of R?, let V+ denote the orthogonal complement of V' in
R?, and let Py : R? — V be the orthogonal projection onto V. The following result
also follows from the volume interpretation of the norm of exterior products (see,
e.g. [53, p. 220]).
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Lemma 2.1. Let w,vy,...,v; € R? so that vq,. .., v are linearly independent. Set
V = span(vy,...,v;). Then
lw Avp A= A

|
d(wav):HPVL(w”‘: HUI/\"‘/\UkH

where d(w, V) = inf{||w —v||: v € V}.

If {v;}&, is an orthonormal basis of R, then {v;, A---Av;, 0 1 <y < ... <ip < d}
is an orthonormal basis of (R%)"*. Let Maty(R) denote the set of real d x d matrices.
For A € Maty(R), we recall that the k-fold exterior product A"* of A is defined by
the condition

AN A A) = Avp A -+ A Auy,

The following properties are well known (see e.g. [3, Chap. 3.2] for parts (i)—(iv).
Part (v) follows from (2.3)).

Lemma 2.2. Let A, B € Maty(R) and 1 < k < d. Then the following properties
hold.

(i) (AB)"* = AN B and in particular, ||(AB) || < ||A™F]||| B™*]|.
(ii) ||AM ]| = a1 (A) - - - ar(A), where ay(A) > -+ > aq(A) are the singular values
of A, and in particular, ||[AN| < ||A|l*.
(iii) (A" = (AN where A* stands for the transpose of A.
(iv) det(AM) = det(A)(i-1),
(v) If {v;}d, is a basis of RY, then

|Avy A= A Avgl|
lor A= A g

= | det(A)].

2.2. Angles between linear subspaces. Here we define the (minimal) angle be-
tween two linear subspaces V, W of R%. For x,y € R?\ {0}, let £(z,y) denote the
angle between the lines ¢, and ¢, where £, represents the line in R? passing through
the origin and the point x. In this definition, we always have £(z,y) € [0,7/2] and

(Ul 1yl = G, 9)*)'"2
]yl

Given two linear subspaces V and W of R%, the angle £(V, W) (0 < £L(V,W) < 7/2)
between V' and W is defined by

| o |
Sn(L(V.W) = b sin(4 ()

sin(<(, ) =

It is known that for two nontrivial linear subspaces V and W of R4, VN W = {0}
if and only if £(V, W) > 0 (see e.g. [30, Proposition 13.2.1]).

Below we give some useful results about the angles between linear subspaces.
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Definition 2.3. Let v = {v;}%, be an ordered basis of R?. Define
(2.4) a(v) = inf&(span{vi: i€}, spanfv;: j € J}),

where the infimum is taken over all disjoint nonempty subsets I, J of {1,...,d}. We
call a(v) the smallest angle generated by v.

Lemma 2.4. Let v = {v;}¢, be an ordered basis of R? and let a(v) be smallest
angle generated by v. Then the following properties hold:

(i) Foray,...,aq € R,

> |ag|[[o;]| sin(a(v))

d
E Q;V;
i=1

for each 1 < 7 <d.
(it) If w is a unit vector in R? with w = 3¢, a;v;. Then

for each 1 < 7 <d.
(iii) Forw € R® and I C {1,...,d},

lw A (Aier vl
[l Aver il

sin (£ (span{w}, span{v;: i € [})) =

iv) (sin(a(v)))* ! —H /\?:1“1’” dsin(a(v)).
(iv) (sin(a(v)))* < o el < dsin(a(v))

Proof. We first prove (i). Without loss of generality we show that

d
E a;V;
i=1

To see this, set W = span{wy, ..., v;}. By Lemma 2.1,

d
E a;V;
i=1

where « is the angle between span{v;} and W. Since a > a(v), it follows that
I Zle a;v;|| > |ai|||v1|| sin(e(v)). This proves (i).

Next we prove (ii). By (i), we have

> |ar[lvr[[sin(a(v)).

> d(aro, W) = [Py (aon)|| = [laron][ sin(e) = |ar[[on]] sin(ev),

d

E a;V;

i=1

for each 1 < j < d, from which (ii) follows.
11
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Part (iii) is a direct consequence of Lemma 2.1. To see (iv), we may assume that
v1, ..., vq are all unit vectors. Applying (iii) repeatedly yields

o1 A== Avgl| > sin(a(v)|log A Avg| > ... > (sin(a(v)))*

This proves the first inequality in (iv). To see the other inequality in (iv), notice
that there exist nonempty I,J C {1,...,d} with I N J = () so that

A(span{v;: i € I}, span{v;: j € J}) = a(v).
Hence there exists a unit vector u € span{v;: ¢ € I} so that
A(span{u}, span{v;: j € J}) = a(v).
Notice that u = Y., t;v; for some ¢; € R. Since 1 = |[u|| < >, |ti], there exists

an element in I, say i1, such that |¢; | > ﬁ > ﬁ. Note that
(2.5) /\vi = :i:iu A /\ v;

/ ti, o

i€l iel\{i1}

Hence we have

log A Al <

() ()] e
= |tj ‘ TN /\ v; | A (/\ Uj) (by (2-5>)

i€\ {1} jeJ

<dljun (/\ vj) (by (2.2))
jed
= dsin(a(v))|[ull || \ v (by (iii))
jed
< dsin(a(v)).
This proves the second inequality in (iv). O

2.3. Pivot position vectors of linear subspaces with respect to an ordered
basis. In this subsection, we will introduce the definition of pivot position vector
of a linear subspace of R? with respect to an ordered basis of R?. For this purpose,
let us first recall the concept of row-reduced echelon matrix. The reader is referred
to [34, Chap. 1] for more details.

Definition 2.5. A k x d matrix M is called a row-reduced echelon matriz if:

(a) the first non-zero entry in each non-zero row of M is equal to 1;

(b) each column of M which contains the leading non-zero entry of some row
has all its other entries 0.

(c) every row of M which has all its entries 0 occurs below every row which has

a non-zero entry;
12



(d) if rows 1,...,r are the non-zero rows of M, and if the leading nonzero entry
of row i occurs in column p;, i =1,...,r, then py < ps < --- < p,.

One can also describe a k x d row-reduced echelon matrix M as follows. Either
every entry in M is 0, or there exists a positive integer r, 1 < r < k, and r positive
integers py,...,p, with 1 <p; <--- <p, <d and

(a) M;; =0 for i >r, and M;; =0if j < p;.
(b) Mipj:&j,lgigr,lgjgr.

We call the vector (py, ..., p,) the pivot position vector of M.

Now let W be a linear subspace of R? with dim W = k, where 1 < k < d. Let
v = {v1,...,v4} be an ordered basis of R%. It is well known (see e.g. [34, Chap. 2,
Theorem 11]) that there is a precise one k x d row-reduced echelon matrix M = (M,;)
with rank & such that

d
(2.6) W:span{ZMijvj:izl,...,k}.
j=1

Let (p1,...,px) be the pivot position vector of M.

Definition 2.6. Let W be a linear subspace of R with dimW = k and let v =
{v;}4_, be an ordered basis of RY. Let (py,...,pr) be defined as above. We call
(p1,- .., pr) the pivot position vector of W with respect to v, and denote it as p(W,v).

Remark 2.7. From the standard procedure of finding row-reduced echelon form, it is
readily checked that the mapping (W, v) — p(W,v) is Borel measurable with respect
to the natural topology on G(d, k) x {v = {v;}{y: det(v,...,vqa) # 0}.

In the following we give a useful lemma which will be used in the proofs of Propo-
sition 3.3 and Theorem 1.1(i).

Lemma 2.8. Let (p1,...,px) be the pivot position vector of W with respect to v,
where W is a k-dimensional linear subspace of RY, and v = {v;}%_, is an ordered
basis of RY. Let £ € {1,...,k}. Then the following properties hold.

(i) The linear subspace Wt of (RN satisfies

WMCSpan{vil/\---/\viZ:1§i1<---<z’g§dand

(2.7) .
im = Pm for all1 <m < [(},
and WMt ¢ H, where H is a linear subspace of (R} defined by
H =span{v;, A---Av;,: 1 <y < <3y < d and
(2.8) pan{ Z ' ‘

(il,...,ig) 7& (pl,...,pg)}.

(i) Let V € G(d, k). Suppose that Ve ¢ H for some 1 <€ < k. Let (qi,...,q)
be the pivot position vector of V' with respect to v. Then ¢q; < p; for all
1<i</i.

13



Proof. Let M = (M;;) be the unique k x d row-reduced echelon matrix with rank k&
such that (2.6) holds. Write

d
wi:ZMijvj, 221,,]{7
j=1
Since (p1, ..., px) is the pivot position vector of M,

d
(29) wi:Upi+ Z Mijvj7 1= 1,...,]{?.
J=pi+l

Recall that W = span{wy, ..., wg}. It follows that
WM =span{w;, A~ Awj,: 1 <ji < <jy < k}.

By (2.9), for each 1 < j; < --- < jy <k,
wj, A Aw;, € span{vy, A Avg,t pi, <y < dforall 1 <m </}
Cspan{v;, A---Aw;,: 1 <i3 <--- <iy <dand
im > P forall 1 <m < (},

where in the last inclusion we use the fact that j,, > m and so p;,, > p,, for each
1 <m < {. This proves (2.7). Again by (2.9), we see that the term v, A--- A vy,
appears in the linear expansion of wy A - -+ A wy relative to the basis
V(Z) = {vil/\---/\vie: 1<y < <Zg§d}

of (RH)M. Tt follows that wy A --- Awy & H, where H is defined as in (2.8). Hence
WAt ¢ H. This completes the proof of part (i).

To see part (ii), applying part (i) to V"¢ gives
VMCspan{’uZ-l/\-~/\vi£: 1<y <+ <1y <dand

(2.10) ,
im > g for all 1 <m < /(}.

Meanwhile since V¢ ¢ H, it follows that there exists u € V¢ such that a nonzero
scalar multiple of v,, A --- A wv,, appears in the linear expansion of u relative to the
basis v(¥). Therefore, by (2.10), we have p,, > g, for all 1 <m < ¢. O

2.4. Variational principle for subadditive pressure. Let (3, o) be the full shift
over a finite alphabet {1,...,m}. A sequence F = {log f,,}°°, of functions on ¥ is
said to be a subadditive potential if

0 < form(2) < ful2) fin(o"2)

for all z € ¥ and n,m € N. The topological pressure of a subadditive potential F is
defined as

1
Plo.F) = lim -1 ) )
(0,F) = lim ~log (IEZE Sg[%f (@D)

The limit exists by using a standard subadditivity argument.
14



For a o-invariant measure p on X, let h, (o) denote the measure-theoretic entropy
of u (cf. [56]). Let £(3,0) denote the collection of ergodic o-invariant measures
on Y. Our proof of Theorem 1.1 depends on the following variational principle
for subadditive potentials. Although in [12] this was proved for potentials on an
arbitrary continuous dynamical system on a compact space, we state it only for
fullshifts.

Theorem 2.9 ([12, Theorem 1.1}). Let F = {log f,.} be a subadditive potential on
3. Assume that f, is continuous on ¥ for each n. Then

(2.11) P(o,F) = sup {h#(a) + lim 1 log(fn(x))du(z): 1€ 5(2,0’)} :

n—oo M

Particular cases of the above, under stronger assumptions on the potentials, were
previously obtained by many authors, see for example [14, 8, 40, 46] and references
therein.

Measures that achieve the supremum in (2.11) are called ergodic equilibrium mea-
sures for the potential F. The existence of ergodic equilibrium measures follows
from the upper semi-continuity of the entropy map p — h,(c) for fullshifts (see,
e.g., [22, Propostion 3.5] and the remark therein).

2.5. Singular value functions. Recall that for A € Maty(R), ay(A) > --- >
ag(A) stand for the singular values of A. It is well known that «;(A) = «a;(A*)
for each i. For s > 0, let ¢* denote the singular value function; see (1.3) for the
definition. Here we collect several lemmas about ¢°.

Lemma 2.10 ([13]).

(i) ¢*(AB) < ¢°(A
(ii) sos(A)(Oéd( )

Lemma 2.11. Let A €

or all A, B € Mat4(R) and s > 0.
) < @ (A)||A||" for all A € Maty(R) and s,t > 0.

ta(R) and s € [0,d]. Set k = |s|. Then
gos(A) _ HA/\kaJrlfs“A/\(kJrl)Hsfk.
Moreover, p*(A) = p*(A*).

)*(B) f
< *tH(A
Mat

Proof. Tt follows directly from the definition of ¢*(A) (see (1.3)) and Lemma 2.2(ii).
U

Lemma 2.12. Let A € GLy(R), W € G(d, k) and s > 0. Then

(1) ax(APw) > aq(A) and ag1(APyw) = 0.
(i) If s > k, then p*(APy) = 0.
(iii) If s € [0, k], then (aq(A))® < ¢*(APy) < ¢*(A).

Proof. Clearly (ii) and (iii) follow from (i) and the definition of ¢°.
15



To prove (i), we need the following analog of the Courant-Fisher theorem for
singular values: for every M € Maty(R) and i € {1,...,d},

(2.12) a;(M)= max min ||[Mz|,
dim(V)=i 7€V

where in this expression, V is a subspace of R%; see e.g. [31, Theorem 8.6.1] or [35,
Theorem 3.1.2].

Taking : = k, M = APy and V = W in (2.12) gives

ap(APw) = EIJ& APy | = %%‘ lAz]] = min [[Az]| = aa(A).
zl=1 zll=t =l =1

Meanwhile if V' is a subspace with dim(V) = k+ 1, then dim(V') + dim(W+) > d,
and consequently, V N W+ = {0}. Hence for each subspace V with dim(V) =k +1,

min ||APyz|| < min ||[APyz| =0.
zEV zevnwL

lzll=1 lz||=1

Then taking i = k + 1 and M = APy in (2.12) gives ay41(APy) = 0. O

2.6. Lyapunov dimension. Let T = (71,...,7,,) be a tuple of d x d invertible
real matrices with ||7;]| < 1 for 1 < ¢ < m, and let u be an ergodic o-invariant
measure on ¥ = {1,...,m}".

