WEIGHTED THERMODYNAMIC FORMALISM AND APPLICATIONS

JULIEN BARRAL AND DE-JUN FENG

ABSTRACT. Let (X,T) and (Y, S) be two subshifts so that Y is a factor of X. For any
asymptotically sub-additive potential ® on X and a = (a,b) € R? with a > 0, b > 0,
we introduce the notions of a-weighted topological pressure and a-weighted equilibrium
state of ®. We setup the weighted variational principle. In the case that X,Y are full
shifts with one-block factor map, we prove the uniqueness and Gibbs property of a-
weighted equilibrium states for almost additive potentials having the bounded distortion
properties. Extensions are given to the higher dimensional weighted thermodynamic
formalism. As an application, we conduct the multifractal analysis for a new type of
level sets associated with Birkhoff averages, as well as for weak Gibbs measures associated
with asymptotically additive potentials on self-affine symbolic spaces.

1. INTRODUCTION

The classical thermodynamic formalism developed by Sinai, Ruelle, Bowen and Walters
plays a fundamental role in statistical mechanics and dynamical systems (see, e.g. [43, 46]).
It adapts to describe geometric properties of invariant sets and measures for situations in
which the statistics (box counting) carry all the useful geometric information (e.g. the
Hausdorff dimension of conformal sets and measures [10, 44], the topological entropy of
level sets of Birkhoff averages [8, 37, 38]). However it seems not so efficient when statistical
and geometrical point of views reveal different behaviors (e.g. the Hausdorff dimension
of non-conformal sets and measures). In this paper we develop the so-called weighted
thermodynamic formalism, which may provide a frame for which non-conformal geometry
can be understood through natural thermodynamical quantities. This is indeed the case for
the dynamics of expanding diagonal endomorphisms of tori. For instance, let m, > mg > 2
be two integers, let K C T? be a self-affine Sierpinski carpet invariant by T = diag(m1, m2),
and S denotes the map y — may(mod 1); let m be the restriction to K of the second
coordinate projection. Let a = (a,b) := (1/logmy,1/logmg — 1/logm;). Our starting
point is to substitute the a-weighted entropy hf (1) = ahy(T') +bh,or-1(5) to the classical
one in the variational definition of the topological pressure of any continuous potential ¢;
this yields the “a-weighted pressure” P?(T,¢) (in this setting, the Hausdorff dimension
of K obtained in [34, 6, 28] is P#(7,0)). Then, we derive the uniqueness and the new

Gibbs property for a-weighted equilibrium states associated with any continuous potential
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¢ satisfying the bounded distortion property, and prove for this case the differentiability
of the a-weighted pressure function of ¢, namely P?(T,q¢). This is used to establish a
bridge between this weighted thermodynamic formalism and the Hausdorff dimension of
invariant subsets of K, thanks to a fundamental result claiming that any invariant measure
1 is the limit, in the weak-star topology, of a sequence of a-weighted equilibrium states
whose a-weighted entropies converge to that of u. This property, as well as the Ledrappier-
Young type formula dimg v = h3(T) for any ergodic measure v (see [28]), are exploited
to find a sharp lower bound for the Hausdorff dimension of the set of generic points of
any invariant measure p, which turns out to be equal to hf(7T). It is also exploited to
conduct the multifractal analysis of a new family of level sets associated with the Birkhoff
averages of ¢. There, the Hausdorff dimensions of level sets are expressed via the Legendre
transform of P2(T, q¢).

In fact, our results hold in the more general framework for “self-affine symbolic spaces”

and almost additive potentials. Before formulating them, we first give some definitions.

We say that (X,T) is a topological dynamical system (TDS) if X is a compact metric
space and T is a continuous map from X to X. Assume that (X,7T) and (Y, S) are two
TDSs such that there is a continuous surjective map 7 : X — Y with 7" = S, that is,
Y is a factor of X with factor map w. Let ® = (log ¢,,)72; be a sequence of functions on
X. We say that @ is a sub-additive potential and write ® € C4(X,T) if ¢,, is non-negative

continuous for each n and there exists a constant ¢ > 0 such that

Gntm () < cdp(x)pm(T"x), Ve X, n,meN.

o0

21 is said to be

(we admit that ¢, takes the value zero). More generally, & = (log ¢,,)
an asymptotically sub-additive potential and write ® € Cqus5(X,T) if for any ¢ > 0, there
exists a sub-additive potential ¥ = (log )22, on X such that
lim sup — sup | log ¢ (z) — log tn(2)] < =,
n—oo T zeX
where we take the convention log 0 — log 0 = 0. Furthermore ® is called an asymptotically
additive potential and write ® € Cusq(X,T) if both ® and —® are asymptotically sub-
additive, where —® denotes (log(1/¢y))o2 ;. In particular, ® is called additive if each
¢n is a continuous positive-valued function so that ¢nim(z) = ¢n(x)dm(T7z) for all

x € X and m,n € N; in this case, there is a continuous real function g on X such that
dn () = exp(327 g(T'z)) for each n.

Let ® = (log ¢r,)52, be an asymptotically sub-additive potential on X. Let a = (a,b) €
R2 so that a > 0 and b > 0. We introduce
(L1) PA(T, ®) = sup{@.(n) + ahy(T) + bhyor1(S) : 0 € M(X, T},

where M(X,T') denotes the collection of T-invariant probability measures on X endowed

with the weak-star topology, h,(T) and h,.-1(S) denote the measure theoretic entropies
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of n and o1 (cf. [46]), and ®,(n) is given by

(1.2) B, () = lim ~ / log 6 () dn(z).

n—oo N

By subadditivity, the limit in (1.2) always exists (but may take the value —oo0). We call
P2(T, @) the a-weighted topological pressure of ®. A measure n € M(X,T) is called an

a-weighted equilibrium state of ® if the supremum in (1.1) is attained at 7.

When a = (1,0), we write P2(T, ®) simply as P(T', ®) and call it the topological pressure
of ®. We remark that P(T,®) is a natural generalization of the classical topological
pressure of additive functions, and it has been defined in an alternative way via separated
sets or open covers in [13].

Let v € M(Y,S). We say that u € M(X,T) is a conditional equilibrium state of ® with

1

respect to v if ponm™ = v and

(1.3) ®u(p) +hu(T) — hy(S) = sup{®@.(n) + hy(T) = hy(S) : € M(X,T), nor ' =v}.

In the remainder part of this section, we assume that X is a subshift over a finite
alphabet A, and Y a subshift over a finite alphabet D together with a one-block factor
map 7 : X — Y (see §2.1 for the definitions). Under this setting, the entropy function
is upper semi-continuous and hence the supremums in (1.1) and (1.3) are attainable. For
I € A", the n-th cylinder set [I] in A" is defined as

1= {(z)2, € AN 2y =T},
Similarly for J € D", let [J] denote the n-th cylinder set in DN. Our first result is the

following.

Theorem 1.1. Let a = (a,b) € R? so0 that a > 0 and b > 0. Let ® = (log¢,)%; be
an asymptotically sub-additive potential on X, i.e. ® € Cuss(X,T). Define a sequence
U = (log¢n)22, of functions on'Y by

1
Un(y) = Z sup bu(x)a, yev.
TeAn: [1jnm—1 (y)#0 €T (W)

_a o0
Set ;W = (log ( ;{“’))n:l. Then U and %5V are in Cqss(Y, S), moreover

PA(T,®) = (a+b)P (S, ai()xp)

(1.4)

. a+b
= lim

n—oo 1N

log SUp ().
JEZDn ye [J}OY

Furthermore, u € M(X,T) is an a-weighted equilibrium state of ® if and only if v = pon—!

is an equilibrium state of aLer‘l’ and, 1 is a conditional equilibrium state of %@ with respect
to v, where 1® denotes the potential (log( 71/&))20:1.
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Formula (1.4) can be viewed as a kind of weighted variational principle. To further
study weighted equilibrium states, we shall put more assumptions on ®. We say that
& = (log ¢,)02; is almost additive if ¢y, is positive and continuous on X for each n and

there is a constant ¢ > 0 such that
1
E(bn(m)(bm(T"w) < Ontm(x) < cpn () o (T"z), Ve X, n,meN.

For convenience, we denote by Cqq (X, T') the collection of almost additive potentials on X.
Furthermore we say that ® has the bounded distortion property if there exists a constant
¢ > 0 such that

1
(1.5)  =on(y) < on(z) < copn(y) whenever z,y € X are in the same n-th cylinder.
c

Following [11], a full supported Borel probability measure z on AY is called to be
quasi-Bernoulli if there exists a constant ¢ > 0 such that

_ 1J) >
1.6 CISLSC, VI, Je A" :=| | A",
(16) WD) U

here and afterwards, we use p(I) to denote u([I]) for I € A*, if there is no confusion.
For two families {a;}iez, {bi}iez of non-negative numbers, we write a; & b; if there exists
¢ > 0 such that (1/¢)b; < a; < ¢b; for all i € Z. Our next result is the following.

Theorem 1.2. Assume that X = AN and Y = DN are two full shifts andw: X —Y isa
one-block factor map. Let a = (a,b) € R? so that a >0 and b > 0. Let ® = (log ¢,)>; €
Caa(X,T). Assume that ® satisfies the bounded distortion property. Then ® has a unique
a-weighted equilibrium state, denoted as p. The measure p is quasi-Bernoulli and has the

following Gibbs property:

B —nPa(T, @)\  ¢(I)Y/e n
(1.7) ,u([)~exp< P> > D) IeA", neN,
where
d(I) := sup ¢p(z) for I € A" and P(J) := Z ()Y for J € D"
z€[l] I€A™: nl=J

1

Furthermore for v := pon ", we have

(1.8) v(J) =~ exp (W) Y(J)ats, JeD neN
and
(1.9) w(D)v(nl)? ~ ¢(I) exp(—nP*(T,®)), Ie A", neN.

A probability measure p (not necessarily to be T-invariant) on X is called an a-weighted
Gibbs measure, if there exists ® € Cqq(X,T) satisfying the bounded distortion property so
that (1.7) holds for u. Clearly, any a-weighted Gibbs measure is quasi-Bernoulli. As an
application of Theorem 1.2, we have the following result regarding the regularity property
of P2(T,).



Theorem 1.3. Under the assumptions of Theorem 1.2, let ®1,..., P4 € Coa(X,T) satisfy
the bounded distortion property. Then the map @ : R? — R defined as

d
q= (‘h?"'aqd) — P2 (T)ZQ1(I)1> y
=1
is C1 over R® with

VQ(q1,-- - qa) = (P1)«(ptq), - s (Pa)«(1q)),

where V denotes the gradient and pq is the unique a-weighted equilibrium state onle q; ;.

Using Theorems 1.2 and 1.3, we derive the following two results, which play key roles

in the multifractal analysis on self-affine symbolic spaces, and are of independent interest.

Theorem 1.4. Assume that X = AN and Y = DN are two full shifts and m: X — Y is
a one-block factor map. Let a = (a,b) € R? so0 that a > 0 and b > 0. Then for each fully
supported measure n € M(X,T) and each n € N, there is a unique measure p = pu(a,n,n)
in M(X,T) attaining the following supremum

sup{ahy (T) + bh,or-1(S) : p(I) =n(I) for all w € A"}

Furthermore pu(a,n,n) is the a-weighted equilibrium state of certain ® € Cuo(X,T) with
the bounded distortion property, and hence p(a,n,n) is a fully supported quasi-Bernoulli

measure.

Theorem 1.5. Under the condition of Theorem 1.4, for any n € M(X,T), there ezists a
sequence of a-weighted Gibbs measures (p1p)5>; C M(X,T) converging to n in the weak-
star topology such that

ahyy (T) 4 bl o1 (S) > ahy(T) + bhyor—1(S).

Furthermore,

lim ahy, (T) + bh,, on—1(S) = ahy(T) + bhyor—1(S).

n—oo

Remark 1.6. If we take a = (1, 1), due to the upper semi-continuity of the entropy, for any
w e M(X,T), Theorem 1.5 yields a sequence of quasi-Bernoulli measures (u, )52 ; which
converges to p in the weak-star topology, such that we have both lim, .o by, (T') = h,(T')
and limy, o0 by 0r-1(S) = hyor—1(S). Moreover, one can deduce from Theorem 1.2 that
for any a = (a,b) with @ > 0 and b > 0, each invariant quasi-Bernoulli measure is the
a-weighted equilibrium state of some almost additive potential satisfying the bounded

distortion property.

Now we present our results about the multifractal analysis on self-affine symbolic spaces.

In the remainder part of the section, we always assume that X = AY and Y = DN are
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FiGURE 1

two full shifts and w: X — Y is a one-block factor map. Endow X with a metric d, as
follows:

da(z,y) = max (e—myva, e—\mwy|/<a+b>)7
where |z Ay| =inf{k > 1: = #yr} — 1 and |7z Any| = inf{k > 1: 7xy # 7y} — 1.
The space X, endowed with the metric da, is called a self-affine full shift. Indeed if
(1.10) e"a sup#nH{j} <1 and e~ atb “H#D < 1,

j€D

the space (X, d,) is Lipschitz equivalent to a planar self-affine set generated by a linear

iterated function system {S;}ica with
1
Sz(may) = (6_%$+0i, e_my+dﬁ(z)) > i €A,

where (c¢;)iea and (dj)jep are chosen so that S;([0,1]?)’s are rectangles inside [0, 1]? dis-
tributed as in Figure 1. Such sets belong to a broader class of self-affine sets studied by

Lalley and Gatzouras in [31].
For p € M(X,T), define the set of generic points of u as

(1.11) Gp) = {x e X : lim 29 _ /gd,u, Vge C(X)},

n— oo n

where C(X) denotes the collection of real continuous functions on X, and S,g(z) =
sy 9(Thx).

