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Concepts

Direction of recession of C: we say that a vector d is a direction of
recession of C if x+ �d 2 C for all x 2 C and � � 0:
Recession of cone of C: the set of all directions of recession is said
to be recession of cone of C. It is a cone containing the origin. It
is denoted by RC .
Lineality space: the set of direction of recession d whose opposite,
�d, are also directions of recession:

LC = RC \ (�RC):

It is denoted by LC . Thus d 2 LC if and only if the entire line
fx+ �dja 2 <g is contained in C for every x 2 C:

Epigraph: the epigraph of a function f : X ! [�1;1]; where
X � <n; is de�ned to be the subset of <n+1 given by

epi(f) = f(x;w)jx 2 X;w 2 <; f(x) � wg:
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Theorem

Saddle Point: A pair of vectors x� 2 X and z� 2 Z is called a

saddle point of � if

�(x�; z) � �(x�; z�) � �(x; z�); 8x 2 X;8z 2 Z:

minimax equality:

supz2Zinfx2X�(x; z) = infx2Xsupz2Z�(x; z):
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Saddle Point and Minimax Theory

Theorem

A pair (x�; z�) is a saddle point of � if and only if the minimax

equality holds, and x� is an optimal solution of the problem:

minimizesupz2Z�(x; z); subject tox 2 X;

while z� is an optimal solution of the problem

maximizeinfx2X�(x; z); subject toz 2 Z
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Recession Cone Theorem

Let C be a nonempty closed convex set.

(a) The recession cone RC is closed and convex.

(b) A vector d belongs to RC if and only if there exists a vector
x 2 C such that x+ �d 2 C for all � � 0:
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Properties of Recession Cones

Let C be a nonempty closed convex set.

(a) RC contains a nonzero direction if and only if C is unbounded.

(b) RC = Rri(C):

(c) For any collection of closed convex sets Ci; i 2 I, where I is
an arbitrary index set and \i2ICi 6= ;; we have

R\i2ICi
= \i2IRCi

:

(d) Let W be a compact and convex subset of <m; and let A be
an m� n matrix. The recession cone of the set

V = fx 2 CjAx 2Wg

(assuming this set is nonempty) is RC \N(A); where N(A)
is the nullspace of A.
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Properties of Lineality Space

Let C be a nonempty closed convex set of <n.

(a) LC is a subspace of <n:

(b) LC = Lri(C):

(c) For any collection of closed convex sets Ci; i 2 I, where I is
an arbitrary index set and \i2ICi 6= ;; we have

L\i2ICi
= \i2ILCi

:

(d) Let W be a compact and convex subset of <m; and let A be
an m� n matrix. The lineality space of the set

V = fx 2 CjAx 2Wg

(assuming this set is nonempty) is LC \N(A); where N(A) is
the nullspace of A.
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Solution

Using
LC = RC \ (�RC):

and Properties of RC .
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Decomposition of a convex set

Let C be a nonempty subest of <n: Then, for every subspace S
that is contained in the lineality space LC ; we have

C = S + (C \ S?):
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Decomposition of a convex set

Let C be a nonempty subest of <n: Then, for every subspace S
that is contained in the lineality space LC ; we have

C = S + (C \ S?):
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Let f : <n ! (�1;1] be a closed proper convex function and
consider the level sets

V
 = fxjf(x) � 
g; 
 2 <:

Then:

(a) All the nonempty level sets V
 have the same recession cone,
denoted Rf , and given by

Rf = fdj(d; 0) 2 Repi(f)g;

where Repi(f) is the recession cone of the epigraph of f .

(b) If one nonempty level set V
 is compact, then all of these level
sets are compact.
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Solution

(a) Fix a 
 such that V
 is nonempty, consider

S = f(x; 
)jf(x) � 
g;

S = epi(f) \ f(x; r)jx 2 <ng:

RS = Repi(f) \ f(d; 0)jd 2 <
ng = f(d; 0)j(d; 0) 2 Repi(f)g;

independent of 
.

(b)

V
 compact, RV
does NOT contain a nonzero direction

) RV
1
does NOT contain a nonzero direction

) V
1 compact.
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