Definition 2.13. Fori € {1,...,d}, the i-th Lyapunov exponent of p with respect
to T s defined by

(2.13) A= lim = [ log(eu(Tun) dpu(x),

n—oo M,
where a;(A) stands for the i-th singular value of A.
The existence of the limit in defining A; follows from [3, Theorem 3.3.3]. Following
[39], below we present the definition of Lyapunov dimension of p with respect to T.

Definition 2.14. The Lyapunov dimension of u with respect to T, written as
dimpy (i, T), is the unique non-negative value s for which

hu(o) +Gi(u) =0,

where GE(p) = lim, o (1/n) [log(¢®*(Typ)) du(x), and ¢° is the singular value
function defined as in (1.3).

It follows from the definition of ¢* and Definition 2.13 that

. A1++ALSJ+(S_|_SJ)ALSJ+1 if8<d,
g:p) =

S(A1+--+ Ag) if s > d.
16
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3. OSELEDETS’S MULTIPLICATIVE ERGODIC THEOREM AND A KEY PROPOSITION

Throughout this section, let T = (T3, ...,T,,) be a fixed tuple of d x d invertible
real matrices, and let  be an ergodic o-invariant measure on . The main result of
this section is Proposition 3.3, which describes the asymptotic properties of

* *

1 1
—logp*(T;), Pv) and  —log sup ©*(T5, Pryw)
n n JeX

for p-a.e. x € X, uniformly in W and s. It plays a key role in the proofs of Theorems
1.1 and 1.2.

In order to state and prove this result, we require the following theorem, in which
part (6) is due to the Shannon-McMillan-Breiman theorem (see e.g. [49, p. 261]),
while the other parts are due to Oseledets’s multiplicative ergodic theorem (see
e.g. [29, Theorem 4.1] and [3, Theorem 5.3.1]).

Theorem 3.1. There exists a measurable set ¥/ C ¥ with o(¥') C ¥ and p(¥') =1,
such that there are an integer r € {1,...,d}, real numbers \y > --- > \., and
positive integers dy,...,d, with Y., d; = d so that for every x = (z,)52, € ¥/,
there is a splitting RY = @._, E;(z) which satisfies the following properties.

(2) Ty Ei(x) = Ei(ox);
(3) For allv € E;(z) \ {0},

log || 77, vll
m — =

G-
n—oo n

1 \ .
=1

n—oo

(5) The mappings x — E;(x) are measurable on Y.
(6) limy,—o0 + log pu([z|n]) = —hy(0).
Moreover, let
A >N > 2 Ay

be the list of the \; where \; appears d; times. Choose a measurable ordered basis
v(z) = {vi(2),...,va(2)} adapted to the splitting @;_, Ei(x), x € X', i.e. such that
the first dy vectors are in Fi(x),..., the last d, vectors in E.(x). Then for each
te{l,....d—1},1<i; <---<iy<dand x € X', the following properties hold.

(7) limpso L log ) (T (i, (@) A+ A vié(x))H = Agy 4o+ Ay

(8) limy o = log sin(an(x)) = 0, where oy, () denotes the smallest angle gener-
ated by the basis

{( * )M(vz-l(x)/\--~/\vi[(x)): 1<, <--- <ig§d}

z|n

|n

of (RN see Definition 2.5.
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Remark 3.2. (i) The numbers Aq,...,Aq are called the Lyapunov exponents
(counting multiplicity) of the matriz cocycle x +— T} with respect to . They
can be alternatively defined by (2.13); see e.g. [3, Theorem 3.3.3] for a proof.

(i) Set Vi(z) = @iy, Ej(x) forz € X and i =0,1,...,r. Then

R =Vo(2) 2 Vi(z) 2 -+ 2 Vi(a) = {0},

which is called the associated Oseledets filtration with the matrixz cocycle x
Ty and p. Moreover,

1
lim —log || 7%
n—oo 1
for all i € {0,1,....,r — 1} and v € Vi(x)\Viz1(z). By Theorem 3.1(2),
Ty Vi(x) = Vi(ox) for every v € ¥'.
(iii) The Lyapunov exponents A;, for 1 <i < (Zl), of the cocycle x (Tx*l)/\e with
respect to u, are simply the rearrangement (in decreasing order) of Ay, +- -+
A;,, where 1 <i; < --- <ip <d. See e.g. [3, Theorem 5.3.1].

0l = Aita

It appears that part (8) of Theorem 3.1 is not explicitly stated in Oseledets’s
multiplicative ergodic theorem; therefore we provide a proof below.

Proof of Theorem 3.1(8). Let x € ¥’ and £ € {1,...,d — 1}. Set
Zo = {(i1,....ig) eEN: 1 < iy <+ < < d}.
For (iy,...,i,) € Zy, write
o = vi, () AL A, () and

o™ = (T*‘H)M(vil(x) AN, (x))  forn>1.

T

is a basis of (RY)". By Lemma 2.4(iv),

,,,,,

(n)
d\ H/\z ,,,,, in)eT, Vi, ....i
(3.1) sin(an(z)) > < g) (ot L for n > 0.
H(il ..... i9)ELy U’il ..... ig
Observe that
n E 0
/\ U’le..,’u - /\ ( x|n)/\evz(1,)...,zg
(’L1 ..... ’Lg)EIg (il ..... ig)EIg
« 0
= |det ((T;,)")] /\ Ui(l,)...,z‘e (by Lemma 2.2(v))
(1yeees ’i[)EIg
d—1
= |det ( ;lnﬂ(‘*l) c(x) (by Lemma 2.2(iv)),



where ¢(x) := H/\ , e

(15--,50) €Ly “i15e0ip

is positive and independent of n. It follows from

(4) that
1 d—1 1
. (n) _ ; *
e /.\) el T (z- 1> Jim 2 log |det (7,
D] yeeny 19)ELy
d—1\ «
2 — Y
(32) _(€_1>;dz&
d
d—1
-2
Meanwhile, by (7),
1
. (n) . . (n)
Jggoﬁlog H vl = Z nhjgloﬁbg Uiy, oie
(’il ..... ig)EIg UL geney 10 GZZ
(5. T2 e
(41,...,8¢)EZy
(A1) & A
(-1 Z; v

where in the last equality we use the simple fact that for each j € {1,..., d},

#{(il,...,ié) EIgijG {il,...,’ig}}: (j:i)

Combining (3.1), (3.2) and (3.3) yields that

1
lim inf — log sin(a, (x)) > 0.

n—oo M
Since a,,(z) € (0,7/2], this implies (8). O
In the remaining part of this subsection, let X', r, Ay, ..., Ay, B,_, Ei(z) (xz € X)
be given as in Theorem 3.1, and also let v(z) = {v1(z),...,v4(z)} be a measurable

ordered basis adapted to the splitting @;_, E;(z), z € X'

Recall the definition of the pivot position vector for a linear subspace with respect
to an ordered basis; see Definition 2.6. Now we are ready to state the main result
of this section.

Proposition 3.3. Let k € {1,...,d— 1}, W € G(d, k) and s € [0,k]. Forxz € ¥/,
let (py(W,x),...,px(W,x)) denote the pivot position vector of W with respect to the
ordered basis v(z) = {v;(x)}L,. Then for every x € ',
1 s]
(3.4) lim —log " (T, Pw) = > Ayway + (5 = [8)) A,y (wie),
j=1

n—oo 1
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and
[s]

1
(3:5)  lim --log sup o* (75, Pryw) = sup Z:Apj (3w + (5 = L)) Ap, o2 (r3 i)

Proof. Fix z € ¥'. To simplify our notation, we write v = {v;}&, for the ordered
basis {v1(x),...,v4(x)} of R For W € G(d, k), let (py(W),...,pr(W)) denote the

pivot position vector of W with respect to the ordered basis v.

Let € > 0. We will show that for each ¢ € {1,...,k}, there exist N, € N and
C, > 0 such that for all n > Ny,

¢
(36)  [[(T5 )| < Coexp (n(e+ D Apn)))  for all W € G(d, k),
=1
and
l
(3.7) H( ;|nPW)MH > Dyw exp (n( —2¢e+ ZAPJ(W)>> for all W € G(d, k),
j=1

where Dyw > 0 depends on ¢ and W, and is independent of n. To prove the

above inequalities, fix ¢ € {1,...,k}. For n € N, let oY) denote the smallest angle
generated by the basis

{( ;m)M(Uu/\"'/\Uﬁg)i 1§i1<---<z’g§d}
of (R%)"; see Definition 2.3. Set

Zo = {(i1,....ig) eEN: 1 <iy < -+ < < d}.
For n > 0 and (iy,...,4) € Z;, write

Uit = (L) (v A A,

z|n

By Theorem 3.1, there exists Ny, € N such that for all n > N, and (iy,...,1) € Zy,

(3.8) log ||vl1 il = ZA% <e and sin (ag)) > e "

.....

7=1

For W € G(d, k), write
Low :=A(t1,...,10) €Ly i; > pj(W) for 1 <5 </},
By Lemma 2.8(i),
(3.9) W C span ({vi, A= Awi,: (i1, .. ,00) € Zow})

for each W € G(d, k). In what follows we estimate the growth rate of ||(T PW)MH
It is readily checked that

(3.10) (T P )" = (T3,) " (Pw)™ = (T3,,)™ P
20



Now let W € G(d,k) and let u be a unit vector in W"*.

expanded as
u = E Qi .00 Uiy VANEIEIAN (%7
(11,0400)€ELe, W

with a;, ;, € R. By Lemma 2.4(ii),

1
(3.11) i .| < - ®
lviy A=+ A, || sin <a0 >

for each (iy,...,is) € Zyw. It follows that for all n > N,,

Izl = > e,

(11,0-500) €ELZe, W

< Z @iy 4| )U
(il,...,’i[)EfZg’W
exp <n (e + Z§:1 Aij))

(11,s00) €L, W ”Uil ARRRNAN Uie” sin <a(() ))

¢
< Cyexp (n (e + ZAPJ'(W)>> ,
j=1

(n)

1,00

<

where

By (3.9), u can be

(by (3.8) and (3.11))

d 1
) (i€t ||y A A vy, || sin (ao

Since u is an arbitrarily taken unit vector in W, this proves (3.6).

To obtain a lower bound of (77,

—span{z U= ...,k};

see Section 2.3 for the details. Set

d
:ZMUU] fOI'Z‘Zl,...,g.

Py )|, let M = (M, ;) be the unique k X d
row-reduced echelon matrix M = (M;;) with rank %k such that

Notice that wy,...,w, € W and they are linearly independent. Hence, wy A ... A wy
is a nonzero element of W”*. Since the pivot position vector of M is equal to
(m(W),...,pr(W)), the vector wy A ... A wp can be expanded as

wl /\ .. /\ wé e Z bi17._"i£ /Uil /\ o o

(11,-,80)ELe, W
21
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.....

(To Pw)(wr A Awg) = (T3,) " Pryne (wy A+ -+ A wg) (by (3.10))

By Lemma 2.4(i), for n > Ny,

* Y4 ,
H( $|nPW)A (wl ARERNA wZ)H = ‘bpl(W) ..... pe(W)| Upl(W) 77777 pe(W)H Sin (Ozn))
(n) )
UPl(W) ..... p[(W)‘ Sl (an))
¢
>exp (n( =20+ Y Ayan))  (by (39)).
j=1
Hence
@) A )|

* V4
(75 Pwr) || = s A A

exp (n( — 2¢e + 25:1 Apj(W)>>

This proves (3.7) by taking

1

D = .
ST A A |

Next let s € [0, k]. Take

N := max Ny, C := max (Y
1<e<k 1<e<k

and
Dy := min D,y for W e G(d, k).

1<0<k

By Lemma 2.11, (3.6) and (3.7), we see that for all n > N and W € G(d, k),
)

(3.12)  °( ;lnPW) <Cexp|n|e+ (ZApj(W)> + (s — LSJ)Apsz+1(W)
j=1

and

Ls)
(313) ¢ (T3, Pw) = Dy exp  n [ =2¢+ (3 Ayym)) + (5 = LsD Ay, oom)

j=1
22



Clearly (3.4) follows from (3.12) and (3.13) since € is arbitrarily taken. To see
(3.5), let W € G(d, k) and write

Ls)
= sup > Ay rsw) + (s = [8]) Ay, asw)-
Je. S
Since p;(+), 1 < j < k, take values in {1,...,d}, the above supremum in defining I'
is attained at some Jy € ¥,. By (3.12) and (3.13) we see that for n > N,

Dr; wexp(n(—2¢+1T)) < Sup ¢ *(TanPryw) < Cexp(n(e +1T)).
e *

Since € is arbitrarily taken, this proves (3.5). O

In the remaining part of this section, we give two direct applications of Proposition
3.3.