At first, we deal with the Hausdorff dimension of the sets of generic points of invariant
measures. When a = (1,0), this result is well known (cf. [8, 12, 39, 18]).

Theorem 1.7. Let pp € M(X,T). We have G(u) # 0 and dimpy G(p) = ah,(T) +
bhyor1(S).
Qo



Next we consider the level sets for Birkhoff averages of asymptotically additive po-
tentials on X. Let & = (®1,...,®;) € Cuso(X,T)%, where ®&; = (log ¢ni)o>,. For
a=(a,...,aq) € R define

Eg(a)={ze X : lim l1og¢m-(gc) = for 1 <i < dj.
n—oo n
For p € M(X,T), write

®.(1) = (@1)(p), - (Da)<(1)):
Define
Lo ={®.(1): pe M(X,T)}.

Theorem 1.8. For a € R?, Eg(a) # 0 if and only if « € Lg. Furthermore for o € Lgp,
we have
dimpy Eg (o) = max{ah,(T) + bh,or-1(S) : p € M(X,T), ®.(n) =}
= inf{P?(T,q-®) —a-q: qe R},
where q - ® denotes the potential Zle ¢i®; for 4 = (q1,...,q94), and - q denotes the
standard inner product of a and q. Moreover, if Lg is not reduced to a singleton, then
{z € X : lim,,_,oo ®,(x)/n does not exists} is of full Hausdorff dimension.

The above theorem can be extended in an elaborated way. Let &), &(2) ¢ Casa(X,T),
where 80) = (@, ..., 0) with @) = (1og¢{)™ | € Casa(X,T). Let ¢ = (c1,¢2) €

R2, where c1, ¢y > 0. Denote for a = (o, ..., aq) € RY,
2
. 1 () )
E = X:1 1 Do ()= for 1 <i<dy,
<1><1),<1>(2>,c(0<) {90 € nl_{goz; le;n] 0g¢LcjnJ,z($) o for 1 <1< }

where |cjn] denotes the integral part of ¢;n.

Theorem 1.9. Under the above setting, set ® = Z?Zl ®U). Then for a € RY,
Egt) 2 () #0 <= FEa(a) #0) <= a € Ls.
Furthermore for a € Lg, we have
dimpg Eg) o2 (@) = dimp Ee(a)
= max{ah,(T) + bhor-1(S) : p € M(X,T), ®.(n) =}
= inf{P?(T,q-®) —a-q: qecR}.
Moreover, if Lo is not reduced to a singleton, then X\ U,er, E¢(1)7(I>(2)?c(a) is of full

Hausdorff dimension.

The level sets E¢(1)7(I>(2)7C(O[) do depend on c (see Example 5.7). However, by Theorem
1.9, dimg Eq,<1)7¢(2)7c(a) does not depends on c. It is quite interesting. As a natural
application, we shall use Theorem 1.9 to study the multifractal analysis of certain measures

on X. Let ® = (log ¢,)%; € Casa(X,T). A probability measure p is called an a-weighted
7



weak Gibbs measure of ® if there exists a sequence (kp)>2; of positive numbers with

lim,, . (1/n)log Kk, = 0, such that
AD)/kn < (D) < kAL, Te A",

where A(I) := exp <7"IZ:§’¢)> Mfgg/l(/;b) is the term in the right hand side of (1.7). We

recover the usual weak Gibbs measures when a = (1,0) and ® is the sequence of Birkhoff

sums associated with a continuous potential over X (cf. [49, 29]). Our last theorem is the

following.

Theorem 1.10. Let & = (log¢,)02, € Casa(X,T). Then there exists at least one a-
weighted weak Gibbs measure of ®. Let p be such a measure. For o > 0 we define

Eu(a) = {z € X : lim logu(B(z;r) _ a}.

r—0+ logr
Let Uy = (log pu(w),))o2, o = (log o (mxy,))o2,, and ¥ = a¥y + bWy, where x),, :=
x1...xy forz = (24)72, € X. Then Wy, ¥y and ¥ belong to Cusq(X,T). Furthermore, let
L,=L_g={-%.(\):Xe M(X,T)}. Then, for all « > 0, E, (o) # 0 if and only if
ae€ L, ForacL,, wehave
dimy E,(a) = sup{ahy(T) + bhyor-1(S) : A € M(X,T), ¥,(\) = —a}
= inf{P*(T,q¥) + ag: ¢ € R}.

Remark 1.11. It is worth mentioning that the concatenation of measures play a crucial
role in our geometric results. At first, the computations of Hausdorff dimensions are
based on a kind of constructions of Moran measures obtained by the concatenation of
quasi-Bernoulli measures. This method strongly depends on Theorem 1.5. In the classical
case for which b = 0, one can construct either Moran measures by concatenating Markov
measures (see e.g. [12]), or Moran sets directly (see for instance [17, 19]). This second

approach seems not efficient when b #£ 0.

Also, the existence of (weighted) weak Gibbs measures for a given asymptotically addi-
tive potential @ is obtained by concatenating (weighted) Gibbs measures associated with

Holder potentials converging to ®.

Remark 1.12. (1) We mention that (1.4) is obtained independently in [48] for & = 0.

(2) Theorem 1.2 has been partially extended in [21] to the case that X is a subshift

satisfying specification. For example, the uniqueness of weighted equilibrium states

is proved for almost additive potentials with the bounded distortion condition.

This solves a question of Gaztouras and Peres about the uniqueness of invariant
measures of maximizing weighted entropy (cf. [24, Problem 3]).

(3) Special cases of Theorems 1.8 and 1.10 have been obtained in [2] and [30, 2] re-

spectively when d = 1 and under the bounded distortion assumption, except for

the endpoints of the spectra which are not captured by the methods developed in

these papers. Moreover, those methods cannot be extended to the case of general
8



almost additive potentials. Also, the results on multifractal analysis of Birkhoff
averages and quasi-Bernoulli measures in those papers are not unified, while it is
the case in the self-similar case b = 0. The weighted thermodynamic formalism in-
troduced in this paper makes it possible to have a simple and unified presentation
of the results concerning both questions.

(4) Reduced to the case b = 0, Theorems 1.8-1.9 cover the previous works on the mul-
tifractal analysis of almost additive potentials and related measures on symbolic
spaces with the standard metric (see [40, 37, 5, 17, 19, 4] and references therein).

(5) Following the works achieved in [30, 36, 1] for almost additive potentials satis-
fying the bounded distortion property, it is possible to conduct the multifractal
analysis of the projections of weak Gibbs measures on the planar self-affine sets
described above when conditions (1.10) hold. We will not discuss such geometrical
realizations in this paper.

(6) It is worth to point out that Falconer gave a variational formula for the Hausdorff
dimension for “almost all” self-affine sets under some assumptions [15], and for
this case Kéenmaéki showed the existence of ergodic measures of full Hausdorff
dimension on the typical self-affine sets [27]. See [26] for a related result on the

multifractal analysis.

The paper is organized as follows. Some definitions and known results on sub-additive
thermodynamic formalism on subshifts are given in Section 2. The proofs of Theorems 1.1-
1.5 on the weighted thermodynamic formalism are given in Section 3. In Section 4, we
present the higher dimensional weighted thermodynamic formalism. Since the proofs
of the result are very similar to those used in the 2-dimensional case, we omit them.
Then, in Section 5 we present and prove the extensions to the higher dimensional case of
Theorems 1.7-1.10. Indeed, for these results, the higher dimensional case is more involved,

due to the upper bound estimates for Hausdorff dimensions.

2. SUB-ADDITIVE THERMODYNAMICAL FORMALISM ON SUBSHIFTS

In this section, we present some definitions and known results about sub-additive ther-

modynamical formalism on subshifts.

2.1. One-sided subshifts over finite alphabets. Let p > 2 be an integer and A =
{1,...,p}. Denote

AN = {(2)2°, : z;€ Afori>1}.
Then AN is compact endowed with the product discrete topology ([33]). We say that
(X,T) is a subshift over A, if X is a compact subset of AN and T(X) C X, where T is
the left shift map on AV defined as

T((2:)2) = (xis1)i2y, ¥ (25)52, € AV
9



In particular, (X, T) is called the full shift over A if X = AN, For any n € Nand I € A",

we write
] = {(zi)i2; € AN, = I}
and call it an n-th cylinder in AN,

Let (X,T) and (Y,S) be two subshifts over finite alphabets .4 and D, respectively. We
say that Y is a factor of X, if there is a continuous surjective map 7 : X — Y such that
7l = Sw. Here 7 is called a factor map. Furthermore 7 is called a one-block factor map

if there exists a map 7 : A — D such that
m((2)21) = (7(xi) 2y, V()2 € X.

It is well known (see, e.g. [33, Proposition 1.5.12]) that each factor map 7 : X — YV
between two subshifts X and Y, will become a one-block factor map if we enlarge the

alphabet for X and recode X appropriately.

2.2. Sub-additive thermodynamical formalism. For the reader’s convenience we re-
call some definitions. Let (X,7T) be a subshift over a finite alphabet A. A sequence
O = (log ¢p,)02 4 is called a sub-additive potential on X and write ® € C4(X,T), if each ¢,

is a non-negative continuous function on X and there exists ¢ > 0 such that
Grtm(x) < cpp(z)pm(T"x), Ve X, n,meN.

More generally, ® = (log ¢,,)22 ; is said to be an asymptotically sub-additive potential and
write ® € Cyss(X, T) if for any € > 0, there exists a sub-additive potential ¥ = (log ¢, )22 ;
on X such that

1
lim sup — sup | log ¢, (x) — log ¢ (z)] < €,

n—oo T zeX
where we take the convention log 0 —log 0 = 0. Furthermore @ is called an asymptotically
additive potential and write ® € Cusq(X,T) if both ® and —® are asymptotically sub-
additive, where —® denotes (log(1/¢n))o2 ;.

Let M(X,T) denote the set of T-invariant Borel probability measures on X endowed
with the weak-star topology. For u € M(X,T), let h,(T) denote the measure-theoretic
entropy of p with respect to 7', and write

.1
(2.1) O, () = lim / log ¢ () dp(x).
X

n—oo N

The existence of the limit (which may take value —oo) in (2.1) follows from the sub-

additivity of ®. The following lemma will be useful.

Lemma 2.1 ([22]). Let ® = (log ¢y,)02 € Coss(X,T). Then we have the following prop-

erties.
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(i) Let p € M(X,T). The limit Ao(z) = limy oo + l0g ¢y () exists (which may take
value —o0) for p-a.e. z € X, and [Mo(z) du(xz) = ®.(un). When p is ergodic,
Ao (x) = Dy (p) for p-a.e. x € X.

(ii) The map &, : M(X,T) — R U {—o0} is upper semi-continuous, and there is
C € R such that for all p € M(X,T), Xo(z) < C p-a.e and ®.(pn) < C. If
O € Coso(X,T), Dy is continuous on M(X,T).

(iii) ® € Cusa(X,T) if and only if for any € > 0, there exists a continuous function g
on X such that

1
limsup — sup |log ¢, () — Spg(x)| <,
zeX

n—oo

where Spg(x) = Z?;é 9(Tix).

Remark 2.2. According to Lemma 2.1(iii), for p € M(X,T), the set G(u) of generic
points of p defined as in (1.11) is just equal to

{x € X: lim 710g¢"($)

n—oo n

— (), VP = (10g )2t € Cana(X, T)} |

For @ = (log ¢,)22 € Cass(X,T'), and a compact set K C X, define
(2.2) P.(T,?,K) = Z sup  ¢n(x).

TeAr, [[nK 0 *EHINK

and

1
(2.3) P(T,®,K) = limsup — log P,,(T, ®, K).

n—oo M

The following variational principle was proved in [13] when ® € Cs(X,T). As pointed
in [22], it holds also for ® € Cys5(X,T).

Proposition 2.3. Let P(T,®,X) be defined as above. Then for any ® € Cuss(X,T), we

have the following variational principle:
(2.4) P(T,0, X) = sup{@. () + h(T) : € M(X,T)}.
We call P(T,®) := P(T,®, X) the topological pressure of ®.

Remark 2.4. When ® = (log ¢,,)52 ; is an additive potential, i.e.,

n—1
On(x) = exp <Z ng(Tix))
i=0

for a continuous function ¢ on X, the above proposition comes to the Ruelle-Walters

variational principle for additive topological pressures (see e.g. [42, 43, 45]).

We say that p € M(X,T) is an equilibrium state of ® if the supremum in (2.4) is

attained at p. Note that ®.(-) is upper semi-continuous on M(X,T) (cf. Lemma 2.1(ii)),
11



and so is h(.y(T) for subshifts. Hence ® has at least one equilibrium state. In the following,

we consider the case when ® has a unique equilibrium state.

