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Name: Student ID: Score:

Show your work!

1. Let:
0 -2 3 4
1 -5 0 -1
B= 0 1 6 0
2 0 -1 9

Compute det B using the following two methods:

(a) Cofactor expansion along the first column.

(b) Row reduce B to an upper triangular matrix, then find det B based on the determi-
nant of said triangular matrix.

Solution:
(a)
-5 0 -1 -2 3 4
det B=0- 1 6 0 +(—1) 1 6 0
0O -1 9 0 -1 9
-2 3 4 -2 3 4
+0 -5 0 —=1])[+(=1)-2 -5 0 -1
0O -1 9 6 0

(b) By row reduction, we have:

1 -5 0 -1
0 -2 3 4

= FEsE E3EFE B,
O 0 1?5 2 544123122177
0 0 0 4»

15

where Ey, Fy, B3, Ey, E5 are the following elementary matrices:
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Hence, we have:
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Since |Ey| = —1 and |E;| = 1 fori = 2, 3,4, 5, the determinant of B is:



2. Let:

7 -1 0
A=10 -2 3
3 0 5

(a) Find adj A.
(b) Find A~! using adj A.

(c) (Optional) Find A~! via Gaussian elimination on the augmented matrix (A | ).

Solution:
(a)

(=)' [My| (1) [May| (=1)"° | My
adj A= | (=11 |My| (=1)°72|My| (—1)*"°|Msy|
(=1)*TH [Myg]  (—1)%2 |Mas| (—1)°+ | Mss

-2 3 -1 0] |-1 0
0 5 |0 5 |-2 3
B 0 3 70 70
- _‘3 5‘ ‘3 5‘ _‘0 3‘
0 —2 7 -1 |7 -1
3 0/ 3 0] [0 —2
-10 5 -3
=1 9 3 -21
6 -3 —14

(b) Since det A = —79, we have:

1 L [0 5 =3
-1 adjA=——| 9 35 -21
det A 79 6 -3 _14




3. Solve the linear system:

—3x+Ty—4z =15
6r +y+22z=6
r—y=-—1

using:

(a) Cramer’s rule.

(b) Gaussian elimination on the associated augmented matrix.

Solution:

(a) The linear system corresponds to Az = b, where:

-3 7 —4 . 15
A=[6 1 2|, =165
1 -1 0 —1
Let:
5 7 -4
Ai=| 6 1 2 |, then |A;] = 36;
-1 -1 0
-3 15 —4
A= 6 6 2|, then |Ay| = T72;
1 -1 0
-3 7 15
A= 6 1 6 |, then |As] = —36.
1 -1 -1

Moreover, |A| = 36. Hence, by Cramer’s rule, the solution is:

[A1]

A] 1
[A2]
A]

[As] -1
A]

(b) Row reduction on the augmented matrix:
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Hence, the solution is:



4. Let A be any n X n matrix:

all a12 o e o e aln
a21 a22 N o e azn
A= Ga3zr Gzz -+ ot A3p
anl an2 oo e ann

Let B be the matrix obtained from A by switching the first and second rows:

a21 a22 « e . e a2n
all a12 « e « e aln
B = asy Qzz -+ A3p
aTLl an2 Y P a/nn

Without using elementary matrices or the multiplicativity of the determinant function,

(a) Show that det B = — det A.

(b) Convince yourself that if C' is obtained from A by switching the i-th and (i + 1)-st
rows (1 < i < n), then det C' = — det A.

(c) Then, show that if C' is a matrix obtained from A by switching any two rows, we
have det C = — det A.

Proof:

(a) The value of det A, computed using the cofactor expansion along the first row, is:
det A =) (=1)"aye| My
k=1

The value det B, computed using the cofactor expansion along the second row, is:

n

det B = (—=1)"ay | Myx| = (=1) - Y (= 1)Faye[ My
k=1

k=1
Hence, we have det B = — det A.

(b) Similarly, computing the determinants using the the cofactor expansion along the
i-th and (7 + 1)-st rows, respectively, we have:

det A =) "(—1)"Fay| M.
k=1

det B =Y (1) | M| = (—1) - > (=1)"Fay,| M.
k=1 k=1
Hence we have det B = — det A.



(c) Leti,j € {1,2,...,n}, with j > i. Let C be the matrix obtained from A by
switching the i-th row and the j-th row. Switching these two rows is equivalent to
performing the following sequence of operations on A:

e First move the i-th row to the j-th row by switching consecutive rows as fol-
lows: Switch the i-th row with the (¢ + 1)-st row, then the (i + 1)-st with the
(7 + 2)-nd, ..., and so on. This requires j — ¢ switches.

e Then, move the original j-th row, now at the (j — 1)-st row, to the i-th row, by
switching the (j — 1)-st with the (j — 2)-nd, and then the (j — 2)-nd with the
(j — 3)-rd, ..., and so on. This requires j — i — 1 switches.

Hence, C' is obtained from A by switching consecutive rows (j — i) + (j —i — 1)
times, which implies that det C' = (—1)¥"2%~1det A = — det A, since 2j — 2i — 1
is an odd number.