Corollary 3.4. Under the conditions of Proposition 3.3, there exist a measurable
A C X with p(A) >0, and J € X, such that for each x € A,

1 1
lim —~log ¢* (T Pryw) = lim —logdy(z|n) = 6,

T
n—oo 1,

where i, (x|n) == supjes. ¢ (Tx|nPTjW) and

© = lim 1 log ¢y, (z|n) du(z).

n—oo M,
Proof. Since v}, is submultiplicative by Lemma 4.1, it follows from the Kingman’s

subadditive ergodic theorem that there exists a measurable set X" C 3 with u(X") =
(') =1 such that

1
(3.14) lim —log ¢y, (z|n) =0© for all x € X"

n—oo N

Meanwhile by Remark 2.7, p; (T W, z) is measurable in x and takes valuein {1, ..., d}
for each 1 < j < k and J € 3,. By (3.5), there exists a measurable J': ¥ — 3,
such that for each z € ¥”, the supermum in the righthand side of (3.5) is at-
tained at J = J'(x). Since X, is countable, there exists Jy € X, such that
A:={x e X" J(x) = Jo} has positive u measure. Now for each z € A,

1
© = lim ﬁlog@/}fy(mm) (by (3.14))

L5
=D Ay way + (5 = [sDAp g, w) (by (3.5))

j=1
1
= lim —log*(T;,,Pr: w) (by (3.4)).
n—oo N, 0

This completes the proof. O

Recall the definitions of S, (u, T,W,x) and S(u, T,W,z); see (1.8), (1.9) and
(1.10).
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Lemma 3.5. Let k € {1,...,d— 1}, W € G(d,k) and x € ¥'. Let (p1,...,p)
denote the pivot position vector of W with respect to the ordered basis v(x). Set

Ls]
(3.15) D(s) =Y Ay +(s—|s))Ay,,, forse|0k]

j=1

Then the limit lim, o S, (p, T, W, z) in defining S(u, T, W, x) exists. Moreover,

ok if hu(o) + T(k) > 0,
(3.16) S(p, T, W, z) = { s € [0,k) with h,(c) +T'(s) =0 otherwise.
Proof. Let S be the largest s € [0, k] such that h,(c) 4+ I'(s) > 0. Since I' is strictly
decreasing and bi-Lipschitz on [0, k], it follows that either S = k and h, (o) +I'(S) >
0,or S € [0,k) and h,(o) +I'(S) = 0. That is, S is given by the righthand side of
(3.16).

Next we prove that

(3.17) lim S, (u, T,W,z)=S.
n—oo

To this end, let € > 0. We need to show that

(3.18) S—e<S,(u, T,W,z) < S+e¢

for large enough n.

To prove the first inequality in (3.18), we may assume that S —e > 0. As I is
strictly decreasing, by the definition of S, h,(c) + I'(S —¢€) > 0. Notice that by
Theorem 3.1(6) and Proposition 3.3,

1 1
(3.19) lim —logpu([z|n]) = —hu(o), lim —loge®(PwTy,) =T'(s) for s € [0, k].
Combining them with the inequality h,(c) + I'(S — €) > 0 yields that
0 (PwThy,) > p([z|n])  for large enough n,

which implies the first inequality in (3.18) for large enough n.

To prove the second inequality in (3.18), we may assume S + € < k; otherwise
there is nothing to prove. Since S < k, by definition it follows that h,(c)+I'(S) =0,
and thus h,(0) +T'(S +¢€) < 0. Combining this with (3.19) yields that

0T (PwTy) < p([z|n])  for large enough n,

which implies the second inequality in (3.18) for large enough n. This completes the
proof of (3.18). O

4. A SPECIAL FAMILY OF SUB-ADDITIVE PRESSURES

Throughout this section, let T = (T1,...,T,,) be a fixed tuple of d x d invertible

real matrices with ||7;|| < 1 for 1 < ¢ < m. For each W € G(d, k), we are going
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to introduce a parametrized family of subadditive potentials and prove that their
topological pressures coincide with the following limit

1
lim — log Z ©* (T} Pw);

n—oo N
IGZTL

see Proposition 4.4. This result plays an important role in the proof of Theorem
1.1.

Recall that for a linear subspace V of R?, Py, stands for the orthogonal projection
from R? onto V. For s > 0 and W € G(d, k), we define 13, : X, — [0, 00) by

(4.1) Yy (I) = sup @ (T7 Pryw).

KGE*
The introduction of ¥, and the proof of the following lemma were inspired by [10,
Theorem 4].
Lemma 4.1. For any s >0 and W € G(d, k), 13, is submultiplicative in the sense
that 5, (1J) < 3, (15, (J) for all I,J € 3.

Proof. Let I,.J,K € X,. Notice that T} Pr-yw (RY) = T TjW = Ty, W. It follows
that

17 Prow = Pry wli Prow.
Hence
TiyPrew = T; Ty Prow = T Pry wTi Prow = (T7Pre,w) (T7 Prow) -
Since ¢° is submultiplicative, it follows that
¢ (T} Priw) < ¢ (T5Pre . w) ¢ (Tf Prow) < 43y (J)Uj (1).
Taking supremum over K € 3, gives ¢f, (I.J) < ¢35, ()5, (J). O

Next we collect some elementary properties of ¥y, .

Lemma 4.2. Let s > 0 and W € G(d, k). Then the following statements hold.

(i) If s > k, then ¢3,(I) =0 for any I € ¥,.
(ii) If s € [0,k], then

(=)™ <4y (1) < (o)™
for eachn € N and I € X2,,, where a_ and a are defined by

(4.2) o= min aulT),  ay = max |T.

(iii) For0<s<t<kandI € %,,

Uiy (1) ()M < Uiy(1) < i (D) ()M,



Proof. Parts (i) and (ii) follow directly from the definition of ¢, and Lemma 2.12(ii)-
(iii). The second inequality in Part (iii) follows directly from Lemma 2.10(ii). For
the first one, since s < t < k, we have

Yy (I) = sup o (T} Prew)

> sup (T Pryw )ouw(T; Prow)'™

> ;ug c,os(TI*PT;(W)(04,)(15""’)”| (by Lemma 2.12(i))
e *

= ¥y (1) ()M,
This completes the proof. O

Now for s > 0 and W € G(d, k), define

(4.3) P(T,W,s) = lim l1og > (D).

n—oo 1
Ie¥,

Due to Lemma 4.1, P(T, W, s) is the topological pressure of the subadditive potential
{log ¥, (-|n) 122 ,; see Section 2.4 for the definition of the topological pressure of a
subadditive potential. The following result is a direct consequence of Lemma 4.2.

Lemma 4.3. (i) P(T,W,s) € R for all0 < s < k, and P(T,W,s) = —oo if
s> k.
(il) For all 0 <t; <ty <k,

(ta — t1)log(1/ay) < P(T, W, t1) — P(T, W, t2) < (t2 —t1)log (1/a-),

where a_, ay are defined as in (4.2) and are less than 1.

The main result of this section is the following, which will be derived from Corol-
lary 3.4 and the subadditive variational principle.

Proposition 4.4. For s >0 and W € G(d, k),

1
(4.4) P(T,W,s) = lim —log » ¢ (T} Pw).

n—oo M,
Ie¥,

To prove this result, we need the following simple facts in linear algebra.

Lemma 4.5. (i) Let A, B € Maty(R) with A(R?) = B(R?). Then A= BD for
some D € GL4(R).
(ii) Let L € Maty(R) with rank k. Set W = L*(RY). Then there exists M €
GL4(R) such that L = M Py .

Proof. Part (i) is standard; see e.g. [34, p. 56]. To see (ii), let W = L*(R?). By

(i), there exists D € GLg4(R) such that L* = Py D. Taking transpose gives L =

D*Py. Ul
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Proof of Proposition 4.4. Let s > 0and W € G(d, k). By (4.1), ¢¥5,(I) > ¢*(T} Pw)
for every I € 3,. It follows that

1
P(T,W,s) > limsup — log Z ©* (T} Pw).

n— 00 Iex,
Below, we prove that
1
. < liminf — Ty .
(4.5) P(T,W,s) < hﬂg}f - log IGXE: (T} Pw)

Let u be an ergodic equilibrium measure for the potential {log 5, (-|n)}22 . Then
P(T,W,s) = h,(0) + O,
where © := lim,,_,(1/n) [log ¢, (z|n) du(z). By the Shannon-McMillan-Breiman
theorem (see e.g. [49, p. 261]),
1
(4.6) lim —log u([z|n]) = —h,(o) for p-ae. x € 3.
n—oo N

Meanwhile by Corollary 3.4, there exist a measurable set A C ¥/ with u(A) > 0 and
a word J € X, such that

1 1
(4.7) lim —log ¢*(T}, Prsw) = lim —log ¢y, (z|n) =©  for z € A.
n—oo N

n—oo 7, z|n

Let € > 0. By (4.6) and (4.7), there exist N € N and A; C A with pu(A4;) > 0
such that for all x € A; and n > N,

(4.8) (ps( * PT;W) > en(@fe)’ u([x|n]) < e~ hu(o) =€)

z|n

Write for n € N,
A, ={leX,: [I]NA #0}.
By (4.8), for each n > N and I € A,,
¢ (T3 Pryw) 2 ©9 and  p([1]) < el
It follows that for n > N,
(A1) <> () < #(A,) - e,
IcA,
which implies that #(A,) > u(A;)e™"(@)=<) Hence for n > N,
(4.9) Z ©*(Tf Prsw) > Z ©* (17 Praw) > #(An)em 07 > pu(Ay)ennlo)TO72e),

Iex, IeA,

Finally, notice that Pr-w (R?) = T Py (R?). By Lemma 4.5(i), there exists M
GL4(R) such that Pryw = T7Pw M. It follows that

> (T Prsw) = > @ (I T3PwM) < o*(M) > ¢*(T}T; Pw),
Iex, IeX, Iex,
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where the last inequality follows from the submultiplicativity of ¢°. Combining this
with (4.9) gives

> @ (TiPw) = > (T T; Pw)

Iezn+‘J‘ Ie¥,

> (@ (M) (T} Pryw)

Ies,
> (Sos(M>)71/L<A1)€n(h#(a)+972e).
It implies that
1
lim inf —log Y ¢*(Tf Pw) > hy(0) + © — 2e = P(T, W, 5) — 2e.

n—oo M
1e¥,

Letting € — 0 yields (4.5). O

Recall that dimapp(T) and dimapp(T, W) are defined as in (1.4) and (1.5), re-
spectively. Below we will illustrate the relations between dimapp(T, W), dimapp(T)
and P(T, W, s).

Lemma 4.6. Let W € G(d, k). Then the following statements hold.

(i) dimapp(T, W) =sup{s € [0,k]: P(T,W,s) > 0}.
(iii) Setting t = dimapp(T, W), we have

P(T,W,t)>0 ift=k,
(4.10) {p(T,W,t):o ift <k.

Proof. To prove (i), let s > min{k,dimapp(T)}. Then either s > k, or s >
dimapp(T). In the case when s > k, by Lemma 2.12(ii), ¢*(Pw 1) = 0 for each
I € ¥, and consequently,

Z Z ©*(PwTr) = 0.

n=1 Iezn

In the other case when s > dimapp(T),

SN P <303 (1) < o0,

n=1I€%, n=11€%,
From the definition of dimapp(T, W) (see (1.5)), we conclude that in both cases
dimapp(T, W) < s. This proves (i).

To see (ii), by Proposition 4.4 and Lemma 4.3(i), for all 0 < s < k,

1 fp—
T}gﬂloﬁbgz@ (T7 Pw) = P(T,W,s) € R.

Ie¥,

Combining this with the definition of dimapp(T, W) (see (1.5)) yields (ii).
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Since P(T, W, s) is monotone decreasing and continuous in s on [0, k| as stated
in Lemma 4.3(ii), we can conclude (4.10) from (ii). O

5. PrROOF OF THEOREM 1.2

Throughout this section, let T = (73,...,7T,,) be a tuple of d x d invertible
real matrices with ||Tj]] < 1 for 1 < i < m. For a = (ay,...,a,) € R™ let
72 : % — RY be the coding map associated with the IFS {f2(x) = Tz + a;}™, (see
(1.1)). For short we write f? := f2o---o f2 and Ty :=T;, ---T;, for I =iy ---i, €
¥, =A{1,...,m}" Let u be a fixed ergodic o-invariant measure on 3, and let ¥,
Ay, ..o Ay, v(x) = {vi(2)}, (z € ') be given as in Theorem 3.1.

Proof of Theorem 1.2(i). By Lemma 3.5, the limit lim,,_, o S, (u, T, W, x) in defining
S(u, T, W, z) exists for every W € G(d, k) and = € ¥'.

Let ¢ be the smallest integer not less than min{k, dimpy(u, T)}. We need to
prove that

(5.1) BISGLT, W.2): W € G k), z € T} < (C” v k)

g/

By Lemma 3.5, for z € ¥/ and W € G(d, k), S(u, T, W, z) only depends on the
(integral) pivot position vector (p; = p;(W, x))¥_; of W with respect to v(z). Since

(5.2) L<p1<p2<--<pp<d,

this vector can take at most (Z) different values when (W, z) runs over G(d, k) x 3,

so we get the upper bound

(5.3) #{S(p, T,W,z): W € G(d, k), r € X'} < (Z)

This proves (5.1) in the case when ¢ = k.
Next we assume that ¢ < k. In this case, dimpy(p, T) < k. Write 5o :=
dimpy (¢, T). By Definition 2.14 and (2.14),

o]
(5.4) hu(0) + Y Ai + (s0 = Ls0))A (g1 = 0.

i=1
For z € ¥ and W € G(d, k), we obtain from (5.2) that

pi =p(W,x) >4, i=1,... k.
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It follows that
[so]
hu(o) + Z Ap, + (50 — LSOJ)AmsOHl
i=1

Lso]
< hu(0) + Y Ai+ (50— [50))A g1

i=1
0 (by (5.4)).

That is, h,(o) + T'(sg) < 0, where I' is defined as in (3.15). Since sy < k, by

Lemma 3.5, S(u, T, W, z) = s < sg, where s is the unique number in [0, k] such that

hu(o)+T(s) = 0. Since s < s and ¢’ = [50], s is uniquely determined by py, ..., pe.

Since py < ppyy < -+ < pr < d, it follows that

po<d—(k—€)=d+0 k.