We say that ® = (log ¢,,)02; is almost additive if ¢,, is positive and continuous on X
for each n and there is a constant ¢ > 0 such that

1
E(Z)n(a:)gbm(T"a:) < Gpam(x) < cop(z)dm(T"x), Ve X, n,meN.
For convenience, we denote by Cuq(X,T') the collection of almost-additive potentials on
X. Clearly Coo(X,T) C Cusa(X,T).
For ® = (log ¢,)0% € Cass(X,T), we say that ® has the bounded distortion property if

there exists a constant ¢ > 0 such that

1
—on(y) < op(z) < copn(y) whenever x,y € X are in the same n-th cylinder.
c

Proposition 2.5. Let (X,T) be a full shift or mizing subshift of finite type. Let & =
(log )22 € Caa(X,T). Assume that ® has the bounded distortion property. Then ® has
a unique equilibrium state p. Furthermore, there exists a constant ¢ > 0 such that for any
neNand x = (z;)2, € X,

el

N eXp(—nP(T,(I))) <Z>n($)

Proposition 2.5 was first proved in [23, 20] for special almost additive potentials given
by
n(w) = |M(z)M (Tz)... M(T" '2)||, neN,

where M is a Holder continuous function taking values in the set of d x d positive matrices.
It was completed into the present form by Barreira [3] and Mummert [35] independently.
We remark that Proposition 2.5 extends the classical theory about equilibrium states for

additive continuous potentials with the bounded distortion property (cf. Bowen [9]).

2.3. Relativized sub-additive thermodynamic formalism. Let 7 : X — Y be a
one-block factor map between two subshifts (X,7") and (Y, S). The following relativized
variational principle was proved in [47] for sub-additive potentials under a general random
setting by using an idea in [13]. It does hold for ® € C,s5(X,T) by modifying the proof in
[47] slightly. This extends the relativized variational principle of Ledrappier and Walters
[32] for additive potentials.

Proposition 2.6. Let ® € Cys5(X,T) and v € M(Y,S). Then

(2.5) SUp{®, (1) + h(T) — (S} = / (T, &, 7\ (y)) du(y).

where the supremum is taken over the set of u € M(X,T) such that pon! = v,

P(T,®, 7 Y(y)) is defined as in (2.3).
12



By the upper semi-continuity of ®.(-) and h((T) on M(X,T), the supremum in (2.5)
is attainable. Any measure yu € M(X,T) for which the supremum in (2.5) is attained at

w is called a conditional equilibrium state of ® with respect to v.

3. WEIGHTED THERMODYNAMIC FORMALISM

3.1. The proof of Theorem 1.1. Throughout this section, we assume that X is a
subshift over A, Y a subshift over D and # : X — Y a one-block factor map. The

following lemma plays a key role in the proof of Theorem 1.1.

Lemma 3.1. Let & = (1og 6n ()% € Cass(X,T) and v € M(Y,S). Then we have
(3.1) sup{®. (1) + hu(T) = hy () : p€ M(X,T), por ' =v} = V. (v),
where U = (log 1,)°, € Cass(Y, S) is defined by

bay)= > s éu(a).

TeA™: [TINnm—1(y)#0 ze[llNm—1(y)

Proof. By Proposition 2.6, the left-hand side of (3.1) equals [ P(T,®, 7 1(y)) dv(y). How-
ever by (2.3)-(2.2),
P(T,®, 7 (y)) = hmsup—logP (T,®, 7 1 (y))
and
PT, @, 7 ' (y) = >, sup ().
TeAn: [Ijnm—1(y) *€UINT1 ()
Clearly v, (y) = P, (T, ®, 7 !(y)). It is direct to check that ¥ = (log1),,)°%; € Cuss(Y; S).
Hence by Lemma 2.1,

U, (v) = /limsup log ¥ (y /P (T,®, 7 (y)) dv(y).
This finishes the proof of the lemma. O

Proof of Theorem 1.1. Clearly we have
sup{ @ (1) + ahy(T) + bhyor—1(S) : p € M(X,T)}
(3.2) = sup{®.(u) + ahy(T) + bh,(S) : v € M(Y,S), p € M(X,T), porn* =v}
=sup{A(v) + (a +b)h,(S) : v e M(Y,S5)},
where A(v) := asup{2®,(u) + hu(T) — ho(S) : p€ M(X,T), port =v}

By Lemma 3.1, we have A(v) = aV¥,(v), where ¥ = (log 1) ; € Cuss(Y,S) is defined
as
Un(y) = > sup (@)

IeA™: [IINm=1(y)#0 ze[llNnT—1(y)
13



Hence by (3.2) and Proposition 2.3, we have
sup{®. (1) + ahy(T) + bhyor—1(S) : p€ M(X,T)}
= sup{a¥.(v)+ (a + b)h,(S): ve M(Y,S)}

(3.3) = (a+b)sup {aibq’*(”) +ho(S): ve MY, S)}

a+b

a a
=(a+0b)P <S, \I/> = lim log sup Py (y)ate.
a+b J;n yelJIny !
This proves the first part of Theorem 1.1. The second part follows directly from (3.3) and

(3.2). O

3.2. The proof of Theorem 1.2. Throughout this section, we assume that X = AN
and Y = DN are two full shifts over finite alphabets, and 7 : X — Y is a one-block factor

map. To prove Theorem 1.2, we need some auxiliary results.

Lemma 3.2. Assume that ® € Cuo(X,T) and that ® satisfies the bounded distortion prop-
erty. Let v € M(Y,S). Then [, P(T,®, 7 (y)) dv(y) = V.(v), where ¥ = (log¢n )52, €
Caa(Y,S) is given by
Un(y) = D supou(z), Yy=(u)Z €Y.

TE€A: TI=y; ...y, TEU]
Furthermore

SUp{D, (1) + hu(T) — h(S)} = W (v),
where the supremum is taken over the set of u € M(X,T) such that pon ' =v.

Proof. 1t follows directly from Lemma 3.1 and the bounded distortion property of ®. [

Proposition 3.3. Assume that ® € Cuo(X,T) and ® satisfies the bounded distortion
property. Let v € M(Y,S) so that v has the quasi-Bernoulli property. Then ® has a
unique conditional equilibrium state p with respect to v. Furthermore there is a constant
c > 0 such that

- (1)
3.4 i< <e¢, YneN ITeA* JeD"
4 Do) [(T)

where ¢(I) 1= sup,eiy ¢n(x) for I € A and Y(J) =3 e pn. pj=y @) for J € D".

Proof. We first construct u € M(X,T) such that pon~! = v and p satisfies (3.4). Here
we adopt an idea from [23]. Since ® € Coq(X,T) and & satisfies the bounded distortion
property, it is direct to check that ¢ and ¢ are quasi-Bernoulli in the sense that
(L 1) = ¢(I)p(Iz), T, Iye A* =] A",
n>1
and
Y(J1lo) = p(J)Y(J), Ji,Jy €DF = | D",

n>1
14



where for two families of positive numbers (a,) and (by,), we write (a,) = (b,) if ay /by, is

bounded from below and above by some positive constants.

For each integer n > 0, let B, be the o-algebra generated by the cylinders [I] in X,
I € A". We define a sequence of probability measures (1), on B, by

pn(I) = v(rD)¢(I)/(xI), vV Ie A"

Then there is a subsequence (fin, )r>1 converging in the weak-star topology to a probability
measure . We claim that g satisfies (3.4). To see this, for any I € A" and p > n, we

have

) = Y L) = Y v(r(IL)¢(IN)/$(r(IT))

heAr I eAP—n
v({=1)e(d) virl)oln) _ _
D 2 k) = EDeDED

Letting p = ng 1 oo, we obtain u(I) = v(wl)éd(I)/¢(nl), as desired.

Let p be a limit point of the sequence % (ﬁ +poT 4. . 4o T_(”_l)) in the weak-
star topology. Then p € M(X,T) (cf. [46, Theorem 6.9]). Note that for any I € A™ and
p=0,

GoT™P(I) = > ALl = Y v(x(I)$(II)/¢(x(II))

I,e AP I AP
v(rl)$(I) 3 v(rli)g(lh)

W) 2 wGeny  TDADRED:

Hence we have p(I) ~ v(nl)¢(I)/¢(nI). 1t is clear that p is quasi-Bernoulli. Hence p is
ergodic (cf. [46, Theorem 1.5(iv)]). Also, by construction, we have o 7w~ (wI) ~ v(nI)

(I € U,>1 A"). Since both po 77! and v are ergodic, we have por~ ! =wv.

Next we show that p is a conditional equilibrium state of ® with respect to v. Write
for n € N,

by = — (Z (1) log u([)) + ( > ) logu(J)> .
ITeA™ JeDn

Then (t,)n>1 is sub-additive in the sense that ¢, < t, + ¢, for any n,m € N (cf. [14,

Lemma 1}), and hence

(3.5) hu(T) — hy(S) = lim t,/n = ingtn/n.
n—00 ne

For two families of real numbers {a;};c7 and {b;}icz, we write a; = b; + O(1) if there is

a constant ¢ > 0 such that |a; — b;| < ¢ for each i € Z. By the quasi-Bernoulli property of
15



u and v, we have
[ 10860(a) duta) + 1,

=0(1) + < > ) log ¢(I) — p(1)log M(I)>

IeA™
+ Z J)logv(
JeDn

JeDn IeA™: wl=J
7!
=0+ Y v(J) Y o)
JeDn IcA: nl=J

=0+ > v(J)logd(J),

JeDn

~

logy(J) (by (3.4))

Dividing both sides by n and letting n — oo, we obtain
D, (1) + hyu(T) = hy(S) = Vu(v).

Hence by Lemma 3.2, y is a conditional equilibrium state of ® with respect to v.

In the end, we prove that p is the unique conditional equilibrium state of ® with respect
to v. Here we adopt an idea due to Bowen (cf. [9, p. 34-36]). Assume that p/ # p is

1

another conditional equilibrium state of ® with respect to v. That is, p’ o7~ " = v and

(3.6) (1) + hy(T) = h(S) = T (v).

Without loss of generality we may assume that p’ is ergodic (otherwise, we may consider
the ergodic decomposition of y’). Then y’ and p are totally singular to each other. Hence
for each € > 0 and sufficiently large n, there exists a set F), which is the union of some
n-th cylinders in X, such that

(3.7) w(F,) <e and p'(F,)>1-—c¢.
It is direct to check that

‘n‘ll*(y) -3 v logw(J)‘ —0(1) and

JeDn

=3 D) log (I ) o(1).
IeAn
16
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Hence for X € {u, 1/} we have

= > MI)log¢(I)+O(1)

Ie A™

=Y A)log” )(() o(1)

IeAn

¥(J)

I
— Ilo (J)lo +0(1)
( s ) ( : <J>>
= ( I)log p(1 ) ( (J)log u(J)) +n¥.(v)+0(1).
IeAm JeDn

Hence, by (3.6) and applying (3.5) to ¢ we have

0 < nd, (1) - (Z (1) 10gu’(1)> - ( > ) 1ogu<J>> 0

IeAn JeDn

= Z [—,u/(f) log 1/ (I) + ' (I) log,u(l)} +0(1)

IeAn

— Z [— W (I log p' (I) + ' (I) 10gu(.7)}

[I|CFn
+ > [ @ ogu (1) + W(Dlog u(D)] +O(1)
[TICX\Fn

< ' (F)log pu(Fy) + p' (X \Fp) log (X \Fy,) +2 sup (—slogs) +O(1),
0<s<1

where for the last inequality, we use the elementary inequality (cf. [9, Lemma 1.24])

k k
> (=pilogp; + piloga;) < slog» a; —slogs, s:=» pi, pi > 0.
i=1 i=1 '
It leads to a contradiction since by (3.7), p/(F),)log u(F,) — —oo as € — 0. This finishes
the proof of Proposition 3.3. O

Proof of Theorem 1.2. Assume that ® = (log ¢,)5%; € Caa(X,T) satisfies the bounded
distortion property. Let a = (a,b) € R? so that a > 0 and b > 0.

Write ¢(I) = sup,eiy ¢n(z) for I € A" and ¢(J) = suprean: 1=y o(I)'/e for J € D™
Define ¥ = (logv,)5%; by ¥n(y) = ¥(y1...yn). By the assumption on ®, we have
U € Cuq(Y, S). By Theorem 1.1 we have

a

Pa(T,@):(a+b)P(S,aLMx1/) — lim 200 3 ( 3 ¢(1)%>“Tb.

n—oo n
JeDn  IeA™: wl=J

Let 4 be an a-weighted equilibrium state of ® and v = por~!'. By Theorem 1.1, v is an

equilibrium state of ;53 ¥ and p is a conditional equilibrium state of é@ with respect to
17



v. Since 55V € Cua(Y, S) and satisfies the bounded distortion property, by Proposition
2.5, v is unique and it satisfies the Gibbs property:
a —nP?(T,® a

v(J) ~ exp (—nP (S, aiﬂ)) B(J)at = exp <”a+(b)> W(J)ate
for n € Nand J € D™. This proves (1.8). Since v is quasi-Bernoulli, applying Proposition
3.3 to the potential %@, we see that p is unique and satisfies the Gibbs property:

: NI
D)~ (D)D) fotat) = oo (- ) SO

for n € N and I € A™. This proves (1.7). Note that (1.9) follows directly from (1.7) and
(1.8). This finishes the proof of Theorem 1.2. O

3.3. The proof of Theorem 1.3. To prove Theorem 1.3, we need the following result

which is just based on classical convex analysis.

