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Continuity of Convex Functions

Theorem

If f : <n ! < is convex, then it is continuous. More generally, if

f : <n ! (�1;1] is a proper convex function, then f , restricted

to dom(f), is continuous over the relative interior of dom(f):
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Continuity of Convex Functions

Theorem

If C is closed interval of the real line, and f : C ! < is closed and

convex, then f is continuous over C.
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Hyperplane

A hyperplane H in <n is a set of the form fxja0x = bg where a is
a nonzero vector in <n and b is a scalar.
If �x 2 H, then

H = xja0x = a0�xg;

or
H = �x+ fxja0x = 0g:

H is an a�ne set that is parallel to the subspace fxja0x = 0:g

fxja0x � bg; fxja0x � bg

are called the closed halfspaces associated with the hyperplane H.

fxja0x > bg; fxja0x < bg

are called the open halfspaces associated with the hyperplane H.
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Supporting Hyperplane Theorem

Theorem

Let C be a nonempty convex subset of <n and let �x be a vector in

<n. If �x is not an interior point of C, there exists a hyperplane

that passes through �x and contains C in one of its closed

halfplaces, i.e., there exists a vector a 6= 0 such that

a0�x � a0x; 8x 2 C:
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Separating Hyperplane Theorem

Theorem

Let C1 and C2 be two nonempty convex subsets of <n: If C1 and

C2 are disjoint, there exists a hyperplane that separates them, i.e.,

there exists a vector a 6= 0 such that

a0x1 6= a0x2;8x1 2 C1;8x2 2 C2:
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Strict Separation Theorem

Theorem

Let C1 and C2 be two disjoint nonempty convex sets. There exists

a hyperplane that strictly separates C1 and C2 under any one of

the following �ve conditions:

(1) C2 � C1 is closed.

(2) C1 is closed and C2 is compact.

(3) C1 and C2 are polyhedral.

(4) C1 and C2 are closed, and

RC1
\RC2

= LC1
\ LC2

;

where RCi
and LCi

denotes the recession cone and the

lineality space of Ci, i = 1; 2:

(5) C1 is closed, C2 is polyhedral, and RC1
\RC2

� LC1
:
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Corollary of Strict Separation Theorem

Theorem

The closure of the convex hull of a set C is the intersection of the

closed halfspaces that contain C. In particular, a closed convex set

is the intersection of the closed halfspaces that contain it.
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EX 1

Give an example of two closed convex sets that are disjoint but
cannot be strictly separated.

solution:

Take C = fx 2 R2jx2 6= 0g
D = fx 2 R2

+jx1x2 � 1g.
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Give an example of two closed convex sets that are disjoint but
cannot be strictly separated.
solution:

Take C = fx 2 R2jx2 6= 0g
D = fx 2 R2

+jx1x2 � 1g.
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Ex 2

Express the closed convex set fx 2 <2+jx1x2 � 1g as an
intersection of halfspaces.
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Ex 2

Let C = fx 2 <nj jjxjj1 � 1g, the l1�norm unit ball in <n,
and let x̂ be a point in the boundary of C. Identity the supporting
hyperplanes of C at x̂ explicitly.



Optimization Theory

Exercise

Ex 3

Let f : <n ! < be a convex function and X be a bounded set in
<n. Show that f is Lipschitz continuous over X, i.e., there exists
a positive scalar L such that

jf(x)� f(y)j � Ljjx� yjj; 8x; y 2 X:
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Ex 4

Let C1 and C2 be nonempty convex subset of <n, and let B denote
the unit ball in <n, B = fjjxjj � 1g. A hyperplane H is said to
separate strongly C1 and C2 and if there exists an � > 0 such that
C1 + �B is contained in one of the open halfspaces associated with
H and C2 + �B is contained in the other. Show that:

(a) The following three conditions are equivalent.

(i) There exists a hyperplane separating strongly C1 and C2.
(ii) There exists a vector a 2 <n such that

infx2C1
a0x > supx2C2

a0x.
(iii) infx12C1;x22C2

jjx1 � x2jj > 0; i:e:; 0 6= cl(C2 � C1):

(b) If C1 and C2 are disjoint, any one of the �ve conditions for
strict separation, implies that C1 and C2 can be strongly
separated.
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