Hence the vector (pz)f/:1 can take at most (d+§;_k

over G(d, k) x X', so we get the upper bound

) different values when (W, z) runs

g/
This completes the proof of (5.1). O

B{S(L T, W,2): W € G(d k), z € X'} < (‘”g’_ ’“)

Recall that for z € R? and r > 0, B(z,r) stands for the closed ball of radius r
centred at z. To prove part (ii) of Theorem 1.2, we need the following result.

Lemma 5.1. Let a € R™ and W € G(d, k). Define g : ¥ — R? by g = Pyr?,
and let n = g.pu be the push-forward of p by g. Then there is a positive constant
¢ > 0 which depends on a and T such that the following property holds. For every
e€ (0,1) and £ € {0,1,...,k — 1}, we have for p-a.e. x € X,

(5.5) 77<B (9(z), cag“(PWTxm))) >(1- e)"% for large enough n,
where

(5.6) Ny(z|n) = a1 (PwTun) - - - (P Topn) oy (P Tapn).-

Proof. The statement of the lemma and its proof are slightly modified from an
unpublished note [38] of Jordan; see [25, Lemma 2.2] for Jordan’s arguments. For
the reader’s convenience, below we include a detailed proof of the lemma.

Let a= (a1,...,a,) € R™ and W € G(d, k). Take a large R > 0 such that
f2(B(0,R)) C B(0,R) fori=1,...,m,

where f2(x) := T,z +a;. Clearly, the attractor 72(X) of the IFS {f2}", is contained
in B(0, R), which implies that Py7®(X) C B(0,R). Take ¢ = 4Rvd. Below, we
show that the statement of the lemma holds for this choice of c.
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Let e € (0,1) and £ € {0,...,k — 1}. For n € N, let A,, denote the set of points
x € X such that

ni([z(n])
n(B(g(x),cagH(PWTx‘n))) <(l—¢ N,(zn)’

To prove that (5.5) holds for p-a.e. x € X, by the Borel-Cantelli lemma it suffices
to show that

61) S wla

To prove (5.7), let n € N and I € %,,. Notice that Py fR(B(0, R)) is an ellipsoid
of semi-axes
ROél (PwT]) Z cee 2 ROéd(PwT]),

so it can be covered by

2EH a;(PwTy)
ap1 (PwTy)

balls of radius 2R/ dovy1 (P T} ). Smce g([I]) = Pywm®([I]) is contained in Py f2(B(0, R)),

it follows that there exists a nonnegative integer L satisfying

J(PwTy)
(5.8) L<2£H LWL

= 2'N,(I
ap1 (PwTy) eld)

such that g(A, N[I]) can be covered by L balls of radius 2RvV/day, (P T;), denoted
as By, ..., Br. We may assume that g(A,, N[I]) N B; # 0 for each 1 < ¢ < L. Hence
for each 7, we may pick ¥ € A, N [I] such that g(z®) € B;. Clearly

(59) B,CB <g(x(i)),4R\/c_lozg+1(PWTI)> = B (g(z), car1 (PTy)) .
Since 2 € A, N [I], by the definition of A,, we obtain
(5.10) 77(3 (9(«), C@z+1(PWT1))> <(1—¢)"

It follows that
pAn O [I]) < p

9 (g(An 1 [1]))
1(Un)
U B(g(x Ca£+1(PWTI))> (by (5.9))

ok 1([1])
N(I)

VAN IN
/\/\ o

IA
—_

L (by (5.10))

< 2 -gmu(ll])  (by (5.8)).
Summing over I € 33, yields that u(A,) < 2%(1 — €)*, which implies (5.7). O
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Proof of Theorem 1.2(ii). Let a € R™ and W € G(d, k). We need to show that for
p-a.e. x € X

dimyee (P ) s, Pym?z) < S(p, T, W, ).
For this purpose, it is enough to show that for every d > 0,
(5.11) dimyee ((Pwm®)upt, Pwm?z) < S(p, T,W,z) +6  for prae. z € X

To this end, let § > 0. Pick € € (0, 1) such that

log(1 —
(5.12) log(1—¢) _ 4
log o
where oy := max{||T;||: i =1,...,m}.
Set

A, ={re¥:p<Sp,Wz)<p+1}, p=0,...,k—1.

Since dimyoe ((Pwm®).p, Pwmz) < k for pra.e. 2 € ¥, it suffices to show that (5.11)
holds for p-a.e. x € U';;é A,.

Fix p € {0,...,k — 1}. By Lemma 5.1, there exists A} C A, with u(A,\A;) =0
such that for each x € A},
(5.13)

a a o i([z[n])
(Pwm )*M<B(PW7T x, capH(PWTx‘n))) >(1—¢) N, (zln) for large enough n,

where N,(z|n) is defined as in (5.6).
Now let v € A}, Let v € (0,p+ 1~ S(u, T,W,7)). Recall that

lim S, (u, T,W,x) = S(u, T,W, ),

n—oo

as proved in part (i) of the theorem. Hence there exists N € N such that
(5.14) p< S, T,W,z) +v<p+1
for all n > N. Observe that

palnl) _ SOV PT,) SRR Ty,)
Np(z|n) SOP(PWTxIn)O‘;Jfl(PWTx\n) B QDP(PWTxm)a;fl(PWTxm)

_ Sn(u, T, Wz)+y
= Qpp (PwTepn),
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where in the last equality we have used (5.14). Hence by (5.13),

lOg<Pw7Ta)*,u(B (PWTFaiL', COlpyq (PWTCE|TL))>

dimyee (P 7)oty Pprm®x) < lim sup

n—00 lOg @p+1(PWTx\n)
o (1 = opetleln)
< lim sup Ny (z|n)
T p—oo 1Og ap—i—l(PWTx\n)

< limsup (snm, T,W.2)+7+

n—oo

nlog(l —e) )
log api1 (PwTyyn)
< S(p, T,W,x) +~+9,

where in the last inequality we use that o1 (PwTyn) < ()™ and (5.12). Since vy
is arbitrarily taken in (0,p + 1 — S(u, T, W, x)),

dimyee ((Pwm®)upt, Pwm®z) < S(p, T, W, z) 4 0.
That is, (5.11) holds for every x € A}, so it holds for p-a.e. ¥ € A4, as desired. [J

Next we turn to the proof of part (iv) of Theorem 1.2. We need several lemmas.

Lemma 5.2 ([52]). Let v be a Borel probability measure on R® with compact support
and v € R?. Then

dim,,, (v, ) — sup { >0 [l =yl vty < oo} -

Proof. The equality was first observed in [52]. The reader is referred to [9, Theorem
3.4.2] for an implicit proof. OJ

For z,y € ¥, let A\ y denote the common initial segment of x and y.

Lemma 5.3. Let W € G(d, k) and x € ¥'. Then

L ) < 0.

5.15 S(p, T,W,x)=su SZO:/—
515 S(nTWa) = sup T

Proof. Notice that both sides of (5.15) are not greater than k, and that
lim S, (u, T,W,x) = S(u, T,W, x)
n—oo

by Theorem 1.2(i).

Now we first show that if s > S(u, T, W, z), then [ m du(y) = oo. This
conclusion holds trivially whenever s > k, so we only need to consider the case
when s < k. Assume that k& > s > S(u, T,W,z). Choose § > 0 so that s —§ >
S(p, T, W, z). Then there exists ng such that S, (u, T,W,z) < s — § for all n > ny,

which implies that for n > ny,

:u([xln]) = 9057L(M7T7Wx)(PWTz|n) > 908_6<PWTxIn> > LPS(PWTx\n)(l/a-i-)n&a
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where ay = max{||T;||: i = 1,...,m}, and we use Lemma 2.10(ii) in the last in-
equality. It follows that for n > ny,

T U e 0D
/SOS(PWTJ:/\y) d’u(y) = /[In] (,DS(PWTIM) dﬂ(y) SOS(PWTxm) > (1/ +)

Letting n — oo gives [ PVV—TQ:/\U) du(y) = oo.

Next we show that [ PW—TWJ) du(y) < oo for 0 < s < S(p, T,W,z). Choose 6§ >

0 such that s +d < S(u, T,W,x). Then there exists ny such that S, (u, T, W, z) >
s+ 06 foralln>n;. It follows that for n > nq,

ullzln]) < @3 BTV PyTy,) < 0 (PwTapn) < ¢ (P Tan) (a2)™,
which implies, in particular, that u({z}) = 0. Hence

1 1
/m dnly) = ; m(u([m\n]) ~ u(lzln +1])
v~ _llzin)
= nz—: (P WTx\n)
- n=0 PWTx|n * Tgl
This completes the proof. -

Lemma 5.4. Let p > 0. If s is non-integral with 0 < s < d and ||T;|| < 1/2 for
1 < i <'m, then there exists a number ¢ = c(p, s, T1,...,T,) > 0 such that for every
non-zero linear subspace W of R,

da c
5.16 / <
( ) B, ||Pw7ra$‘ - PWﬂ-ay”s SOS(PWTQ:/\y)
for all distinct x,y € X, where B, denotes the closed ball in R™ of radius p centred

at the origin.

Proof. It is a slight and trivial modification of the proofs of [13, Lemma 3.1] and
[55, Proposition 3.1]. O

Now we are ready to prove part (iv) of Theorem 1.2.
Proof of Theorem 1.2(iv). Let W € G(d, k). We first prove that for £Lm-a.e. a €
Rmd,
(5.17) dimloc((PWﬂa)*u, Pwﬂ'al‘) =S(u, T,W,x) for prae. z € X.
According to part (ii) of the theorem, we only need to show that for £L™%-a.e. a €
Rmd7

di_mloc((PWWa)*,u, Pw’/TaiL') > S(p, T,W,z) for p-a.e. x € ¥
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To this end, we adapt the arguments in the proofs of [36, Theorem 4.1] and [25,
Theorem 2.1(ii)]. Let p > 0. For a given non-integral s € (0,k) and a positive
integer N, let Qx5 be the set of x for which

1
. _duly) < N.
/ o B Torg) )

Notice that by Lemma 5.3, the set of all x € ¥’ for which S(u, T,W,z) > s is
contained in the union of 2y for N > 1. Appying Fubini’s theorem,

Lod L Fmsa ot dlelia = L upmax_pwﬂayu )iyt
- /QN /Z /B [Py oa — pwﬁayns dady(y)dy(z)
< / [ sy o) by 5.16)

Pwﬂ' )

d < dh
d||PW7Tax—zH p(x) < oo and hence

It follows that for L™%-a.e. a € B,, / /
R

< oo for prae. x € Qy.

/ d(Pwm®).p(2)

a ||Pwmar — z||*

Taking the union over N, we have for L™%-a.e. a € B,,

d(Pym?).
/ I TlE) oo tfor prae. @ with ST, Wia) > s
R

a || Pwmax — z||®
It follows from Lemma 5.2 that for £L™%-a.e. a € B,,
dimy, (P )y, Pym®z) > s for pra.e. x with S(p, T,W,z) > s
Thus we have shown that for all non-integral s € (0, k),
p({zeX: S(u,T,W,z) > s> dim,, ((Pwm®).p, Pyrz)}) =0

for £L™-a.e. a € B,. Taking the union over all non-integral rational s in (0, k), we
conclude that for £L™4-a.e. a € B,,

p({zeX: S(p, T,W,z) > dim,, ((Pwr®).p, Pwrz)}) = 0.
Hence for £m-a.e. a € R™,
dimy,, ((Pw7®)upt, Pwm®z) > S(p, T, W, z)
for p-a.e. x € 3.

Next we prove that
(5.18) B
S, T, W) =S5(pu, T,W) =min{k, dimpy (u, T)} for v44-a.e. W € G(d, k).
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To see this, notice that 72y is exact dimensional for each a € R™; see [23]. By
[39, Theorem 1.7],

(5.19) dimpyg 72 = min{d, dimpy (u, T)} for £Lmd-a.e. a € R™.

Meanwhile it is known (see e.g. [36, Theorem 4.1]) that for a given exact dimen-
sional Borel probability measure n on R?, for vy -a.e. W € G(d, k), (Py).n is exact
dimensional with dimension given by

dimg (Pw )«n = min{k, dimg n}.

Taking = 72y and applying (5.19) yield that for £™%-a.e. a € R™ and ~g-
a.e. W e G(d, k),

dimyee ((Pwm®)ept, Pwm®z)) = min{k, dimpy (1, T)} for p-a.e. x € X.
Applying the Fubini theorem, we see that for v, ,-a.e. W € G(d, k),
dimy Py (721) = dimy Py (72p) = min{k, dimpy (u, T)}  for L™%a.e. a € R™,
Combining this with (5.17) yields (5.18). O

We prove Theorem 1.2(iii) in the remaining part of this section. We first give
several lemmas.

For I € ¥, and y = (y;)32, € %, let Iy denote the unique point z = (z;)2, € &
such that z|n = I and z,,; = y; for all ¢ > 1.

Lemma 5.5. Assume that p is a fully supported and supermultiplicative Borel prob-
ability measure on ¥ = {1,....m}N. Let A C ¥ be measurable with u(A) > 0.
Then, for every positive integer j, there exist I € X, and a measurable subset A" of
A with u(A’) > 0 such that

IJye A
forall J € X, with |J| < j andy € A'.

Proof. Let j € N. Since p is supermultiplicative, there exists C' > 0 such that
u([LJ]) = Cu(I])pu([J])  forall I,J € %,

A standard approximation argument shows that for every I € ¥, and every Borel
measurable set £/ C X,

(5.20) u (1] 0o 1(E)) > Cul(I)u(E).
Set
(5.21) ¢ = Cu(A)(J +1)7 m™ min u([J]).