Proposition 3.4 ([22], Proposition 2.3). Let Z be a compact convex subset of a topological
vector space which satisfies the first aziom of countability (i.e., there is a countable base
at each point) and U C RY a non-empty open set. Suppose f: U x Z — RU{—o0} is a

map satisfying the following conditions:

(i) f(q, ) is convex in q;

(i1) f(q,2) is affine in z;

(i) f is upper semi-continuous over U X Z;
)

(iv) g(q) :==sup,cz f(q,2) > —o0 for any q € U.

For each q € U, denote I(q) := {z €Z: flq,2) =g(q )} Then
= U o7
z€Z(q)
where 0f(q, z) denotes the subdifferential of f(-,z) at q.

Proof of Theorem 1.3. In Proposition 3.4, we let U = R? Z = M(X,T), and define
f:UxZ—Rby

qu +ah ( )+bhp,o7r*1(s)7 q:(Qb---an)-

Set g(q) = sup,cy f(q,2) = PA(T, %, ¢;®;). Since ®; € Coa(X,T), 1 — (¥;)u(p) is
continuous on M(X,T) (see Lemma 2.1(ii)). Thus, f and g satisfy the assumptions (i)-
(iv) in Proposition 3.4. However by Theorem 1.2, Z(q) = {uq} is a singleton for each
q € R%. By Proposition 3.4, Vg(q) = ((®1)«(tiq); - -, (®a)«(pq)). Since g is convex and
differentiable on RY, it is C! on R? (see, e.g. [41, Corollary 25.5.1]). This finishes the
proof of Theorem 1.3.

g
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3.4. The proofs of Theorems 1.4 and 1.5.

Proof of Theorem 1.4. Fix n € N. Denote by €2, the collection of probability vectors
P = (p(w))wean in RA" satisfying

Zp(sxg ce Xp) = Zp(xg ...xne)  for any word zo... 1z, € A"
eeA eeA

It is clear that ©, is a convex compact subset of RA". In fact, Q, is the image of the

following map
ne€MX,T)— (n(I))rean-
(cf. [17, p. 232]). Define a function f: Q, — R by
(38)  f(p) = sup{ahy(T) + bhyor1(S) : 1€ M(X,T): (1(D)1can = p}.

The following properties of f can be checked directly.

Lemma 3.5. The map f : Q, — R is concave, bounded and upper semi-continuous.

Extend f to a function on R4" by
f(p)=—oc for p e RA"\Q,
and define f*: RA" — R by

39  f@)=swp{f(P)+p-a: peRY} =sup{f(P)+pP -a: PEN},

where p - q denotes the standard inner product of p and q in R4". Since f is a bounded

upper semi-continuous concave function on £2,, we obtain

(3.10) fp)=if{f(a@)—p-q: qeRY'},  peQ,

by using the duality principle in convex analysis (cf. [41, Theorem 12.2]). By (3.8) and
(3.9), we have

Lemma 3.6. For q = (¢(I))jean € RA",

f*(q) = sup { ( > q(I) /xm dn) + ahy(T) + bhyor—1(S) : n € M(X, T)}
IeA”

=p2 <T, > q(I)<I>1> :

weA"
where x| denotes the indicator function of [I], and ®; denotes the additive potential

(Z;’g}l X[1] (T%))OO_I. Furthermore denote by p the a-weighted equilibrium state of
Yorean A(1)®r and let p = (u(1))rean. Then p € ri(Q2y,) and f(p) = ah,(T)+bh,or-1(S5),

where ri(A) denotes the relative interior of a conver set A.
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By Lemma 3.6 and Theorem 1.3, f* is differentiable on RA". Hence by Corollary 26.4.1
in [41] and (3.10), for any p € ri(£,), there exists q € RA" such that

Vii(a) =p.

It is easy to check that ri(€2,) consists of the strictly positive vectors in €2,,. However, by
Lemma 3.6 and Theorem 1.3,

V(@) = (iI)) reqn s

where p = pq is the a-weighted equilibrium state of ) ;. 4» ¢(1)®7. By Theorem 1.2, g
is quasi-Bernoulli. Thus for each positive vector p in €2, there exists a quasi-Bernoulli

measure jiq such that (1q());c 4» = P- By Lemma 3.6, we do have
ahy, (T) + bhuqoﬁ_l(S) = f(p)
= sup{ahy(T) + bh,or—1(S) : n € M(X,T): (n(I))rean = P}
Furthermore, the measure p which attains the supremum is unique, because each such

a measure is a a-weighted equilibrium state of ) ;. 4n ¢(1)®;. This finishes the proof of
Theorem 1.4. O

Proof of Theorem 1.5. First assume that 7 is fully supported. Let u, = p(a,n,n) as in

Theorem 1.4. Then the sequence (py,)52, is desired in Theorem 1.5.

Now consider the general case. Let n, = (1 — 1/n)n + (1/n)ny, where 1y denotes the
Parry measure on X. Clearly, 7, is fully supported. Denote u,, = u(a,n,,n). Then
()50 is desired. O

4. HIGHER DIMENSIONAL WEIGHTED THERMODYNAMIC FORMALISM

In this section, we present the higher dimensional versions of our main results. Since

the proofs are essentially identical to those in the two dimensional case, we just omit them.

Let k > 2. Assume that (X;,T;) (i = 1,..., k) are subshifts over finite alphabets .4; such
that X;41 is a factor of X; with a one-block factor map 7; : X; — X;1 1 fori=1,...,k—1.
For convenience, we use my to denote the identity map on X;. Define 7; : X1 — X;11 by

Tm=momi_10---omg fori=0,1,...,k—1.

Let a = (a1,...,a;) € R¥ so that a; > 0 and a; > 0 for i > 1. For ® € Cuss(X1,T1).
We define the a-weighted topological pressure of ® as

Pa<T17q)) = sup {(I)*(/’L) + hZ(Tl) Lpe M(XlaTl)} )
where hz(Tl) is the a-weighted topological entropy defined as

k
Wa(T) = @il (T).
=1
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Clearly the supremum is attainable. Each measure p which attains the supremum is called

an a-weighted equilibrium state of ®.

For i =1,...,k — 1, we define 0; : Cuss(Xs,T;) — Cass(Xit1,Ti+1) by (log ¢n), —

(logp)o2 , where
A;
Yn(y) = Z sup an(x)l/Ai
TeAp: [Ny (y) 20 “EHNT " @)

for y € Xjy1, with A; = a1 + --- + a;. In particular, let S,55 denote the collection of
asymptotically sub-additive additive (scalar) sequences (log ;)22 ; (a sequence (logcp)2 4,
where ¢, > 0, is called asymptotically sub-additive if, for any € > 0, there exists a sequence
(dn)2y, so that 0 < dyipm < dpdy, and limsup, . 1|logc, — logd,| < €). Let 6 :

Cass(Xk, Ti) — Sass be defined as (log ¢y, )02 — (logc,)o2,, where

n=1>
Apg

Cp = Z sup gbn(x)l/Ak
reAp =€l

As an extension of Theorem 1.1, we have

Theorem 4.1. (i) P*(T1,®) = limy—oo(1/n)log ¢, where (cp)ply = Opo---001(P).
(ii) For any1<i<k—1, PA(Ty, ®) = Pim1% G+t (T, ) 0061 (D)).
(iii) p € M(X1,Th) is an a-weighted equilibrium state of ® if and only if p o 7',;_11 is

an equilibrium state of % and, fori =k —2k—3,...,0, po Ti_l s a
conditional equilibrium state of 3 i o_fla(i)l with respective to i o 7';11

In the remaining part of this section, we assume that X; is the full shift over A; for
each i € {1,...,k}. Fori=1,...,k — 1, we redefine 0; : Cusq(Xi, T;) — Casa(Xit1,Ti+1)
by (log ¢n)p2y — (log ¥n);2y, where

A;
"bn(ZU) = Z sup ¢n(x)1/Az
TeAr: (NN (y)20 1)
for y € X;y1. In particular, let S;5, denote the collection of asymptotically additive
(scalar) sequences (logcy )02 ;. Let Ok : Cosa(Xk, Tk) — Sasq be defined as (log ¢,)00; —

(log cp)P2,, where
Ay,

Cp = Z sup ¢y, () /A
I€AT z€(I]

For ® = (log ¢,,)02 1 € Casa(X1,Th), write
(log ¢ ) i=b10---00y(®), i=1,....k,
(4.1) (10g¢(0))n 1 = (log ¢)p2y and
¢ () == sup{e\) (y) : y € [J)}
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for any n-th cylinder [J] C X;+1,7=0,...,k—1. Then, we define the a-weighted potential
associated with ® by

k—1
(4.2) O = (log ¢3)n2y, where ¢y (z) = ¢V (2),) /41 [T o1 (o)) /A1 /4
i=1

where A; = aj + - - -+ a;. Since there exists a sequence (), of Holder potentials such
that lim, o limsup,,_ . | @5 — $ng® ||s/n = 0 (see Lemma 2.1(iii)), it is easily seen that
all the potentials (log qb(i)(n_l(-‘n))zozl and (log ¢2)>° ; belong to Cusa (X, T).

As an analogue of Theorems 1.2-1.5, we have

Theorem 4.2. (i) Let ® = (log ¢n)22 ;1 € Casa(X1,T1). Then

P3(Ty,®) = lim (1/n)logcy,

n—00
where (logc, )02 =6 0---001(P).

(ii) Assume ® € Cuq(X1,T1) and ® has the bounded distortion property. Then there
is a unique a-weighted equilibrium state p of ®. The measure u is fully supported

and quasi-Bernoulli, and it satisfies the following Gibbs property
—nP
(4.3) ull) ~ exp (=) @a(l), 1€ AL,
k

where P = P?(Ty,®). Consequently, fori=2,...k,

k—1
;EWWWWJW&H¢WWW%rMﬁIEM7

(4.4) ui(n_lf) ~ exXp ( Ak

j=i

where p; == o 7';11. Furthermore,
k
on(x) exp(—nP) ~ Hui(n_lxm)“i forxe X1, n>1,
i=1
A Borel probability measure u (not necessarily invariant) on X satisfying (4.3) is called

an a-weighted Gibbs measure for ®.

Theorem 4.3. Let ®y,..., P4 € Cou(X,T) satisfy the bounded distortion property. Then
the map Q : R — R defined as

d
(Q17°"an) = Pa <T)Zq1®l> )
i=1
is C1 over R® with

VQ(q1;---,4a) = (P1)+(1a), -+ (Pa)s (1)),

where g 1s the unique a-weighted equilibrium state of 2?21 ¢;P;.
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Theorem 4.4. For each fully supported measure n € M(X1,T1) and each n € N, there is

a unique measure pn = p(a,n,n) in M(X1,T1) attaining the following supremum
sup {hiy(Th) : p(I) = n(I) for all n-th cylinder [I] € X1} .

Furthermore p(a,n,n) is the a-weighted equilibrium state of certain ® € Cqq(X1,T1) with
the bounded distortion property, and hence p(a,n,n) is a fully supported quasi-Bernoulli
measure on Xi.

Theorem 4.5. For any n € M(X1,T1), there exists ()52 C M(X1,T1) converging to

1 in the weak-star topology such that for each n, py is quasi-Bernoulli and
hi (Th) > hiy(Th).

Furthermore,
lim th (Tl) = hZ(TI)

n—oo

Remark 4.6. If we take a = (1,...,1), due to the upper semi-continuity of the entropy,
for any pn € M(X,T), Theorem 4.5 yields a sequence of quasi-Bernoulli measures (un,)52
which converges to 1 in the weak-star topology, such that we have both lim, .o by, (1) =
hy(T) and limy, o0 by -1 (S) = hyor—1(S). Moreover, one can deduce from Theorem 4.2
that for any a = (aj,...,a;) with a; > 0 and a; > 0 for i > 2, each invariant quasi-
Bernoulli measure is the a-weighted equilibrium state of some almost additive potential

satisfying the bounded distortion property.

Definition 4.7. We say that two almost additive potentials ® = (log ¢,)5; and ¥ =
(log¢n)22, are cohomologous if sup,, || log ¢, — log ¢y ||ec < 0o. If there exists C' € R such

that log ¥, = Cn, we say that ® is cohomologous to a constant.

The following proposition is a direct consequence of Theorem 4.2.

Proposition 4.8. Let &, U € Coo(X,T) satisfy the bounded distortion property. Then, ®
and ¥ share the same a-weighted equilibrium state if and only if ® — ¥ is cohomologous

to a constant.

Next theorem is reminiscent from Sections 4.6 and 4.7 of [43].

Theorem 4.9. Let ®y,..., P4 € Cou(X,T) satisfy the bounded distortion property. Let V
be the vector subspace of those q such that Zle q; ®; is cohomolohous to a constant. The
map Q defined in Theorem 4.3 is strictly convez if and only if V.= {0}. Moreover, Q
is affine on any affine subspace of RY parallel to V. In particular, if d = 1 and Q is not

strictly convex, it is affine.

An immediate corollary is
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Corollary 4.10. Let ®1,...,®4 € Coo(X,T) satisfy the bounded distortion property. Let
D = (D1,...,Dq). The convex set {((P1)«(1), ..., (Pa)s(p)) : p € M(X,T)} is reduced

to a singleton if and only if each ®; is cohomologous to a constant.

Proof of Proposition 4.8. Suppose that @ is affine on a non-trivial segment [q,q]. For
every t € [0,1] we have

Qla+tld —q)) = Q) +tVQ(q)-(d —q)
d
= Qa)+t (g — a)(®i)«(iq).
1=1

Since Q(a) = 31, ai(®i)x (1q) + iy aihyo, 1 (T7), we have
d

k
Qa+Hd —a) =Y (a4 +t(a — 4:))(®:)(uq) + Y il 1 (T7).
i=1

i=1
Consequently, pq is the unique a-weighted equilibrium state of Z?zl(qi +t(q} — q;))®;, for
each ¢ € [0,1]. Due to Proposition 4.8, this implies that Zle(qg — ¢;)®; is cohomologous
to a constant, hence V' # {0}.

Conversely, assume that V' # {0}. Then, the same argument as above can be used to

prove that @ is affine on any affine subspace of R? parallel to V. O

5. MULTIFRACTAL ANALYSIS ON HIGHER DIMENSIONAL SELF-AFFINE SYMBOLIC SPACES

Let k > 2. Assume that (X;,T;) (i = 1,...,k) are full shifts over A; such that X;;1
is a factor of X; with a one-block factor map m; : X; — X;4q fori=1,...,k —1. For
convenience, we use mg to denote the identity map on X;. Define ; : X7 — X;41 by
Ti=m;omi—10---om for i =0,1,...,k — 1. We simply write (X, T) for (X1,T1).

For x = (7;){2, € X and n > 1, x),, denotes the word x1 - - - z,.

We endow the set X with a “self-affine” metric as follows. We fix a = (ay,...,a;) € R¥

with a1 > 0 and a; > 0 for ¢ > 1, and we define the ultrametric distance
da(z,y) = max (e—ln—l(w)/\n—l(y)l/(a1+-~+ai) :1<i<k).
For1<i<kandné€eN, let
ti(n) =min{p € N:p > (a1 + - +a;)n/ar},
and by convention set o(n) = 0. It is easy to check that
Lemma 5.1. In (X, da), the closed ball centered at x of radius e~/ s given by
Bz, e VM) = {ye X :miia(y) € Ti—1(@)g,(ny) for all 1 < i < k} .

The following result estimates the value of an a-weighted Gibbs measure on a ball in

(X, da).
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Lemma 5.2. Let ® = (log¢,)52, € Coa(X,T) satisfy the bounded distortion property.
Let p denote the a-weighted Gibbs measure of ®. Then we have the following estimate:

“nPATR) O (@ ) A
o )qbn(fﬁ) H qb(])(’rj(ﬂ?w](n)))l/AJ

where ¢9), 5 =0,...,k — 1, are defined as in (4.1), and Aj=a1+--+aj.

u(Blw,e™/™)) ~ exp (

Proof. Let v = (2;)72) € X andn > 1. Fori = 1,...,k, write I; = Ty, | (n)41 " Tg(n)- Let
B denote B(z,e™*). By Lemma 5.1, B={y:V1<i<k, 7,1(y) € i1([I1...L])}.
Since p is quasi-Bernoulli (cf. Theorem 4.2(ii)), we have u(B) ~ Hle wi(1i—11;), where
pi = po7, Y. Let us transform this expression by using (4.4). Since each word I; is of

length ¢;(n) — ¢;_1(n) and by construction f;(n)/Ar —n/a1 = O(1/n), (4.4) yields

WB) ~ exp (—Ek(n)j:(T, <I>)) 169 (1) 1:[ 60 () Ai 1174
i=1 =i
~ exp (_”P :ET ‘I’>>( jlj:(b(i—l)(T LA :lelqjm@ L)V A-1A,
- o)
e RV e
This finishes the proof of the lemma. 0

Recall that the weighted entropy of u € M(X,T) has been defined in Section 4 as
he(T) = Zle CLihMOT_—_ll (T3). The following Ledrappier-Young type formula was proved by

Kenyon and Peres in [28, Lemma 3.1] under a slight different setting.

Proposition 5.3. Suppose that p € M(X,T) is ergodic. Then we have

dimpy p = hi(T).

5.1. Multifractal analysis of asymptotically additive potentials. Recall that the
generic set G(u) of a measure p € M(X,T) has been defined in (1.11), and that an
equivalent definition invoking asymptotically additive potentials is given in Remark 2.2.

We have the following high dimensional extension of Theorem 1.7.

Theorem 5.4. Let p € M(X,T). We have G(u) # 0 and dimp G(u) = h5(T).

The proof of Theorem 5.4 will be given in Sect. 5.4. Next we consider level sets associ-

ated with Birkhoff averages of asymptotically additive potentials on X.
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For & = (®1,...,9,) € Cusa(X,T)%, where ®; = (log 1), =: (®1,)2,, and o =
(a1,...,aq) € R define

(5.1) E(I,(a):{xeX: lim M:ai forlgigd}.

n— oo n

Denote ®,(z) = (Pn1(x),...,Ppa(x)). Then the set in the right hand side of (5.1)
can be simply written as {x e X : limn_,ooq)"T(x) = a}. For p € M(X,T), write
B.(1) = (B1)+(1), - ., (Ba)a(p)) and define La = {®.(n) : j € M(X, T)}.

Let {Q(j)}lggr be a family of elements of Cuse(X,T)%. Let ¢ = (c1,...,¢,) be a real

vector with positive entries. For o € R?, define

.
, _ Y 10 _
Eravyel@) {1: €X: nh—{go; lejn] (=) a}’

where |y| stands for the integer part of y € R. It is clear that E{(I,(j>}7c(a) = E{{,g)})\c(a)
for any A > 0, and in particular, E{@m}’c(a) = Fg(«a) if r = 1. Tt is remarkable that the
Hausdorff dimension of the set {@(j)}’c<0[> does not depend on ¢ when r > 2, as shown

in the following result, of which the proof will be given in Sect. 5.5.

Theorem 5.5. Let & =377, o),

(1) For o € R?, the following assertions are equivalent.
(i) a € Lg;
(ii) E{tb(ﬂ')},c(a) #0;
(ili) inf {P?(T,q-®) —a-q: q€ R} > 0;
(iv) inf {P?(T,q-®) —a-q: q € R} > —oo0;

Furthermore for a € Lg, we have
dimpy Eyg)y o(a) = max {hZ(T) D p e M(X,T), ®u(p) =a}
:inf{Pa(T,q-qJ)—a-q: qERd}.

(2) Suppose that Le is not a singleton. Then the set X \ Uyer, Eraou}c(@) is of full

Hausdorff dimension.

Remark 5.6. If we take r = 1 and ® = 0, we find that the Hausdorff dimension of (X, da)
is P2(T,0). This extends the result of [28] which holds for special choices of a.

Example 5.7. Generally, the level sets E{(I,U)}’C(a) depend on c. For example, let X =
0,1}, and let g € C(X) be given by g(z) = z; for z = (2;)2, € X. Set () = (5,¢)°
=1 n=1

and ®?) = (-S,9)> ;. Then Eigmiz_, (1,1)(0) = X, however Ergaa | (1.9)(0) # X (it is

easy to check that z = 0'120%1%...0 12!

22n

e E Brginy | 1,2)(0))-
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5.2. Application to the multifractal analysis of a-weighted weak Gibbs mea-
sures. As we have seen in Theorem 4.2, a-weighted Gibbs measures are naturally as-
sociated with almost additive potentials satisfying the bounded distortion property; this
extends the classical Gibbs measures. Now we show that the notion of weak Gibbs mea-
sure associated with a continuous potential defined on X in the classical thermodynamic

formalism [29] also has a natural extension in the a-weighted thermodynamical formalism.

Definition 5.8. Let ® € Cu50(X,T). A fully supported Borel probability measure p
(not necessarily to be shift invariant) on X is called an a-weighted weak Gibbs measure

associated with ® if
—-nP
(5.2) u(I) o exp (== ) @5(1), 1€A™,
k

where P = P?(T1,®), Ay = a1 + -+ + ag, P* = (log¢2) € Cusa(X1,T1) is defined as
in (4.2), and ~, means that there exists a sequence of positive numbers (x,)>2; with
lim,, o0 (1/n)log Ky, = 0, such that the ratio between the left and right hand sides of ~,
lies in (K, %, kp).

Remark 5.9. [t is not hard to see that if u satisfies (5.2), then fori=2,... k,

—nP

(5.3)  pi(1i1l) =~y exp ( A

k—1
)(b(i_l)(Ti_lI)l/Ai H ¢(j)(7j[)l/Aj+1—l/Aj7 Ie A",
j=i
where p; = p o 7';_11, and ¢U), j = 0,...k — 1, are defined as in (4.1). Furthermore,
satisfies (5.2) if and only if
k

¢n(z) exp(—nP) =y, Hui(n_lxm)ai, reX, n>1,
i=1

The following result, which will be proved in Sect. 5.6, shows the existence of a-weighted

weak Gibbs measure for any asymptotically additive potential on X.

Theorem 5.10. Let ® = (log¢,)5%, € Cusa(X,T). Then there exists at least an a-
weighted weak Gibbs measure p associated with .

Furthermore, for each 1 < i < k, the potential \Il,(f) = (log /Li(n_l(x‘n)))zo:l belongs to
Casa(X,T), and for every point x = (2;)%2, € X and B = B(z,e™™%), we have

k
(5.4) log u(B) = \Ill(}%(x) + Z \I’ELZ’)&(”) (x) — \I’S,)&_l(n) (x) + c(z,n),
i=2
where (c(x,n))p>1 s a sequence satisfying lim, .. c(x,n)/n = 0. If moreover, & €

Caa(X,T) and satisfies the bounded distortion property, then c(x,n) can be taken bounded
independently of © and n, and (5.4) takes the form

k
(5.5) w(B) &~ [ [ il (1),
=1
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where I = Ty, (n)41" " Toy(n)-

Remark 5.11. (1) We recover the usual weak Gibbs measures when a = (1,0...,0)
and ® is the sequence of Birkhoff sums associated with a continuous potential over

X [49, 29].
(2) By using (5.2) and (5.3), from any (1,0,...,0)-weighted weak Gibbs measure
one can build an asymptotically additive potential of which p is an a-weighted

weak Gibbs measure.

We have the following result on the multifractal analysis of a-weighted weak Gibbs

measures.

Theorem 5.12. Let p be an a-weighted weak Gibbs measure associated with some asymp-

totically additive potential. For a € Ry we define

1 B
E,(a) = {;1: € X : lim log w(B(x,1)) = a}.
r—0+ log r

Let ¥, = Zle ai\IlEf). Let Ly = L g, = {—(¥u)«(A) : A € M(X,T)}. Then, for all
a>0, E,(a) # 0 if and only if « € L,. For a € L, we have
dimp E, () = max {h5(T) : A€ M(X,T), (¥,).(\) = —a}
=inf {P*(T,q¥,) +aq: q € R}.
Proof. This result is just a corollary of Theorem 5.5. Indeed, thanks to Theorem 5.12(2)

we can write

—n/a k (Z) (l)
log p(Bla,e™/™)) __ Wn(a) S v @ T, @) +o(1)
—n/ay n pors n n
(@) (2)
‘I’(lzt k bi‘I’ " (CC) bW n (l‘)
n [bin [bi—17]

=2
with b; = (a1 + -+ + a;)/a1. Thus, any set Ey(a) takes the form Eyg o(), with
> i1 U = _ . O

More geometric applications. A parallelepiped is a subset of X of the form

k
R(L,....Iy) = (7A(), with I; € | ] AP
=1 n>0

Ifwefix 0 <\ <-.- <)\ and set

Rno(My ey Ak, ) = R(CEHAM,---,Ti71($|pm), i aTk—l(xHAknJ)>a
then

k
log u(Rn(Ms -, Ay ) = 3 @0 (@) =@ () + o(n),



with the convention A\g = 0. Consequently, Theorem 5.5 makes it also possible to compute

the Hausdorfl dimension of the sets

M (m) (m)
1 Rn A 7---,A )
m { e X li ogu( ( 1 k 1’)) 5m}’

n— oo —n

m=1

where (3 € Rf and each ()\gm))lgigm satisfies 0 < )\gm) <... < )\,(fm).

5.3. Moran measures. Recall that the lower Hausdorff dimension of a Borel positive
measure v on X is defined as dimy(p) = inf{dimyg £ : v(E) > 0}. Equivalently,
dimy(p) = essinf, liminf, g+ W (cf. [16]). Recall also Remark 2.2. The main
result in this subsection is the following.

Theorem 5.13. Let (up)p>1 C M(X,T) be a sequence of invariant quasi-Bernoulli mea-
sures. Suppose that (p,)p>1 converges in the weak-star topology to a measure pn and,

moreover, (hMPOTﬂ1 (T3))p>1 converges to a limit h; for all 1 < i < k. Then there ezists a

probability measure v of lower Hausdorff dimension larger than or equal to Ele azh; such
that v(G(u)) > 0. Consequently, dimpg G(u) > Zle a;h;.