Since p is fully supported, we have ¢ > 0. By the Borel density lemma, for u-
a.e.r € A,

NA

i Alzin] N A4)

% )
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Hence we can find € A and n € N such that
A

pllel 0 4)

p([x|n])

which implies that

(5.22) pllzln N(NY)

p([z[n])

Now set I = z|n. Write
Qy={z€%:1Jz€A} for JeJ_ 5,
Clearly, if z € ¥\Q, then I.Jz € ¥\ A. Hence for each J € Ui;:o ,,

(5.23) [IJ]Nno " PI(Z\Q,) c B\A.
Now we claim that
J
(5.24) p(E\Qy) < G+ 1) 'mp(A) forall J € |5,
p=0

Suppose on the contrary that (5.24) does not hold, that is, there exists J € U;:o ¥,
such that p(X\Q;) > (j + 1)"'m7u(A). Then

p(I1N(X\A) > p (LT Ne " HI(2\Q,)) (by (5.23))
> Cu([IJ])(E\Ly) (by (5.20))
> C?p([T) ([ J]) (2N 2) (by (5.20))
> C?u([T)([) (G + 1) 'm ™ p(A)
> ep([1]) (by (5.21)),

which contradicts (5.22). This proves (5.24).
Notice that # (Ui:o zp) < (j+1)mi. By (5.24),

p(E\NA)+ ) u(B\Qy)

JES.: |J|<j
<1 —p(A) +#{J €S [T <3} - (G + 1) 'm ™ pu(A)
< 1.

It follows that

I (Aﬂ ( N QJ)) =1-pn ((E\A)U ( U (E\QJ)))
JeX.: |J|<) JE€S,: |J|<]

S1opA) - Y am\e) 0.
JeXi: |J|<)
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Set A" = A0 (Myes... yj<; ) Then pu(A') > 0 and LTy € A for all J € 3. with
|J|<jandy e A O

For a set E C RY, let span(E) denote the smallest linear subspace of R? that
contains F.

Lemma 5.6. Let W be a nonzero linear subspace of RY. Let My, ..., M,, be real dxd
matrices. Set V = span (UIGE* MI(W)), where My := My, -+~ M;, for I =iy...10,,
and we take the convention that My = 1d, where () stands for the empty word. Then

V = span U M (W)

for all j > d — 1. Moreover, V =R if {M;}™, is irreducible.

Proof. Define Wy, = W and

W; = span U M (W)

for 5 > 1. Clearly

(525) Wj+1 = Span (VV] U (U Ml(W])>> fOI‘j > 07
i=1

and Wo Cc Wy Cc Wy C --- C V. Thus,

dim(Wp) < dim(W;) < dim(Ws) < --- < dim(V).
Since dim W; < d for all j > 0, there exists jo € {0,1,...,d — 1} such that
(5.26) dim(Wjy41) = dim(Wj, );

otherwise, dim Wy > dim Wy_; > --- > dim Wy > 1, and consequently, dim Wy > d,
leading to a contradiction. Since Wj 41 D Wj,, by (5.26), we have Wj 11 = Wj,.

Jo>

Then applying (5.25), we see that W; = W, for all j > j,. Since

U mw) c G Wj = W,

IeX, J:]()

it follows that W, C V C span(W,,) = Wj,, and consequently, V' = W;, = Wy_;.
From the definition of V, we see that M;V C V for all 1 < i < m. Hence V = R? if
{M;}™, is irreducible. O

Lemma 5.7. Let Ay,..., A, € Maty(R). Then

{A;}1 is reducible <= { A7}, is reducible.
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Proof. The result is standard. For the convenience of the reader, we include a proof.

Since A* = A;, by symmetry it is enough to prove the direction “==". To this
end, suppose that {A4;}", is reducible, i.e., there exists a proper nonzero subspace
W of R? such that A;(W) C W for all 1 <1i < m. Let W+ denote the orthogonal
complement of W. Clearly, W+ is also a proper nonzero subspace of R?. Let v € W+
and 1 < ¢ <m. For any u € W, since A;u € W, it follows that

(u, Ajv) = (Aju,v) = 0.
Hence Afv € W, This proves A7(W+) C W+, So {A:}™, is reducible. O

1=

Now we are ready to prove Theorem 1.2(iii).

Proof of Theorem 1.2(iii). Let p be a fully supported, ergodic, and super-multiplicative
measure on Y. We first show that

(5.27) S(p, T,W) = S(u, T, W) for all W € G(d, k).

To prove this, by definition, it is enough to show that for each W € G(d, k) and
s € [0, k], the sequence

1 S *
n
converges pointwisely to a constant for u-a.e. x. Since
s s 1+[s]—s s s—|s]
P* (M) = (p1(M)) (et ()

for each 0 < s < d (see Lemma 2.11), it is sufficient to prove the aforementioned
statement in the case where s is an integer. For this purpose, fix W € G(d, k) and
q€{1l,...,k}. We will show that there exists A € R such that

1
(5.28) lim —log ||(T2,,)  Pwrd|| = A for p-a.e. x € 3.
n

z|n
n—00

To see (5.28), we define a linear subspace X of (R4)"? by

(5.29) X = span ( U (T;)M(WM)) .

Iex.

It is easy to see that (77)"(X) = X for all 1 <i < m. Set
: AN d

7 =dim ((R")") = ( )

q
By Lemma 5.6 (where we replace R? with (R9)"9),

X = span U (T5)"(Wh9)
JET,: |J|<r
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Fori=1,...,m, let M; = (T})"|x be the restriction of (7;)"? on X. Then M;

are invertible linear transformations on X. Let Ay > Ay > --+ > X; be the Lyapunov
exponents of the matrix cocycle x — M,, with respect to p, and let
(5.30) X =Vo(x) 2 Vi(a) 2+ 2 Vi(x) = {0}, z€Y”

be the corresponding Oseledets filtration, where 3" is a o-invariant Borel subset of
Y with p(X") = 1. By Remark 3.2(ii),

(5.31) M, Vi(z) = Vi(oz) for every z € X"
We claim that
(5.32) W N (%(x)\f?l(x)) 40 for poae. z €Y

which implies (5.28) (in which we take A = \;).

Suppose on the contrary that (5.32) does not hold. Then there exists a measurable
set B C X" with p(E) > 0 such that

(5.33) WM CVi(z)  forallz e E.

Define
(5.34)

¢ = sup {dimY: Y is a subspace of X such that u{z € E: Y C Vi(2)} > O} :

Clearly, £ > dim W"4, and the supremum is attained at a subspace Yj of X. Set
A:{xEE:YbC‘Z(JE)}.
Since p is fully supported and supermultiplicative, by Lemma 5.5, there exist [ € X,
and A’ C A with u(A’) > 0 such that
IJye A

for all J € ¥, with |[J| <7 andy e A"

Suppose that [I| =n and [ =14y ...1,. Let y € A". Then, for every J = j;...j, €
¥, with p < 7, since I.Jy € A, it follows that

Yo C Vi(LJy) = Vilir .. inj1 .- jpy)-
Since Mjp_._jlin._ilf/l(](]y) = Vi(y) by (5.31), it follows that
Vi(y) D Mj, i, (Yo) = M, (M, i, (Y5)).

Hence, let Y; := M;, (o) and by taking the union over all J € ¥, with |J| < 7,
we obtain that

‘71@) ) U M;(Y1).

Since 171(y) is a subspace of X, we have

Vi) Dspan | |  M;() | =Yz,
Jes,: |J|<T
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By Lemma 5.6, Y5 = span (UJez* MJ(Yl)) and hence M;(Ys) =Y, forall 1 <i < m.
Meanwhile, since y € A’ C A C E, by (5.33), we have V;(y) D W as well. Hence

Vi(y) O span(Ya UW"9)  for all y € A'.

Since p(A’) > 0, by the maximality of ¢, we have dim (span(Y> U W"?)) < ¢. How-
ever, as Yo D Y] = M, (Yy), we have

dimYs > dimY; =dimY, = 4.
Hence
dim (span(Yz U W"7)) = dim Y>.

Since Y3 is a subspace of X, the above equality implies that W7 C Y;. Recall that
Y5 is M;-invariant for all 1 < ¢ < m. It follows that

ngww<UAmwm>=X

JES,
Hence for all y € A,
Vi(y) O Y2 O X = Vi(y),
leading to a contradiction. This proves (5.32), and consequently, (5.28).

Next we assume that {7}, is irreducible for some integer ¢ with ¢’ < ¢ < k,
where ¢ is the smallest integer not less than min{k,dimyy(p, T)}. By Lemmas
2.2(iil) and 5.7, {(T7)"}™, is also irreducible. Let W € G(d,k) and let X be
defined as in (5.29). Since X is (T7)"%-invariant, it follows that X = (R%)"9. As was
proved above, we have

1 -
(5.35) lim —log [[(T,) " Pynd]| = A1 for p-a.e. x € 3,
n

n—oo x|n

where ), is the largest Lyapunov exponent of the matrix cocycle z (T )" with
respect to p.

Recall that by Remark 3.2(iii),
(5.36) A=A+t A,
where A; > -+ > A, are the Lyapunov exponents (counting multiplicity) of the
matrix cocycle x — (T} ) with respect to y. Meanwhile by Proposition 3.3,

z|n

1 .
(537) nh%ngo E log ||( )/\qPW/\qH = Apl(x) i qu(x)v for p-a.e. x € Za

where (p1(x),...,pr(x)) is the pivot position vector of W with respect to the basis
v(z) = {vi(z)}L,, where v(z) is defined as in Theorem 3.1. Since p;(z) > i for
1 < i < g, combining (5.35), (5.36) and (5.37) yields that for p-a.e. x € 3,

(5.38) Ay = N fori=1,...,q.
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Now set s = min{k,dimpy(p, T)}. Then s < ¢ < k. By the definition of
dimpy (p, T), either

s=k and h,(o)+ ZAZ» >0,
or
0<s<k and hu<0)+ZAi+(5_ |s])Asj4+1 = 0.

By (5.38) and Lemma 3.5, we see that in both cases, S(u, T,W,z) = s for u-
a.e. r € Y/, and consequently,

S(p, T,W) =8, T, W) = s =min{k, dimpy (s, T)}.
This completes the proof of Theorem 1.2(iii). O

Remark 5.8. [t is worth pointing out that the assumption of p being fully supported
in Theorem 1.2(iii) can be dropped. More precisely, part (iii) of Theorem 1.2 can be
strengthened as follows:

(iii)” Assume additionally that p is supermultiplicative. Then

S, T,W) =S, T,W)

for al W € G(d, k). Let A := {1 < i < m: u([i]) > 0}. If furthermore
{Ti/\q}ieA is irreducible for some integer q such that ¢ < q < k, where {' is
the smallest integer not less than min{k,dimpy (u, T)}, then

S(p, T,W) = S(u, T,W) = min{k, dimpy (u, T)}
for all W € G(d, k).

The proof remains unchanged if we consider the IFS {T;x + a;}ica instead.

6. PROOF OF THEOREM 1.1
We prove parts (i), (iii) and (ii) of Theorem 1.1 separately.

Proof of Theorem 1.1(i). Let £ be the smallest integer not less than min{k, dimapp(T)}.
Then ¢ < k. By Lemma 4.6(i), dimapp(T, W) < ¢ for all W € G(d, k). Below we
divide the remaining proof into two steps.

Step 1. For every integer q with ¢ < q < k,

(6.1) S {dimape(T,W): W € G(d, k)} < <Z> _ (S) +1

To prove this inequality, we fix an integer ¢ with ¢ < ¢ < k. Suppose on the
contrary that there exist Wi, ..., W, € G(d, k), with 7 = (Z) - (];) + 2, such that

dimAFF(T, Wl) > dlmAFF(T, Wg) > e > dlmAFF(T, WT)
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Write s; := dimapp(T, W;) for 1 <i < 7. Then
(6.2) k>0>5s >8> >s5.

By Lemma 4.6(iii),
P(T,W1,81) >0, and P(T,W;s)=0 foral2<i<r.
It follows from Lemma 4.3(ii) that
(6.3)  P(T,W,,s;) < P(T,W;,s;) =0<P(T,W,,s;) foralll <i<j<r.
Below we first make the following claim.

Claim. For each i € {1,...,7 — 1}, there exist a word K; € %, and a linear
subspace H; of (R} with dim H; = (g) — 1, such that

(6.4) (T3 Wi ¢ H,
and
(6.5) (TwW) M C H;  foralli<j <t and K € %,.

Before proving the above claim, we first use it to derive a contradiction. Write
for brevity
Vi= (T W)™, i=1,...,7,

and

Gi=(\H, i=1,...7-1
p=1

Clearly, G;, i =1,...,7 — 1, are linear subspaces of (R%)"? so that
(66) H1:G1 DGQ IDIUE DGT_l.
By (6.4)-(6.5), V; ¢ H; and V; C H; for all 1 < i < j < 7. It follows that for each
1<i <7 -1,
Vit C Gy but Vi & Gig,
which implies that G; # G,41. Combining this with (6.6) yields that
dim H; =dimG; > dim Gy > -+ > dimGT_l,

and thus dimG,_; < dimH; — (7 — 2) = (g) — 7+ 1. However, since G,_1 D V;,
one has

dimG,_; > dimV, = <k>
q

It follows that (l;) < (;l) —7-+1, that is, 7 < (Z) — (I;) +1. It leads to a contradiction.
Now we turn to the proof of the claim. Fix i € {1,...,7 — 1}, and let x be an

ergodic equilibrium measure for the subadditive potential {log ¢y, (-[n)}52,. That
is, p is an ergodic o-invariant measure such that

(6.7) hyu(0) + Oy, ) = P(T, Wi, s:),
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where
5 .1 .
O (Vi 1) = ggoﬁ/longai(xln) du(z).

For each j with ¢+ < j < 7, applying Theorem 2.9 to the subadditive potential
{log ¥y, (+[n) }o2y gives

P(T,Wj.5) = (o) + O, 1),
where

Oy, 1) = hm /logww (x|n) du(x).
This together with (6.3) and (6.7) yields that

(6.8) O, 1) > Oy, p)  forall j e fi+1,... )

Let X', r, Ay, ..., Ag, @), Ej(z) (x € ¥') be given as in Theorem 3.1, and also
let v(z) = {vi(x),...,v4(x)} be a measurable ordered basis adapted to the splitting
D), Ej(z), z € ¥".