Proof. For each p > 1 and 1 <4 < k let us define p,; = pp 0 7-;_11 and \IJEP) = \Ilf" =
(log up7i(Ti,1(1:|n))ZO:1. Notice that each \Ifgbpz := log pp,i(Ti~1(+|,)) is locally constant over
n-cylinders, and hy; := hy,, . (T;) = _(\I;EP ))*(,up). Recall that as a part of our assumptions

we have lim,_.o hy; = h; for each 1 <17 < k.

Let C be a countable set of additive potentials satisfying the bounded distortion property
and such that for each ® € Cu5,(X,T) we can find a sequence (q)(m))mzl C C such
that limy, o limsup,,_, o H<I)£Lm) — ®,||co/n = 0; the existence of such a set follows from
Lemma 2.1(iii) and the separability of C'(X). For each m,p > 1 let ., = o™ (p)-
Since @&m)(-) is continuous over M(X,T') (cf. Lemma 2.1(ii)), and limy, o0 ptp, = p, we
have limy_,o o p = @im) (1) := .

For each m > 1, we denote as ¢,, the constant associated with ®(™) in (1.5).

The following proposition is a direct consequence of Kingman’s sub-additive ergodic
theorem applied for every p > 1 to each element of the families C and {\Ilgp )1 <i<k}

and the ergodic measure fi.

Proposition 5.14. For p, N € N and € > 0, let

g1<p>N7€) = ﬂ ﬁ{xeX’\IjgizT(Lx)_hp,z SE},
n>N1=1

Go(p,N,e) = ﬂ ﬁ {x €X: ‘q)g:(x) _O‘m,p‘ < s},
n>N m=1
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and
g(pa N7 6) = gl(p7 N7 5) N g2(p7 N7 5)‘
Then for all p € N and g, > 0, there exists an integer N, > 1 such that

pp(G(p, Np,p)) > 1 —277.

Let (ep)p>1 be a decreasing sequence converging to 0. With the notations in the previous

proposition, for each p we choose any NI’, > N,. A precise choice of the integers N;, will

be given later. Let F, denote the o-algebra generated by {[I |: 1€ Ajlv’/’ } We define

N/

Gy ={1e A" [11NG(p, Ny.2,) # 0.
Then we denote by i, the restriction of y, to F, and define

Vp = ®f:1ﬁl on (Xa ®f:1~7:p>7 p=>1,

V= @y fip o0 <X7 ®;i1fp>v
and
g:= ®p219p: {Illglp € X, I\V/pZ 1, Ip Ggp)}.
By construction, we have
v(G) = H fip(Gp) = H 1p(G(p, Np, €p)) = H(l —277)>0.
p=1 p>1 p>1

To conclude, it is enough to show that we can choose the sequence (NV,),>1 such that

(5.6) G C G(u) and
k
. logu(B(z,e "))
(5.7) lim inf o > z; aih; forallzeg.
Then, v := Yo is desired.
v(9)

Let us establish (5.6) and (5.7).
Proof of (5.6). We choose Nj = N; and require that the sequence (N),>1 satisfies

- e = o 32 N)
68)  Mpi=(p+1), max loglon) +, max, | e 19"l =0{ )N

as p — o0o. Then, for every p > 1 let
P
L,=Y_Nj.
i=1

Due to the density of C. , it is enough to prove that for each m > 1 and « € G we have

(m)
(5.9) T ORI D) (1) (:= am).

n—o0 n
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Fix m > 1 and « € G. For n > Ny, let t(n) = max{p : L, < n}. For all n > L;,;1, write

t(n)
o(")(z) = + Y ety e, (oha).
p=m-+1

L

By construction, for m+1 < p < ¢(n) we have o RS Gp. Consequently, there exists

z’ € G(p, Np, ep) such that ZL"/N/ = ULP—1x|Nl/7 and thus
p

@5 ("7 0) =Nyl < 105 (o771 2) =B (2| @R (2/) = Nyt p| < 10g(em)+Nyep.
This yields

t(n) t(n) t(n)

)am( Z N];) — ( Z <I>(7Z)(ULP—1x)>‘ < t(n)log(cm) + Z Ny(|atm,p — | + €p).

p=m+1 p=m+1 p=m+1
i (m) Litn (m) .
Also, if n — Ly(,) < Ny(n)41, we have |(I)n—Lt<n) (c"ma)| < maxi<i<n, ., |2 oo, and if

n — Lyn) > Nin)+1, then [ULt(n)fU\n—Lt<,L)] NG(t(n) + 1, Nyny41:€t(n)+1) # 0. By the same
argument as above we get

am(n - Lt(n)) - (I)gf)[/t(n) (O'Lt(n)x)‘ < log(cm) + (n - Lt(n))(|am,t(n)+1 - am| + 5t(n)+1)'

It follows that

00 (@) — na| < @) (2)] + My
t(n)

+ (X Npllamp = aml +2)) + (2 = Loy (g1 — Coml + Exgny 1)
p=m+1

Due to our choice for (N}),>1 and the fact that both |ay,, — au,| and €, tend to 0 as p
tends to oo, as well as My(,y = o(n), we obtain (5.9). This proves (5.6).

Proof of (5.7). For each p > 1, since p, is quasi-Bernoulli, we can fix x, > 1 such that
(1.6) holds for yx = p1,, and with the constant sequence ¢ = k.
We need additional properties for (N,)p>1.

The first one is that

-+ ag + ag
Nz IR () e
The second one is
p+2
(5.10) Y log(ry) + max gmox (Nt mex 1% )lo0) = 0(Ly) as p — oo.

Fix ¢ = (2;)2; € Gand n > Nj. For i = 1,...,k, we use U; to denote the word
Ty, (n)+1" " Tg(n)- Then by Lemma 5.1,

B(z,e ") ={ye X:V1<i<k, ri_1(y) € i1 (Uy...U;)}.
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Write B = B(x,e~"/) for simplicity. Since N pi1 > (a1 + -+ ax)Ly/a1, there are only
two cases to be distinguished: either L) <n < lx(n) < Lt(n)+1 or Lyny <n < Lypy41 =
Ly, (n)) < Li(n). We deal with the second case and leave the easier first case to the reader.

Let ip be the unique 2 < i < k such that £;_1(n) < Lyn)41 < li(n). Let

Cn(B) { Ji, oo Jg EH.A i) —tima( V1<i<E, Ti_l(Ji)ZTi_l(Ui)}.
We have

(5.11) v(B) = > v(Jy - Jp).
)

(N1 €Cn(B)

Write Ji(= U;) = JiJp with Jp € Aft(m and J; € A?_Lt(m, and write J;, = jiojim with
Tip € AP0~ and Jie A7 T This yvields, by definition of vy, and v,

v(B) = Z Vi) (1) by (T2 - Tig1Jig) - ey 2 (ig Tig a1 -+ Ji)-
(J1,-,Jk)ECH(B)

Now, by using the quasi-Bernoulli properties of p;(,)11 and fiyn) 42 We get

i0—1

v(B) & > Vi) (1) - H ft(n)+1 ()

(Jl,...,Jk)ECn(B)

Nt(n)Jrl(J ) Mt(n)+2 H Ht(n +2
i=ig+1
where ~ means the expressions on its left and right hand sides differ from each other by
a multiplicative constant belonging to [max (s ()41, /{t(n)+2)_k max (kg (n)4+1, /{t(n)+2)k].

Accordingly, write U} = U, U, with U € A Lin) and 0, e An Li(n)

L —; 4; —Lyn, . s
Uy, Uiy, with U, € Ao ™) and Uy, € A ol Eem+1, Remembering the definition
of C,,(B) we get

, and write U;, =

where

~

Ty = v (Th), To = pig(ny1(01),

io—1

Ts = ] gy, (mi-1(U3)s Ta = pragmy1,i0 (Tio—1(Uso)),
=2

Ts5 —Nt(n)+210(7-7,0 1( ﬁ H Ht(n)+2,i (1i—1(U3))-

i=10+1
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Let us write Uy = K - - - Ky with K € Ai\[”, for 1 < p < t(n). By construction
t(n)
= H pip (K
p=1
NOW, we notice that x‘gk(n) = Kl cee Kt(n)fleQ cee Uio—lﬁioﬁioUio—‘rl cee Uk. Since x S g,
we have K, belongs to G, for 1 < p <t(n). This yields
t(n) t(n) t(n)

‘logT1+h1(;Nz’7) = ‘Zlog,up —I—hl(ZN’))

t(n)
< R —ZN’ [Pt = hpa| + ).

Ni(n
HmH AL hence

|log(T2)\ < maxlSlSNt(n)H H l71n)+1)||oo, and hl(n - Lt(n)) < tht(n)+1' If Nt(n)+1 <n-—
Lt(n) < Né(n)er since [Ul] = ['xL( )1 .len], we have [Ul]mg(t(n)+lv Nt( V415 €t(n +1) v @

and since the mapping \I/ff( L)J(r1>)1 is constant over [(71] we obtain

To control T, we notice that if n — Ly, < N4 then U1 € U

[log Ta + ha(n — Lywmy)l < [logTa + hyn)1,1 (0 — Lyn))| + (1 — Lyny)[P1 — hygny41,1]
< (n = Lygy)([h1 = Pyny 11, 1| + E4(n)+1)-

In all cases,

[log Ty + h1(n — Lypy)| < R :=n(lh1 — hym)y1,1] + €ny+1)
(t(n)+1)
N1+ 112Ny 11 19027 e
To control T3 we proceed as follows. Fix 2 < i <ig— 1. Let U; = [th(n)+1 ST (m))-
By using the quasi-Bernoulli property of fi(,)41, which holds with the constant r(,)41,

we can get
(5.12) 10g iy () +1(Us) = (10 py(ny41 (UiUs) =108 pry(ny1 (U ’ < log(Ky(n)+1)-

Let N € {gi—l(n)_Lt(n)pEi(n)_Lt(n)}, and set U = ﬁ ifN=1/;_ 1( ) Lt(n) and U = U Ui

t(n)+1 Hoo
)

otherwise. If N < N,y 11, we have | log py(ny41,i(i-1(U))| < nnax1<l<]\/t(n)+1 19,

and hiN < hiNt(n)+1. If Nt( )41 <N < N since [U] [xL( Y41 TL(n )+N]7 we have

t(n)+1°
[UING(t(n) + 1, Ne(n)41, €¢(n)+1) 7 0, and since the mapping \Ilgf,f?)ﬂ) is constant over [U]

we obtain
|log fi4(ny+1,i(Ti—1(U)) + hi N|

< | log gy )+1 i(Ti—1(U)) + hyny+1,iN| + Nlhi = hyny41,4]

< N(|hi = Py 14l + Ee(ny+1);
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hence (using that N < ¢;(n))
1108 i1y +1,i (Ti-1 (UiUs) =108 piy(y41,i(1i-1(U3)) + hi(li(n) — £i1(n))]

<=2 hi — : hiN, g+
T (Cs(n)(] Pi(n)+1,il + Exn)+1) + t(n)+1 T 1§l21]\%>(i)+1 19, lloc)
Combining this with (5.12) we get
10—1 10—1
‘IOgTs + 3 hi fi—l(n))‘ < Rg:= Y (ri +1og(kym)+1)) -
i=2 =2
By using the same arguments as for T5 and T3 we obtain
[log Ty + hig (Lyny+1 — tip—1(n))| < Ry,
|log T5 + hig (i (n) — Li(ny+1)| < Rs,
k
‘ logTg+ > hi(li(n) — 42’—1(”))‘ < Re,
1=19+1
with
Ry = 2(Lywny+1(lhip — by )+1,z‘0| + €t(m)+1) + Pig+1Ne(n)41
+1) .
T i 1|+ log (g +1)):
_ n)+2), .
Rs = Lig(n)(|hig — Pym)+2,i0| + Etn)+2) + Pig Nyny42 + 1§l£n1\%§l>+ ||‘I’z o oo
Reg = 2 Z ( Y([hi = hyny+2,4] + Einy+2) + hilNyn)42
i=19+1

t(n)+2)
+ 1Sl£n]\%§i)+ H\Il Hoo + lOg(KJt(n)+2)).

All the previous estimates yield, by construction of (¢,)p>1, (N,)p>1 and the convergence

P
of hy; to h; as p — oo,

k t(n)+2
log((B)) + > hi(ti(n) — £ia(n))| < k Z log(p) + ZR
i=1
= (Lt(n) + lp(n)) = o(n).
—n/a1
Since lim —Zh —0; 4 ( Zazhz,we get lim log(v(B(z,e ))

n—oo N n— oo —n/al

=1
This finishes the proof of Theorem 5.13.

k
= Z aihi.
i=1

O

5.4. Proof of Theorem 5.4. By Theorem 4.5, there exists a sequence of invariant

quasi-Bernoulli measures (y,)p>1 converging to p in the weak-star topology, such that

h - (T;) converges to h

HpOT;

por (

T;) for each 1 < i < k, as p — oo (use the same argu-

ment as in Remark 1.6). Then, the lower bound for dimyg G(u) is a direct consequence of
Theorem 5.13. For the upper bound, we notice that G(1) C Neee(x,1) Eo(®«(1)), where
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® € C(X,T) means & = (S,p)22; for some ¢ € C(X). Thus, by using Lemma 5.16 whose

proof is independent of the present one, we obtain

di < inf dimpy Eg(®,
lmﬂg(u)_éeg&j) impy Eg(P«(p))

< inf inf P3(T, ¢®) — q®,
oed ) Ik (T, q®) — q®.(p)

= inf inf P3(T,q®)— qd,
It el 1 (T, q®) — q®x (1)

= inf P3T,®) — ®.(n).
seat 1) (T, ®) (1)

Now we note that, on the one hand, the a-weighted topological pressure is the Legendre-
Fenchel transform of the a-weighted entropy defined on the compact convex set M(X,T)
of C(X)* endowed with the weak-star topology, and on the other hand, the a-weighted
entropy is upper semi-continuous. Hence we have infeec(x 1) P2(T, @) — (1) = h5(T)
by mimicking the proof of Theorem 3.12 in [43]. This yields the conclusion. O

5.5. Proof of Theorem 5.5. We first prove Theorem 5.5(1). For a € Lg let
fa(a) = max{ha(T) : pe M(X,T), ®.(u) = a}.

Since the mapping p € M(X,T) — Zle aihuOT[_ll (T;) is upper semi-continuous and
affine, the equality fe(a) = inf {Pa(T,q -®)—a-q: q€ Rd} for a € Lg is obtained
by exactly the same arguments as those used to prove Theorem 5.2(iii) in [22]; one just
replaces the usual entropy by the a-weighted one. Similarly, the proof of the equivalence
between (i), (iii) and (iv) follow the same lines as that of Theorem 5.2 (ii) in [22].

Consequently, to conclude it only remains to show that
(5.13)  Ergunc(a) # 0 and dimp Ego)y (@) > fo(a) if o € Le;
(5.14)  dimp B, o(a) < inf {Pa(T, q-®)-a-q: q€ Rd} if Bygy o) # 0,
since these properties clearly yield the equivalence of (i) and (ii), as well as the value of
dimy E{gi)yo(c).

Assertion (5.13) is an immediate consequence of Theorem 5.4 and the following lemma.

Lemma 5.15. Let o = (a1,...,a4) € Le and p € M(X,T) such that ®,.(p) = a. We
have G(1) C Egi)y,c()-

Proof of Lemma 5.15. By definition of @, we have a; = Z;Zl(d)z(-j))*(,u) foreach 1 <i < d.
Moreover, by the definition of G(p), we have G(u) C E@(j)((Q(j))*(u)) foreach 1 <j <r

1
ol @)
and 1 < i < d, hence for each x € G(u) we have lim,,_, Z;Zl fc-ﬂj = o; for each
J

1 <4 <d. This yields G(u) C E{q)(]-)}ﬂ(a). O
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Now we establish (5.14). Define the following sequence of functions

)
Plejn)
Lejm]

(5.15) Bep=n)
j=1
We have the following lemma, which yields (5.14).

Lemma 5.16. Fiz o € R? and suppose that E{¢<j>}7c(a) £ 0. For everye > 0 and q € R?,
we have dimpg E{q)(j)}’c(a,s) < P*T,q-®)—a- -q+ (4q| + a1)e, where E{q)(j)}’c(oz,a) =
{z € X : limsup, o [®en(2)/n — a| < e}, Consequently, if Eiguyyc(a) # 0, then
dimpg E{(I)(j)}p(a) <infyepe P2(T,q- @) — - q, i.e., (5.14) holds.

Proof of Lemma 5.16. Since E{@(j)}7c(0[) = E{@(j)}y}\c(a) for all A > 0, without loss of

generality we assume that ¢; > 1 for all j.
Fix ¢ > 0 and q € R?%. For each 1 < j < r, choose dU) ¢ Caa(X, T)d such that each of

its components satisfies the bounded distortion property and

sup limsup H@EQ - @gngoo/n <eg/r
1<i<d n—oo ’ ’

Then we define ® = 22:1 &) and the sequence of functions

B9,
P, =n G (n>1).
].Z_; Lejn]
Endow the space R? with the norm |(21, . . ., 24)| = max;j<;<4|2i|. By construction we have

limsup,,_ . [|Pen — Penlloo/n < € s0

Egiyclae) C E{&)(j)}ﬁ(a, 2¢) = {z € X : limsup |€>Cn(x)/n —a| < 2¢}.

The definition of the a-weighted topological pressure implies
(5.16) |PX(T.q-®) — PX(T.q-®)| < qle.

Let us denote by pq the unique a-weighted equilibrium state of q - P (see Theorem 4.2).
The following key property holds.

Lemma 5.17. For all z € X, we have limsup,, ., fn(z)"/™ > 1, where

Ful@) = ~,uq(B(:n, e~n/ar)) _ |
exp ((q- ®epn(z) —nP2(T,q- ®))/a1)

It is worth mentioning that the idea of considering the asymptotic behavior of such a
function f, at each point of X goes back to [34] for the upper bound estimate of dimpy X
when k£ = 2. The proof of Lemma 5.17 will be given later. To finish the proof of Lemma

5.16, we need the following classical lemma.
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Lemma 5.18 ([7], Ch. 14). Let E be a non-empty subset of a compact metric space (Y, d)
endowed with an ultrametric distance. Let v be a positive Borel measure on Y. Then
. . logv(B(z,r))
dimyg F < sup,cp hrrg(l]rif W
Now, if x € E{i,(j)} (@, 2¢) then, due to Lemma 5.17, for infinitely many n we have
simultaneously f,(x) > exp(—ne), and exp(q - ;Iv)c,n(x)) > exp(na - q) — 3|qlen. Conse-
quently,
1 B —n/ai
liminf (08 Ha(B(@,e7))
n—oo —n/ay
Now, Lemma 5.18 and (5.16) yield

< PA(T,q- &)~ a-q+ (3al +ar)e.

dimpy Egi)y o(a,€) < dimp E{i)(j)}p(a, %) < PA(T,q-®) — - q+ (3la| + a1)e
< PYT,q-®)—a-q+ (4q| +a)e.
Letting ¢ — 0, we obtain dimg E{q,(j)}ﬂ(a) < P3(T,q-®) —a-q. Since q € R? is
arbitrarily given, we have

dimH E{,;D(j)} c(a) < inf Pa(T, q- (I>) —Qa-q.
’ qER4

This finishes the proof of Lemma 5.16. ([
Before we prove Lemma 5.17, we give some auxiliary lemmas.

Lemma 5.19 (28], Lemma 4.1). Let m > 1 be an integer. For1 < j<mlet fj : N — R,
B; >0 and \j > 0. If sup,>q |fj(n+1) — fj(n)| < oo for each j, then

i 3 (15, ) -5 (15)) 20

The following lemma is essentially the same as the above one.

Lemma 5.20. Let m > 1 be an integer. Consider (Bp)i<j<m and (Vp)i<j<m two positive
vectors, as well as vy, ..., Uy, m bounded sequences such that vj(n+1) —v;(n) = O(n™1)
for each 1 < j <m. Then limsup,_,, > "2 v;([8jn]) — v;([vn]) > 0.

Proof of Lemma 5.17. Let us denote q~i>c, q-<i> and q-i(j) by &%, ® and ®0) respectively.

Next write ¢ under the following form:

&) ~(j
r.d )
~ ~ lejn] @y
Do =D, +n —_— = —.
@ z; Lcjnj n

Let z € X, n > 1 and let B = B(z,e "/%). By Lemma 5.2, we have

—nP3(T, ;IV)) _ k-1 qg(j)(Tj (x|€j+1(n)))1/Aj+l
7) exp(q)n(x)/al)jl_[l g(j)(Tj(a;Mj(n)))l/Aj

B) =~ (
Mq( ) €xp a
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Combining this with the definition of f,(x) yields

~ o~ M O (7 (e, () VA
5.17 () = exp((®,, — Pey))(x)/a — Chs
G o) enpl( o)) [T

Now, for n > 1, let us define

u@(n) = -39 (2)/(a1n) for 1 <j <,
a9 (n) = log ¢V (r(x},))/(arn)  for 1 < j <k — 1.

We notice that since the almost additive potentials ® and @) satisfy the bounded dis-
tortion property, for any v € {ul) a1 1 <j <7 1<i<k—1} the sequence (v(n))p>1
is bounded and v(n + 1) —v(n) = O( D). Then, by using (5.17) we can get

log fu(®) _ i(u(j)(LCjnJ —uD(n Z )([Gm)) — @@ (|G_1n])) + O(%)

n ,
J=1

Then, the fact that limsup,,_, . log /n(z) > 0 comes from Lemma 5.20. This finishes the

n

proof of Lemma 5.17. O

Now we come to the proof of Theorem 5.5(2). It is based on the following lemma and a
modification of the Moran construction achieved in the proof of Theorem 5.13. The proof

of the lemma is postponed to the end of the section.

Lemma 5.21. Assume that Lg is not a singleton. Then for all € > 0, there are two
invariant quasi-Bernoulli measures v and v on X with ®.(v1) # ®.(12), and a non-
negative vector (h;)i1<i<k such that Zle a;h; > dimyg X — e and hUZOT:l (T;) > h; for each
le{l,2} and 1 <i<k.

Let 6 = |®.(11) — ®u(r2)]. For each 1 <j<randl <i <d, let g() be a
Holder potential such that limsup,,_, HCD — ngi])Hoo/n < 4/8r. Foreach 1 < j <r
let GU) = ((S, 91( )) 1)1<i<d, and define G = 377, GU). By construction, we have
limsup,, o [|Pen — (recall that @, is defined as in (5.15), and we de-
fine Ge,y, similarly). Moreover, for each [ € {1,2} we have |®.(1) — G.(v;)| < /8, hence
|G (1) — Gi(r2)| > 30/4. Thus, the set

2
Dg=(|{zeX: lim inf |Gie,n (x) — nGis(11)|/n < 6/4}
=1

is included in the set of divergent points X \ Uyer, E{e0)} (@), and the conclusion will
follow if we prove that

dimH DG > dimH X —e.
Now we briefly explain how to modify the Moran construction done in the proof of The-
orem 5.13. At first, without loss of generality, we suppose that the ¢;’s are greater than

1. Also, we include the potentials (Sng( )) ° ;) in the family C. Then, the only changes
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are that for each p > 1, one takes po,-1 = v1 and pg, = v» and to the controls (5.8)
and (5.10) one adds Ly—1 = o(y/N}). Then, for p > 1, let n, = L,—1 + /N]. For p
large enough, for each 1 < j < r we have [cjny| € [Ly-1 + /NJ, Ly], so that for each
re G, 1<j<randl <i<dwe have lim, .o Sl_canpfng’l( )( x)/lcjnop—1] = iy (J))
and limy—o0 S|¢;ny, | gi(j )(x) /lejnap) = I/Q(Qi(j)). Consequently, for each z € G, we have
limy oo Gemna,_ 1 (7)/M2p-1 = Gu(v1) and limy oo Geny, (2)/n2p = Gi(12), s0 G C Dg.
Moreover, the simultaneous controls from below of the entropies thOTf_ll (T;) by the same

h; yield, for every z € G, lim infy,_ o W > ash; > dimp X — e 0
Proof of Lemma 5.21. Let g € C(X) be the zero function. Let v be the a-weighted
equilibrium state of g. Then by Theorem 4.2 and Remark 5.6, v; is quasi-Bernoulli, and
h2 (T):=>F, hyyor 1 (T7) = PA(T,0) = dimpr X.

Fix e > 0, and for each 1 < i <k let h; = h,, or- 1(ﬂ) —¢/(a1 + -+ ag). Since Lg

is not a singleton, we can pick u € M(X,T) such that P, (1) # ®.(r1). Take a large

positive integer n so that
h/’«QOTf11 (ﬂ) = hllloT.fll (,'TZ) - 8/(2&1 +o 2a’k)? (1 < i < k)

where po = (1—1/n)v1+(1/n)u. Note that ®.(u2) = (1—1/n) Py (v1)+(1—1/n)P. (1) #
®.(v1). Now by Remark 4.6, we can pick an invariant quasi Bernoulli measure v, so that

hl’ZOTi—_ll (T;) > huzon‘_ﬁ (T3) —¢/(2a1+- - - +2ay), hence h,, or 1( T;) > h; for each 1 <i < k.
By construction, the pair of measures {vy, 15} is as desired. O

5.6. Proof of Theorem 5.10. Since P?(T, ®)/Ay, is by construction equal to the classical
topological pressure of &2, the problem reduces to proving the following assertion: Let
= (log(1n))s>; € Casa(X,T). There exists a fully supported measure v such that

v(x),) ~p exp(—nP(T, V), (x) (Voe X,Vn>1).

By Lemma 2.1(iii)), we can fix (gp)p>1, a sequence of Holder potentials such that
lim sup,,_ o ||(10g(¥n) — Sngp)lloo/n < 27V for each p > 1. Then fix a sequence (r))p>1
such that for each p > 1 we have sup,,>,. [|(1og(¥n) — Sngp)[co/n < 27P. In particular, we
have |Py, — P, | <27P, where Py, and P,, stand for P(T, V) and P(T, g,) respectively.