By Proposition 3.3, Corollary 3.4 and (6.8), there exist a measurable A C ¥’ with
u(A) > 0 and K; € 3, such that for each 2 € A,

(6.10) Jim -~ ~ log ¢ (T Pryow;) < OWir s 1) < Oy, 1),

for all K € ¥, and j € {i +1,...,7}, and moreover, for each W € G(d, k),

[si]
1
(6.11) lim — log ¢* (T, P ZAPJ Wa) — 1si A, oy (W),

n—oo N,

where (p1(W, ), ..., pp(W,x)) is the pivot position vector of W with respect to the
ordered basis v(z) = {v;(x)}L,

Fix x € A. Write for brevity v; = v;(z) and p; = p;(Tx Wi, z) for j =1,... k.
Define
H; =span{vj, A---Avj,: 1 < ji <+ < j, <dand

(].17‘”:].11) 7é (pla"‘ﬂpq)}'

Clearly, dim H; = (Z) — 1. By Lemma 2.8(i), (T W;)"? ¢ H;. It remains to show

that (T} W;)" C H, for each K € 3, and j with ¢ < j < 7. Suppose on the contrary
that there exist K € ¥, and j with ¢ < j < 7 such that (T;W;)"? ¢ H;. Then by
Lemma 2.8(ii),

pl(TI*(VVj?x) <pi, - pq(Tl*(ijx) < pq-
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Keep in mind that ¢ > ¢ > s;. Applying (6.11),

Lsi]
.1 R
lim —log o™ (T}, Pryw,) = Z Apurywy o) + (8i = i) Ap ., (e wy o)

n—oo N 7
u=

Ls:)
> Z Ay, + (si— LSiJ)APLsiJ+1
u=1

1
= lim —log " (T3}, Pry w.)-

n—oo N

However, by (6.9) and (6.10),

* *

1 o o1 s
lim — log ¢®( z‘nPTI*(Wj) < 7}1_{{.10 n log ¢ ( x|nPTf(iWi>’

n—o0 N
leading to a contradiction. This proves the claim, and consequently, inequality (6.1).
Step 2. Assume that {T)\": i =1,...,m} is irreducible for some { < q < k. Then
dimapp(T, W) = min{k, dimapr(T)}
for all W € G(d, k).
Write s = min{k, dimapp(T)}. Then & > ¢ > s. Define
1
P(T,s) = lim —log I;En P* (7).

Clearly, P(T, s) is the topological pressure of the subadditive potential {log ¢*(T’ ""n)};ff’:l;
see Lemma 2.10(i) and Section 2.4. Recall that dimapp(T) is defined as in (1.4).

Since dimapp(T) > s, it follows that P(T,s) > 0. Let pu be an ergodic equilibrium
measure for the potential {log¢*(T7},)}72,. Then
(6.12) h,(oc)+60 = P(T,s) >0,
where 6 = lim,,_, + [ log (T3, dp(z).

Consider the matrix cocycle x +— T with respect to p and let X', r, Ay, ..., Ag,
@)_, Ej(z) (z € ¥') be given as in Theorem 3.1, and also let v(z) = {vi(z),...,va(z)}

be a measurable ordered basis adapted to the splitting @’_, £j(z), x € X'. Since
s <k <d, by (2.14),

5]
(6.13) 0= A+ (s— s)) AL

j=1

Let W € G(d, k). Fix x € ¥'. Define

H = span {vj, (x) A+ Avj (2): 1 < ji <+ < j, < d and
(1, 5dg) £ (1,..,q) }-

45



Then H is a proper linear subspace of (R%)". Since {T/\%: i = 1,...,m} is ir-
reducible, by Lemmas 2.2(iii) and 5.7, {(T)": 4 = 1,...,m} is also irreducible.
Therefore there exists J € X, such that

(6.14) (TFW)" = (T7)"(W") & H.

Let (p1,...,pr) be the pivot position vector of T5W with respect to the ordered
basis v(r) of R%. By (6.14) and Lemma 2.8(ii), p; < 1,...,p, < q. However it
always holds that 1 < p; < .-+ < p,, implying that p; > ¢ for 1 < i < q. Hence
pi =i for 1 < i < q. By Proposition 3.3 and (6.13),

s]

1 s (x

lim —log (Tz|nPTjW) = ZApj + (s — LSJ)AP\_SJ-&-I
j=1

n—oo N

Ls]

=3 Aj+ (5= [s))An

j=1

=4.
It follows that for every x € ¥/,

1
lim —log ¢y, (z|n) > 6.
n

n—o0

Hence applying Theorem 2.9 to the subadditive potential {log¢§, (-|n)}5%, gives

1
P(T.W,5) > h,(0) + lim ﬁ/logz/zf}v(ym) duly) > ha(o) +6 > 0,

where the last inequality follows from (6.12). Hence by Lemma 4.6(ii),
dimapp(T, W) > s = min{k, dimapp(T)}.
This, combined with Lemma 4.6(i), implies that dimapr(T, W) = s. O

To prove Theorem 1.1(iii), we need the following elementary result.
Lemma 6.1. Let W € G(d, k) and M € GL4(R). Then

and Py M (M*(W)) = W. Moreover, the mapping Pw M : M*(W) — W is surjec-
tive and hence bi-Lipschitz. Consequently, for every Borel set E C RY,

(6.16) dimy Py (M(E)) = dimy Py (E).

Proof. Let I; denote the identity map from R? to itself. Clearly,
Pyrw + Porswyr = Ia.

Hence to prove (6.15), it suffices to prove that

(6.17) Py M Pppepye = 0.

To see the above identity, let € (M*W)+. Then for any y € W,

(Mz,y) = (x, M*y) = 0.
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It follows that Py (Mz) = 0. This proves (6.17) and thus (6.15).
Now, the equality Py M (M*(W)) = W follows directly from (6.15). Indeed,

Py M(M*(W)) = Py M Py (R?) = Py M(RY) = Py (RY) = W,

where we use (6.15) in the second equality. Since M*(WW) and W have the same
dimension, the mapping Py M : M*(W) — W is linear and invertible, so it is bi-
Lipschitz.

Finally, let £ be a Borel subset of R%. By (6.15), Py (M (E)) = Py M (Pyw (E)).
Since Pypw (E) C M*(W) and the mapping Py M : M*(W) — W is bi-Lipschitz,
as desired. 4

The following transversality result is also needed in the proof of Theorem 1.1(iii).

Lemma 6.2. Assume that | T;|| < 1/2 for 1 <i < m. Let p > 0. Then there exists
a constant ¢ = ¢(p, Ty, ..., Ty,) such that for each r >0, W € G(d, k), and distinct
T,y € X,

k
r
L™a € B,: |Pyr?x — Pyl <r} <c min{—,l},
facB, | <t < e[min{ s
where x N\ y denotes the common initial segment of x and y. In particular,

C’/’k

6.18 LM ae B,: ||Pyrie — Pyl <r} < ————.
( ) { p H w w yH }_Spk<PWTx/\y)

Proof. 1t is a slight and trivial modification of the proof of [39, Lemma 5.2]. O

Proof of Theorem 1.1(iii). Let W € G(d, k). It was proved by Morris [44, Theorem
1] that

di_mew<Ka) S dlmAFF<T, W)

for every a € R™. Below we assume that ||T;|] < 1/2 for all 1 <14 < m. We first
show that

dlmH Pw(Ka) Z dlmAFF<T, W)
for £m-a.e. a € R™4,

Write s = dimapp(T,W) and let p be an ergodic equilibrium measure for the
subadditive potential {log 5, (-|n)}>° ;. By Lemma 4.6(iii),

(6.19) hu(a) +0=P(T,W,s) >0,
where

6 := lim [ logy, (x|n) du(x).

n—00
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By Corollary 3.4, there exists a measurable A C ¥/ with u(A) > 0 and J € X,
such that for each = € A,

. 1 S % : 1 S
Jim —log o*(T3), Pryw) = lim —log ¢y (z[n) = 6.
This, together with Proposition 3.3, yields that for each x € A,

El

S Ay + (5 = [) Ay, camswa) = 0,

Jj=1

where (p1(TiW, ), ..., pe(T3W, x)) is the pivot position vector of T7W with respect
to the ordered basis v(z) (see Theorem 3.1 for the definition of v(z)). Combining
this with (6.19) and Lemma 3.5 yields that for for each z € A,

S(u, TjW,2) > 5,
where S(u, T5W, x) is defined as in (1.10); see also (1.9). Hence

S(p, TyW) :=esssup S(p, TyW, x) > s.

wEspty

By Theorem 1.2(iv) (in which we replace W by T:W), for L™%-a.e. a € R™.
di_mH(PT;WWa)*u = S(u, T;W) > s.

Since (PT;WW"‘)*M is supported on PT;W(K 2), it follows that

(6.20) dimy Ppsw (K®) > s for L™%a.c. a € R™.

Meanwhile, by the self-affinity of K?, we have K* O f3(K?). Hence for each
acR™,

dimy Py (K?) > dimg Py (f3(K?))
= dimy Pw (T;(K?))
= dimg Praw (K?),

where the last equality follows from (6.16) (in which we take M = T; and E = K?).
Combining it with (6.20) yields that

dimyg Py (K?) > s for Lma.e. a € R™.
Next assume that (1.7) holds, that is, P(T, W, k) > 0 by Proposition 4.4. Below,

we will show that H*(Py (K?)) > 0 for L™-a.e. a € R™ by using Corollary 3.4
and adapting the proof of [39, Proposition 4.4(b)].

Let u be an ergodic equilibrium measure for the potential {log %, (-|n)}22,. Then
h(c) +© = P(T,W,k) > 0,
where O := lim,,,(1/n) [log ¢}, (z|n) du(z). By the Shannon-McMillan-Breiman

theorem,

1
(6.21) lim —log u([z|n]) = —h,(0) for p-ae. z € X.
n—oo N
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Meanwhile by Corollary 3.4, there exist a measurable set A C ¥ with p(A) > 0 and
a word J € X, such that

1
(6.22) lim — log " (T

n—oo N zn

1
Praw) = 7111320 - log ¥k, (z|n) = ©  for x € A.

Let 0 < e < (h,(0) +©)/3. By (6.21) and (6.22), there exist N € Nand A; C A
with (A;) > 0 such that for all z € Ay and n > N,

(L Pryw) 2 €79, p([aln]) < e,

Consequently,
(6.23) p([z|n]) < emeM( e Prsw)  forallz € Ay and n > N.
Define a Borel probability measure g on X by

~ [II(E N Al)

a(E) = ———= for any Borel set £/ C .

(A1)

By (6.23), there exists C' > 0 such that
(6.24) A1) < Ce ™G (T Praw)  for all I € 3,.

Write W = T;(W). Next we prove the absolute continuity of n* := (Pzm?), 1 with

respect to the k-dimensional Lebesgue measure on W for £™4-a.e. a, by following
the standard approaches in [48, 39]. Let p > 0, and let B, denote the closed ball in
R™ of radius p centred at the origin. It suffices to show that

/ / hmmf77 (: ) dn?(z)da < oo.
Bp Rmd r—0 T

Applying Fatou’s lemma and Fubini’s theorem,

] <11m1nf—/ //1{(Zy ): || P (a) — Prpma (y) || <r} d,u( )du( )d
Bp

r—0

< hm mf —/ / L {a € B,: |Pym®(z) — Ppr®(y)|l <r} di(z)da(y)
< / /E W dji(x)dji(y) (by (6.18))
CZ Z P~T,

n=0 IeX,

<cC Z e (by (6.24))

< 00.

Hence, n? is absolutely continuous with respect to the Lebesgue measure on W=
T;(W) for L™-a.e. a € R™. Since n* is supported on Ppsy (K?), it follows that
H*(Prsw (K®)) > 0 for L™-a.e. a € R™.
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Meanwhile, by the self-affinity of K2, we have K* O f3(K?). It follows that for
cach a € R™,

H* (P (K?)) > HF (Pw (f3(K®)))

H* (PwT (K®))

= H*(PwTyPrsw(K®)) (by (6.15))
)7

= DH*(Pryw (K?)

where D > 0 is a positive constant which depends on Py/T;, and this follows from
the fact that Py T : T5(W) — W is a bijective linear map (see Lemma 6.1). Hence
H*(Py(K?)) > 0 for L™-ae. a € R™. This completes the proof of Theorem
1.1(i). O

Finally, we prove part (ii) of Theorem 1.1.
Proof of Theorem 1.1(ii). Let k € {1,...,d — 1}. We first prove that under an
additional assumption that ||7;|| < 1/2 for all 1 < i < m,
(6.25) dimapp(T, W) = min{k, dimapr(T)} for vy i-a.e. W € G(d, k).
To see this, assume that ||7;|| < 1/2 for all 1 <7 < m. By [13, Theorem 5.3] and
[55, Proposition 3.1],
dimpg K* = min{d, dimapr(T)} for £Lm™4-a.e. a € R™,

This, together with the higher dimensional analog of Marstrand’s projection theorem
proved by Mattila [42], implies that for £™4-a.e. a € R™?

dimy Py (K?) = min{k, dimyg K*} = min{k, dimarr(T)}

for v4-a.e. W € G(d, k). Applying the Fubini theorem, we see that for v, 4-a.e. W €
G(d, k),

dimyg Py (K?) = min{k, dimapr(T)} for Lma.e. a € R™.
Combining this with Theorem 1.1(iii) yields (6.25).

Next we consider the general case when ||T;|| < 1 for all 1 <i < m. Take a large
integer n such that

IT7|| < 1/2  forall I € X,,.

Define a tuple T of d x d matrices by T = (T})res,. As was proved above,
(6.25) holds when T is replaced by T™. However, by performing a routine check
using the definition (which we leave as an exercise for the reader), one finds that

This proves (6.25) for T in the general case. O
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7. MORE ABOUT dimapg(T, W), S(u, T,W) AND S(u, T, W) IN SOME SPECIAL
CASES

In this section, we provide several results (Propositions 7.1, 7.3 and 7.4) on
dimapp (T, W) in the cases where d = 2 or d = 3, or where dim W = 1. Addition-
ally, we present one result (Proposition 7.2) concerning S(u, T, W) and S(u, T, W)
in the case where d = 2.

Our first result provides a simple verifiable criterion for dimapp(T,W) to be
strictly less than min{1, dimapp(T)} in the case where d = 2.

Proposition 7.1. Assume that d = 2. Let W € G(2,1). Then
dimapp(T, W) < min{1, dimapp(T)}
if and only if the following two properties hold:
(1) YW =W forall1 <i<m;
(2) Letting a; be the eigenvalue of T} corresponding to W, and setting b; =

det(T})/a; for 1 < i < m, one has t < min{l, s}, where s,t are the unique
positive numbers so that

el =1, D bl =1
=1 =1

Proof. We first prove the “if” part of the proposition. Assume that both (1) and (2)
hold. Since W is T;-invariant for all 7, there exists G € GLy(R) such that GTG™!
is upper triangular and of the form

a; *
0 b

for each 1 < i < m. A simple calculation shows that dimapp(T, W) = min{1,¢}.
Moreover, there is a closed formula for dimapp(T) (see [20, Corollary 2.6]), from
which one can easily show that

min{1, dimapp(T)} = min{l, max{s,t}}.
Since t < min{1, s}, we obtain that dimapr(T, W) < min{1, dimapr(T)}.
Next we turn to the proof of the “only if” part. Assume that
(7.1) dimapp(T, W) < min{l, dimapp(T)}.

Write sg = dimapp(T,W). Let p be an ergodic equilibrium measure for the subad-
ditive potential {log *(T7,)};2;, and let Ay > A be the Lyapunov exponents of
the cocycle x — T with respect to p. Then

(72) hM(O') + 80A1 = P(T, SQ) > 0.

where P(T, s0) := limy,o(1/n) log (3 ;cx, ©*(T7)), and the second inequality fol-
lows from the assumption that sy < min{1,dimarr(T)}. Since sy < 1, by Lemma
4.6(ii),
(7.3) P(T, W, s) =0,
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where P(T, W, sq) stands for the topological pressure of the subadditive potential
{log ¢y (-|n)}o2,; see (4.1) and (4.3). By the subadditive variational principle (see

Theorem 2.9), P(T, W, sy) > h,(0)+0, where © := lim,,_,o(1/n) [log > (x|n) du(z).
Combining this with (7.2) and (7.3) yields that

O < S()Al.

Meanwhile, since 5}, is submultiplicative (see Lemma 4.1), by the subadditive er-
godic theorem,

1
lim —logyp)(z|n) =© for p-ae. x € X.

n—oo 1

This, combined with Proposition 3.3, yields that

sup soAp, (rswa) = O for prae. x €%,

Jes,
where py(T5W, z) denotes the pivot position vector of T5W with respect to the
ordered basis v(z) = {v;(z)}?_; defined in Theorem 3.1. Since © < sgA;, it follows
that Ay < Ay and that for p-a.e. x € X,

p(Ti;W,x) =2 forall J € %,

and consequently, T5W = span{vy(x)} for all J € 3,. This implies that T;}W =
W for all 1 < ¢ < m. Hence (1) holds. As was pointed out in the beginning
of our proof, in this case, dimapp(T, W) = min{l,¢} and min{l, dimapp(T)} =
min{1, max{s,t}}. So the condition (7.1) implies that ¢ < min{1, s}. Hence (2) also
holds. U

Our next result characterizes, in the planar case, the circumstances under which
exceptional phenomena occur for the projections of ergodic stationary measures.

Proposition 7.2. Assume that d = 2. Let W € G(2,1), and let u be an er-
godic o-invariant measure on Y. Let Ay > Ay be the Lyapunov exponents (coum‘—
ing multiplicity) of the cocycle x — T with respect to p (see Theorem 3.1). Set
A={i:1<i<m and p([7]) > 0}. Then the following statements hold.

(1) S(p, T, W) < min{1,dimpy(p, T)} if and only if all the following conditions
are fulfilled:
(a) TXW =W foralli e A;
(b) Fori € A, let a; be the eigenvalue of T;* corresponding to W, and set
b; = det(T;)/a;. Then

Ao =" ullil) log lai] < Ay = 3 ja([i)) log b

icA icA
(¢) hu(o) >0 and hy(o) + Ay < 0.

(2) S(u, T, W) # S(p, T,W) if and only if all the following conditions are ful-
filled:
(a) Al > AQ.
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(b) Let R? = @le Ei(x), x € 3/, be the corresponding Oseledets splittings
Jor the cocycle x — T, and p. Then

0<pu({zed: Ey(z)=W}) < 1.
(¢) hu(o) >0 and h,(0) + Ay < 0.

Proof. From Definition 2.14 and (2.14), it is readily checked that
(7.4) min{1, dimpy (p, T)} =sup{0 < s <1: h,(0) + sA; > 0}.

Let v(z) = {vi(z)}2,, where x € Y, be the ordered basis of R? defined as in
Theorem 3.1, and let (p;(W, z))?_; denote the pivot position vector of W with respect
to {v;(z)}?_,. From Lemma 3.5, we obtain that

(7.5) S(p, T,W) = esses;p sup{0 < s < 1: hy,(0) + sAp, (wa) > 0}
and
(7.6) S(p, T, W) = eiség}f sup{0 < s < 1: hy(0) + sAp (wa) > 0}

By (7.4) and (7.5), we see that S(u, T,W) < min{1,dimry (u, T)} if and only if
pm (W, z) =2 for p-a.e. x € ¥/ and moreover

(7.7)  sup{0<s<1:h,(0)+sAy >0} <sup{0<s<1:h,(0)+sA >0}

Notice that (7.7) holds if and only if the following two conditions are satisfied:
(i) Ay < Ay; (i) hu(e) > 0 and hy(o) + A2 < 0. Meanwhile, the condition
that py(W,z) = 2 for p-a.e. x € ¥ is equivalent to span{wvs(z)} = W for u-
a.e. © € ¥'. Observe that if A; > Ay, then span{vs(z)} = Es(z) for p-a.e. x € ¥/,
where @7, F;(x), with € ¥, is the associated Oseledets splitting for the cocy-
cle v — T with respect to pu. Since Ty, Ey(x) = Es(ow) a.e., the condition that
span{vg(z)} = W for p-a.e. x € ¥/ implies that T;;W = W for all i € A. Hence if
S(u, T,W) < min{1,dimpy(x, T)}, then all the statements (a), (b) and (c) in part
(1) hold. Conversely, if all the statements (a), (b) and (c) in part (1) hold, then it
is direct to apply (7.4)-(7.5) to conclude that S(u, T,W) < min{1,dimpy (1, T)}.
This proves (1).

To see (2), by (7.5)-(7.6), we see that S(u, T,W) > S(u, T,W) if and only if the
following three conditions are satisfied:

(l) A1 > AQ,
(i) 0 < p{x e ¥ py(W,x) =2} < 1; and
(iii) (7.7) holds.

This is enough to conclude (2), since p; (W, z) = 2 is equivalent to span{vy(z)} = W,
and in the case when Ay > Ay, one has Fsy(x) = span{vs(z)} a.e. O

The following result provides a formula for dimapr (T, W) in the case where d > 2

and dim W = 1.
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Proposition 7.3. Let d > 2 and W € G(d,1). Then
dimAFF(T7 W) == min{l, dlmAFF(Tx)}7

where X = span (U e, T3 (W)) and Tx := (T |x, ..., T}|x), in which T} |x stands
for the restriction of T} on X.

Proof. Clearly, the subspace X is T*-invariant for all 1 <7 < m. Write

so = min{1, dimarr(Tx)}.
Then P(Tx,so) > 0, where P(Tx,sq) stands for the topological pressure of the
subadditive potential {log ¢*(T7,[x)}nZ;-

Let 1 be an ergodic equilibrium measure for the potential {log ¢* (T, |x)}Z:-
Moreover let A\;y > --- > A, be the distinct Lyapunov exponents of the cocycle
x — T |x with respect to p and let

X:Vo(:v);~~2\/}(m), r ey,

be the associated Oseledets filtration, where ¥’ is a o-invariant Borel subset of X
with u(3') = 1. By Theorem 2.9,

hH<O> + 80)\1 = P(TX7SO) >0

For each x € ¥/, since X = Vy(z) 2 Vi(x), it follows that

(7.8) ( U T}(W)> N (Vo(z)\Va(x)) # 0,

JES,
or equivalently, T5(W) ¢ Vi(x); otherwise,
Jex, ~J

Vo(z) = span ( U T}‘(W)) C Vi(x),

JES,
leading to a contradiction. Hence by (7.8), for each x € ¥,

1 1
lim —log ¥y (z[n) > sup lim —log o™ (T}, Pr:w)
n—oo 1 ’

JeD, NN @l

1 .

= SO)\la
where 9y} is defined as in (4.1). Applying Theorem 2.9 to the subadditive potential
{log ¥y (+[n) 132, gives
1
P(T,W,sg) > h,(0) + lim - /logwi}‘}(x]n) dp(x) > hy(o) + soA > 0,
n—oo

where P(T,W,sq) is defined as in (4.3). By Lemma 4.6(ii), dimapr(T,W) > s0.
Meanwhile, since X is T*-invariant for all 1 <¢ <m and W C X, it follows that

(T Pw) = ¢*(T|xPw) foralls >0and I € X,
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from which we obtain that dimapp(T,W) = dimapp(T|x,W). Then applying
Lemma 4.6(i) to T|x, we obtain the reverse direction dimapr(T,W) < 5. O

Our last result in this section provides some necessary conditions for dimapp(T, W)
to be strictly less than min{dim W, dimarr(T)} in the case where d = 3.

Proposition 7.4. Let d = 3 and W € G(3,k), where k = 1 or 2. Suppose that
dimapp(T, W) < min{k, dimapp(T)}. Then T is reducible. More precisely, one of
the following scenarios occurs.

(i) k = 1, and either T;W = W for all 1 < i < m, or W is contained in a
2-dimensional subspace V' of R such that T;V =V for all 1 <i < m;

(ii) k = 2, and either T}W = W for all 1 < i < m, or W contains a 1-
dimensional subspace V' of R such that TXV =V for all1 <i < m.

Proof. We first consider the case where k£ = 1. Then part (i) follows directly from
Proposition 7.3. Indeed, letting X = span (UJGZ* TjW), and given that £ = 1 and
dimapp(T, W) < min{1, dimapp(T)}, it follows from Proposition 7.3 that X # R3.
Since X is T;-invariant, the conclusion in (i) follows.

In the remaining part of the proof, we consider the case where k = 2. Write
so = min{2, dimaprr(T)}.

Then P(T,sy) > 0, where P(T, sq) stands for the topological pressure of the sub-
additive potential {log o*(17,)}72;.

Let p be an ergodic equilibrium measure for the potential {log ¢*(T7,)}72,. Let
Ay > Ay > A3 be the Lyapunov exponents (counting multiplicity) of the cocycle
x — T; with respect to p, and let v(z) = {v;(x)})_,, where z € ¥', be the
corresponding ordered basis of R?® given in Theorem 3.1. Below, we consider the
following two cases separately: (a) so € [0,1]; (b) so € (1,2].

First assume sg € [0,1]. By Theorem 2.9,

(79) h#(O') + 80A1 = P(r]j7 80) Z 0.

Meanwhile, by Proposition 3.3,

(7.10) lim 1 log ¢y (z[n) = © = 8¢ sup Ay, (13w

n—oo n JeX,
for each z € ¥/, where © = lim, o L [log ¢ (z|n) du(z). However, by assump-
tion, dimapp(T, W) < so. It follows from Lemma 4.6(ii) that P(T,W,sy) < 0.
Consequently, by Theorem 2.9, h,,(c) + © < P(T, W, sp) < 0. This, combined with
(7.9) and (7.10), yields that sup ey, Ap,(rswa) < A1 for p-ae. z € X'. That is, for
prae. v € X pi (T5W, x) € {2,3} for all J € 3. This implies that for y-a.e. z € ¥,

U T7W C span{vy(x), v3(x)}.

Since dim W = 2, it follows that T7W = W for all J € X,, and thus W is T*-

(2
invariant for all 1 <7 < m.
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Next assume that so € (1,2]. Then, correspondingly, by Theorem 2.9 and Propo-
sition 3.3,

]’LM(O') + A1 + (SQ — 1)A2 == P(T, So) Z O,

and

.1 s
lim —log ¢y (z[n) = © = sup Ay, (miwa) + (S0 — DAp,miway, = €Y.
n—oo 1 JeX.

Similarly, the assumption of dimapp(T, W) < s¢ implies that
h,(o) +0© < P(T,W,sq) <0,
and consequently,

SUp Apyriwe) + (S0 — DApyrsway < Ai+ (so — 1) Az
e *

for u-a.e. x € 3. Hence for p-a.e. v € ¥/,
(p1(T5W, ), po(T7W, z)) # (1,2)  for all J € X,.

This implies that po(T3W, z) = 3, and thus v3(z) € TjW for p-a.e. x € ¥'. Conse-
quently, for p-a.e. v € ¥, (T5)tvg(x) € W for all J € X,. Fix such a point = and
set

V = span ( U {(Tj)lvg(q;)}> :

It is easy to verify that V' C W, and that (77)"'V =V for all J € %,; equivalently,
T3V =V for all J € ¥,. This completes the proof of (ii). O

Remark 7.5. In Proposition 7.4, the conclusion that T is reducible follows alter-
natively from Theorem 1.1(1), using the additional fact that when d = 3, the tuple
{T;}, is irreducible if and only if {T/*}™, is irreducible (see, e.g., [41, Lemma
3.3] for a more general statement about this fact).