For each p > 1, let p, be a Gibbs state for g, and s, > 1 a constant such that

_1 Mp(xln)
ol < <k, (VxeX,Vn>1).
P~ exp(—nPy, exp(Sngp(z)) — ( )

Let (Np)p>1 be a sequence of integers such that

{Np > max(rp, rp+1),

(IOg("il) +eee 10%(“1)—1—1)) + Lp—1+ Mpi1 = 0(\/ Np)7
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where L, = Z?Zl Nj, and M, = max{||gj|lc : 1 < j < p}.

For each p > 1 let F,, denote the o-algebra generated by {[I |: 1€ Ai\[p } Then denote
by fi, the restriction of i, to F,, and define

vV = ®zi1ﬁp on (X, ®;ilfp>
For n > Nj let t(n) = max{p: L, <n}. For any z € X and n > 1 we have

t(n)

v(Tp,) = ( H Mp(TLp*lﬂﬂNp))Mt(n)H (TLt(")9C|n—Lt(n>)~
p=1

For each 1 < p <t(n) — 1 we have

| log (Mp(TLp*ll‘Wp)) — PyNp — SNpgt(n)H(TLp*llUWp)‘
< log(kp) + [Py — Py, IN, + |Sn, (9p — Geny 1) (TP 2y, )|

< log(kp) + 27PNy + 2My ()41 Np-
Moreover,
| log (4(n) (TLt(")flxthw)) — PyNi(n) — SNz(n)gt(n)H(TLt("HxINt(m)‘
< 108 (ky(m) + [Py = Poygy [Nem) + [,y (G1m) = 91y 1) (T2, )|
< log(ky(ny) +27 t(n)Nt(n) + 1SN, () (Gt(n) — Gtny+1) lloo-

Also, denoting n — Ly(,) by R, we have
|1og (pe(ny+1(TH ™ ag,)) — PyRy — Sk, guny+1 (TH ™ a)p,)|
< log(Ke(ny 1) + [Py — Py r [ B < 10g(Ki(n)11) + 2~{HR,.
We deduce from the previous estimations that

| log(v(z)n)) — nPy —log(¢n(z))|
| log () — Sngt(n)-i—lHOO + ‘ log(y(x|n)) —nbPy — Sngt(n)ﬂ(l‘)’

< |[Mog(vn) — Sngt(n)+1Hoo + ||SNt(n) (gt(n) - gt(n)+1)”oo
t(n) t(n)+1
+2Mymy1Ligny—1 + 27 (n — Ly, +22 PN, + Z log (k).

IN

Since n > Nypny = max(ry(n), T(n)+1) We have || log( wn) — SnGi(n +1HOO < 27tm+1p and
1SN, () (9t(n) = Ge(m)+1) Moo < (27 4 2_t(”)+1)Nt(n). So both terms are o(n), uniformly in
. Moreover, by construction 2My,y41Lin)—1 = (0(v/n))?* = o(n), 2t +1(py — L)) +
Z;(g 27PN, = o(n) and Z;(:iﬂ log(kp) = o(y/n) uniformly in z. Consequently,
1
lim — sup | log(v (v(z)n)) —nPy — log(¢n(z))| = 0.

=00 N geX

When & € Cu(X,T) and satisfies the bounded distortion property, relation (5.5) is ob-

tained by using (5.11), which holds for any positive measure v, and then the quasi-Bernoulli
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property of . Then (5.5) yields (5.4) in this case. To get (5.4) in the general case, let
(gp)p>1 as above. For each p > 1, let p1,, be the unique a-weighted-equilibrium state asso-
ciated with g,. By construction, we have lim;,_, limsup,,_, ., ||\Il,(f)n — \Il,(fgnHoo /n =0 for
each 1 < i < k; in particular \Il,(f) € Casa(X,T). Fix € > 0. Applying (5.11) to pu, we can
find p. € N and N € Ny such that for n > N, we have

e, — w0 s < e V1<i<k
exp(—20y,(n)e) pp. (B) < u(B) < exp(2lx(n)e)up.(B) VB EB,

Let c(x,n) be associated with p,, like in (5.4) for p, . We know that ¢(z,n) is bounded
independently of = and n by a constant ¢(u,,_ ). By using the validity of (5.4) for p,,_, for

every n > N. large enough so that c(y,.) < ne, for every z € X and B = B(z,e /") we

get
k . .
log u(B) = 1, (2) + > WY, (@) =2, @)
1=2
k . .
< |togpp.(B) = #) @)+ > WD, @) -wl) @)
=2
k . .
+|log u(B) — log iy, (B)| + 2 @17, |~ @)l
=1
< c(pp.) + (26 +2)0x(n)e < (n+ (2k + 2)l(n))e.
This yields the desired result. (I

Acknowledgements. Both authors were partially supported by the France/Hong Kong
joint research scheme PROCORE (projects 20650VJ, F-HK08/08T). Feng was also par-
tially supported by the RGC grant (project CUHK401008) in the Hong Kong Special

Administrative Region, China.

REFERENCES

[1] J. Barral, M. Mensi, Gibbs measures on self-affine Sierpinski carpets and their singularity spectrum,
Ergod. Th. & Dynam. Sys. 27 (2007), no. 5, 1419-1443.

[2] J. Barral, M. Mensi, Multifractal analysis of Birkhoff averages on “self-affine” symbolic spaces, Non-
linearity, 21 (2008), no. 10, 2409-2425.

[3] L. Barreira, Nonadditive thermodynamic formalism: equilibrium and Gibbs measures. Discrete Con-
tin. Dyn. Syst. 16 (2006), 279-305.

[4] L. Barreira, P. Doutor, Almost additive multifractal analysis, J. Math. Pures. Appl., 92 (2009), 1-17.

[5] L. Barreira and J. Schmeling, Sets of “non-typical” points have full topological entropy and full
Hausdorff dimension. Israel J. Math. 116 (2000), 29-70.

[6] Bedford, T. Crinkly curves, Markov partitions and box dimension in self-similar sets, Ph.D. Thesis,
University of Warwick, 1984.

[7] P. Billingsley, Ergodic theory and information. Wiley, New York, 1965.

[8] R. Bowen, Topological entropy for noncompact sets, Trans. Amer. Math. Soc., 184 (1973), 125-136.

[9] R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture notes in
Math. No. 470, Springer-Verlag, 1975.

41



[10]
[11]
[12]
[13)
[14]
[15]

[16]
[17]

18]
19]
[20]

21]
22]

23]

24]

[25]
[26]
27]
28]
[29]

30]
31]

32]
33]
34]
[35]

[36]
37]

(38]

R. Bowen, Hausdorff dimension of quasicircles. Inst. Hautes Etudes Sci. Publ. Math. No. 50 (1979),
11-25.

G. Brown, G. Michon and J. Peyriere, On the multifractal analysis of measures. J. Statist. Phys. 66
(1992), no. 3-4, 775-790.

H. Cajar, Billingsley dimension in probability spaces. Lecture Notes in Mathematics, 892. Springer-
Verlag, Berlin-New York, 1981.

Y. L. Cao, D. J. Feng and W. Huang, The thermodynamic formalism for sub-additive potentials.
Discrete Contin. Dyn. Syst. 20 (2008), 639-657.

T. Downarowicz and J. Serafin, Fiber entropy and conditional variational principles in compact non-
metrizable spaces. Fund. Math. 172 (2002), no. 3, 217-247.

K. J. Falconer, The Hausdorff dimension of self-affine fractals. Math. Proc. Cambridge Philos. Soc.
103 (1988), no. 2, 339-350.

A. H. Fan, Sur la dimension des mesures, Studia Mathematica 111 (1994), 1-17.

A. H. Fan, D. J. Feng and J. Wu, Recurrence, dimension and entropy. J. London Math. Soc. (2) 64
(2001), no. 1, 229-244.

A. H. Fan, L. Liao, J. Peyriére, Generic points in systems of specification and Banach valued Birkhoff
ergodic average. Discrete Contin. Dyn. Syst. 21 (2008), 1103-1128.

D. J. Feng, Lyapounov exponents for products of matrices and multifractal analysis. Part I: positive
matrices. Israél J. Math. 138 (2003), 353-376.

D. J. Feng, The variational principle for products of non-negative matrices. Nonlinearity 17 (2004)
447-457.

D. J. Feng, Weighted equilibrium states for factor maps between subshifts. Preprint. arXiv:0909.4250v1
D. J. Feng and W. Huang, Lyapunov spectrum of asymptotically sub-additive potentials.
arXiv:0905.2680v1.

D. J. Feng and K. S. Lau, The pressure function for products of non-negative matrices, Math. Res.
Lett. 9 (2002), 363-378.

D. Gatzouras and Y. Peres, The variational principle for Hausdorff dimension: a survey. Ergodic
theory of Z% actions (Warwick, 1993-1994), 113-125, London Math. Soc. Lecture Note Ser., 228,
Cambridge Univ. Press, Cambridge, 1996.

D. Gatzouras and Y. Peres, Invariant measures of full dimension for some expanding maps. Ergod.
Th. & Dynam. Sys. 17 (1997), no. 1, 147-167.

T. Jordan, K. Simon, Multifractal analysis for Birkhoff averages for some self-affine IFS. Dyn. Sys.
22 (2007), 469-483.

A. Kéenmaéki, On natural invariant measures on generalised iterated function systems. Ann. Acad.
Sci. Fenn. Math. 29 (2004), 419-458.

R. Kenyon and Y. Peres, Measures of full dimension on affine-invariant sets, Ergod. Th. & Dynam.
Sys. 16 (1996), 307-323.

M. Kessebohmer, Large deviation for weak Gibbs measures and multifractal spectra, Nonlinearity 14
(2001), 395-4009.

J. F. King, The singularity spectrum for general Sierpinski carpets, Adv. Math. 116 (1995), 1-8.

S. Lalley and D. Gatzouras, Hausdorff and Box Dimensions of Certain Self-Affine Fractals, Indiana
Univ. Math. J. 41 (1992), 533-568.

F. Ledrappier and P. Walters, A relativised variational principle for continuous transformations, J.
Lond. Math. Soc. 16 (1977), 568-576.

D. Lind and B. Marcus, An Introduction to Symbolic Dynamics and Coding, Cambridge University
Press, Cambridge, 1995

C. McMullen, The Hausdorff dimension of general Sierpinsky carpets, Nagoya Math. J. 96 (1984),
1-9.

A. Mummert, The thermodynamic formalism for almost-additive sequences. Discrete Contin. Dyn.
Syst. 16 (2006), 435-454.

L. Olsen, Self-affine multifractal Sierpinski sponges in R¢, Pacific J. Math. 183 (1998), 143-199.

Ya. B. Pesin, Dimension theory in dynamical systems. Contemporary views and applications. Univer-
sity of Chicago Press, 1997.

Ya. B. Pesin and H. Weiss, The multifractal analysis of Gibbs measures: motivation, mathematical
foundation, and examples. Chaos 7 (1997), 89-106.

42



[39] C. E. Pfister and W. G. Sullivan, On the topological entropy of saturated sets, Ergod. Th. & Dynam.
Sys. 27 (2007), 929-956.

[40] D. A. Rand, The singularity spectrum f(«) for cookie-cutters, Ergod. Th. & Dynam. Sys. 9 (1989),
527-541.

[41] R. T. Rockafellar, R. Convez analysis. Princeton Mathematical Series, No. 28, Princeton University
Press, Princeton, N.J. 1970.

[42] D. Ruelle, Statistical mechanics on a compact set with Z¥ action satisfying expansiveness and speci-
fication. Trans. Amer. Math. Soc. 187 (1973), 237-251.

[43] D. Ruelle, Thermodynamic formalism. The mathematical structures of classical equilibrium statistical
mechanics. Encyclopedia of Mathematics and its Applications, 5. Addison-Wesley Publishing Co.,
Reading, Mass., 1978.

[44] D. Ruelle, Repellers for real analytic maps. Ergod. Th. & Dynam. Sys. 2 (1982), 99-107.

[45] P. Walters, A variational principle for the pressure of continuous transformations. Amer. J. Math. 97
(1975), 937-971.

[46] P. Walters, An introduction to ergodic theory. Springer-Verlag, 1982.

[47] Y. Zhao and Y. L. Cao, On the topological pressure of random bundle transformations in sub-additive
case, J. Math. Anal. Appl. 342 (2008), 715-725.

[48] Y. Yayama, Existence of a measurable saturated compensation function between subshifts and its
applications. Preprint. arXiv:0906.4989

[49] M. Yuri, Zeta functions for certain non-hyperbolic systems and topological Markov approximations,
Ergod. Th. & Dynam. Sys. 17 (1997), 997-1000.

LAGA (UMR 7539), DEPARTEMENT DE MATHEMATIQUES, INSTITUT GALILEE, UNIVERSITE PARIS 13,
99 AVENUE JEAN-BAPTISTE CLEMENT , 93430 VILLETANEUSE, FRANCE

E-mail address: barral@math.univ-parisi3.fr

DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HONG KONG, SHATIN, HONG KONG,

E-mail address: djfeng@math.cuhk.edu.hk

43