8. EXAMPLES FOR WHICH S(u, T,W) # S(u, T,W)

In this section, we first provide an example (see Example 8.1) in which we con-
struct a tuple T = (T1,T5,T3) of 2 x 2 antidiagonal matrices with norm < 1/2,
a one-dimensional subspace W of R? and an ergodic o-invariant measure g on
Y = {1,2,3} such that S(u, T,W) # S(u, T,W). By Theorem 1.2(iv), this
implies that the projected measure (Py7?),u is not exact dimensional for L£5-
a.e. a = (a1, ay,az) € RS This example was modified from one constructed earlier
by the first author and Caiyun Ma [26], who demonstrated that the orthogonal pro-
jection of an ergodic stationary measure associated with a planar IF'S of similarities
with finite rotation group may not be exact dimensional. Then, for a given finite
tuple T of contracting antidiagonal matrices, we provide a criterion to determine
whether there exist an ergodic measure p and a subspace W € G(2,1) such that
S(u, T,W) # S(u, T,W); see Proposition 8.3.
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Example 8.1. Define three 2 x 2 matrices Ty, T5, T3 by

() () )

Let W C R? be the z-azis, i.e. W = {(a,0) : a € R}. Then Py = (1 0). Let u

o

(S]]
(S

(SN
=]

(S

0 0
be the (p, P)-Markov measure on X, where

111
pP= (p17p27p3) =

4'4°2
and
0 0 1
P:(pi,j)1§z‘,jg3= 0 0 1
11
2 2
That is,

(21 - - n]) = PaiDar oo - - - Ponos o
for eachn > 2 and xy ...z, € {1,2,3}". Then S(u, T,W) # S(u, T,W).

Justification. 1t is easily checked that pP = p and that P is positively irreducible
(i.e. for any i, j, there exists n > 0 such that the (i, j)-entry of P" is positive). By
[56, Theorem 1.13], p is an ergodic Markov measure. It is well known (see e.g. [56,
p. 103] or [49, p. 246]) that

hu(o) = — Zpipi,j logpij = 10%2,
7
and p is supported on the Markov shift space
Q= {(z,); € {1,2,3": py 0,y >0foralln>1}.
It is easy to check that 2 = €y U )y, where
Q= {(2;)72; : x9511 € {1,2} and x9;,2 = 3 for all i > 0},
Qo = {(2;)72) : X2i41 = 3 and x9;12 € {1,2} for all ¢ > 0}.

Moreover,
u@ﬂzumﬂ%ﬂﬂ%DZ; umﬂzu@H%ﬂﬂﬁDZ%

Notice that
4

55 U % 0
(8.1) T3 =115 = 0 and 13Ty = T31T5 = 0 4

25 25
A simple calculation using (8.1) yields that for each 0 < s <1,
{ slog(2/5) if x € Qy,

slog (1/5) if x € Q.
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Moreover, it is direct to check that

.1 log 2
1 —1 = — =
Jim —log ji([x[n]) 5

By the definitions (1.9)-(1.10), we have

—h,(0) for all x € Q.

log 2

————  ifx €y,
ST W) = 4 20
if Qs.
2log(5) et
Since p is supported on €2 = € U Qy, it follows that
— log 2 log 2
S, T, W) = ——= d S, T,W)=
so S(u, T,W) # S(u, T,W). O

Remark 8.2. One can check that the measure p constructed in Fxample 8.1 is not
ergodic with respect to o*. Actually in that example (or more generally, in the case
that T is an arbitrary finite tuple of contracting antidiagonal 2 X 2 real matrices),
if n is a o-invariant measure that is ergodic with respect to o2, then

S(n, T,W')=S(n,T,W') for al W' € G(2,1).
To see this, notice that T; is of the form

0 C;
di 0

fori=1,2,3. Hence forx € ¥ andn € N,
_ (uen(z) 0
T-TITZ'Q TmQTL*leQ’rL - ( 0 U2n(x)) ’

U'Qn(x) = Cg, d:cgcxgda:4 e szn_ldxzna UZn(z) = dzl C$2dl‘301‘4 Tt da;zn_l Cxop -

with

Since n is ergodic with respect to o2, by the Birkhoff ergodic theorem, for n-a.e. v €
X,

WE
M-

1
lim — logug,(z) =
n—00 1, .

(log(cid;))n([i7])

1

&
Il
—_

<
Il

Il
‘M“
NE

@
I
—

<
I

(log(c;) + log(d;))n([i])

j=1

I
.Mw

(log(cid;))n([i]).

=1

Similarly, for n-a.e. © € 3, limy, o0 = log v, (z) = S (log(csdi))n([i]). This is, the
two Lyapunov exponents of the cocycle x — T with respect ton are the same. Thus,

by Proposition 7.2(2), we have S(n, T,W') = S(n, T,W’) for all W' € G(2,1).
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Proposition 8.3. Let m > 2 and let T = (T4,...,T,,) be a tuple of 2 X 2 real

matrices of the form
0 C;
(%),

where 0 < |ci|,|d;| < 1 fori = 1,...,m. Then the following two statements are
equivalent.

(i) There exist distinct i,j € {1,...,m} such that |c;/d;| # |c;/d;].
(ii) There exist an ergodic measure u and a subspace W € G(2,1) such that

S(p, T,W) # S(pn, T,W).

Proof. The proof is based on Proposition 7.2(2). Notice that for each z € ¥ and
n €N,

(82) Tx|2n = dlag(UQn(x)a UQn(x))a
where
Uon (T) = Cpy Ay Caglyy * +* Cagyy 1Ay
(83) 2 ( ) 3%y
U2n<x> =y, CyydagCoy -+ gy Cay -
We first assume that |c;/dy| = |ca/do| = ... = |em/dm]. Then |ug,(z)| = |va,(2)]

for all z € ¥ and n € N. Consequently, for every ergodic o-invariant measure u
on ¥, the two Lyapunov exponents Ai, Ay of the cocycle x + T with respect to

p are equal. By Proposition 7.2(2), S(u, T,W) = S(u, T,W) for every subspace
W € G(2,1). This proves the direction (ii) = (i).

Next we assume that there exist distinct ¢,5 € {1,...,m} such that
|ci/di| # |cj/djl.

Without loss of generality, we may assume ¢ = 1, j = 2 and |c1ds| > |cady|. Let N
be a positive integer. Define two words A, B € {1,2}*" by

A= (12)V, B = (12)V121.
Then define a ¢?V-invariant compact subset Y of ¥ by
Y ={y=wws...w,...: w; € {A, B} and w;w;41 # BB for all i > 1}.
It is direct to check that the topological entropy of Y with respect to o*V satisfies

heop(Y,0*) = log (V5 +1)/2) ;

see e.g. [56, Theorem 7.13(ii)]. Define
2N-1

X=JdMm).
i=0
It is easy to check that ¢(X) C X and

Lhtop(Y, o) = L log ((\/g—l— 1)/2) :

X =
htOP( ) 0) 2N " 2N



Below, we show that when N is large enough, for every ergodic o-invariant measure
p supported on X with positive entropy, it holds that S(u, W) # S(u, W) when W
is either the z-axis or the y-axis.

From the constructions of Y and X, we see that for each x = (z,,)5°, € X, either

1 N -1
liminf —#{1 < k < n: zop_1x9p, = 12} > and
n—oo M
o1 N -3
hrfglofolf E#{l <k <n: wgropg = 21} > N
or
1 N -3
liminf —#{1 < k < n: zop_1x9p, = 21} > and
n—oo M
1 N -1
liminf —#{1 < k < n: wopwops1 = 12} > .
n—oo N,
Since |e1ds| # |cady], it follows that when N is large enough,
1 1
(8.4) lim sup — log |us, ()| # limsup — log vy, (z)|  for all x € X;
n—oo 1 n—oo N

as one of these two limits is close to log |¢1dz|, and the other one is close to log |cad |.

Now suppose that N is large enough so that (8.4) holds. Let p be an ergodic o-
invariant measure supported on X such that h, (o) > 0 (for instance, we may choose
w as an ergodic invariant measure on X with maximal entropy). Let A; > Aj be the
Lyapunov exponents of the cocycle x +— T with respect to p. By (8.2) and (8.3),
for p-a.e. x € X,

1 1
either  lim —log|ug,(z)| = A1, lim — log|ve,(x)| = A,

(8.5) 1 1
or fim o logluz(@)] = A lim 57 0g fean(@)| = A

This, combined with (8.4), implies that A; > Ay. Now write
) 1
Q= {x S 7}1_{{}0%10%@%(37” = Ag}.

By (8.3), 2 = 0720, and moreover, vy, (x) & uy,(cx) for each z € . It follows
from (8.5) that
w(QNo(2)=0 and pQQU()) =1,

which implies that u(Q) = 1/2. Let R? = @._, Ei(z), € ¥, be the associated
Oseledets splittings for the cocycle x +— T; and u. Let W be the y-axis, i.e.,
W ={(0,y): y € R}. Since u(2) = 1/2, we have

(8.6) pf{r €X' By(z) =W} =p{z ey EQ(;U):WL}:%.

Finally, notice that

Ay <log (max{lci|,...,|cml,|dil, - |dn|}) = A < 0.
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We may also require that NN is large enough so that
1
hiop(X,0) = 5 Tog ((\/5+ 1)/2) <A< A < A

Since p is supported on X, we have h,(0) < hiop(X, 0) (see e.g. [56, Theorem 8.6]).
It follows that

(8.7) ha(0) >0, hu(o)+ Ay < 0.

Since Ay > Ag, by (8.6), (8.7) and Proposition 7.2(2), we conclude that

S(p, T, W) # S(u, T,W),  S(u, T, W) # S(u, T,W).

This proves the direction (i) = (ii). O

9. FINAL REMARKS

In the section we give a few remarks.

In our main theorems, the assumption that [|T;]] < 1/2 for 1 < ¢ < m can
be weaken to max;;(||T;|| + ||7;||) < 1. Indeed the first assumption is only used
to guarantee the self-affine transversality condition (see Lemmas 5.4 and 6.2). As
pointed in [7, Proposition 10.4.1], the second assumption is sufficient for the self-
affine transversality condition.

In the special case where T; = p;O; for all 1 < ¢ < m, with 0 < p; < 1 and O;
being orthogonal, it is straightforward to verify that for each W € G(d, k) and every
s € [0, k], we have

©*(PwTr) = (p1)°

for I € ¥,. Furthermore, for each ergodic o-invariant measure p, the Lyapunov
exponents Ay, ..., A, for the cocycle x — T} with respect to p are all equal. Thus,
by the definition of dimapp(T, W) (see (1.4)) and Lemma 3.5, we have

dimapp(T, W) = min{dim W, dimapr(T)},

and

S, T,W) = S(p, T,W) = min{dim W, dimpy (x, T)}.

Therefore, in this case, there is no dimension drop regarding the projections of K?
and 72u for almost all a if p; < 1/2 for all i.

We remark that Example 8.1 provides a negative answer to a question posed in
[23, p. 709] whether every ergodic stationary measure associated with an affine IFS
is dimension conserving with respect to Py 1 for almost every subspace W (with
respect to the so-called Furstenberg measures); see the remark after [23, Theorem
1.6].
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APPENDIX A. MAIN NOTATION AND CONVENTIONS

For the reader’s convenience, we summarize in Table 1 the main notation and
typographical conventions used in this paper.

TABLE 1. Main notation and conventions

T
17
Ty
{2,
Ka

(2,0)

™y - K*?
G« b

Py

5]
dlmAFF(T)
diInAFF(T, W)
Matd(R)

HS

GLq(R)

G(d, k)

Yd,k

Sn (Ma Ta VVv .’I})
S(p, T, W, x)
S(u, T, W), S(u, T, W)
dimLy(,lJ,7 T)
P(o, {fn}nZ1)

A tuple (T4, ...,Ty,) of invertible d x d real matrices with ||T;|| < 1
ﬂl"'Tin fOI‘I:’Llln

(T7)*, where « stands for transpose

An IFS {T;z + a;}7™, on R? with a = (ay, ...
The attractor of {2},

One-sided full shift over the alphabet {1,...,m}

Coding map associated with {f2}, (cf. Section 1)

Push-forward of p by g, i.e. g = pog™!

Orthogonal projection onto W

Singular value function (cf. (1.3))

Integral part of s

Affinity dimension of T (cf. Definition (1.4))

(cf. (1.5))

The set of d x d real matrices

s-dimensional Hausdorff measure

The set of invertible d x d real matrices

Grassmann manifold of k-dimensional linear subspaces of R?

The natural invariant measure on G(d, k)

(cf (1.8), (1.9))

(cf (1.10))

(cf. (1.11))

Lyapunov dimension of p w.r.t. T (cf. Definition 2.14)
Topological pressure of a subadditive potential {f,}%2; on (3, 0)
(cf. Section 2.4)

Measure-theoretic entropy of p w.r.t. o

The i-th singular value of a d x d matrix A (cf. Section 1)
Smallest angle generated by an ordered basis v of an ambient space
(cf. Definition 2.3)

The i-th Lyapunov exponent of the cocycle z — T w.r.t. p
(cf. (2.13) or Theorem 3.1)

(cf. (4.1))

Topological pressure of the subadditive potential {log ¥, (-|n)}52,
Topological pressure of the subadditive potential {log v*(T7,)}7Z,

,am,) (cf. Section 1)

Smallest linear subspace of the ambient space that contains £
Pivot position vector of W € G(d, k) with respect to an ordered
basis v of R? (cf. Definition 2.6)
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