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. Discuss in details of the negative eigenvalues for
{—X”:AX, 0<x<l
X'(0) = apX(0), X'(I) = —aX(l)
with ag < 0,a; > 0,a9 + a; > 0.
Solution: Let A = —3%,3 > 0, then
X(z) = Asinh Bz + B cosh fz
with A, B constants to be determined. Note that
X'(z) = AB cosh Sz + Bfsinh fx
Apply the boundary conditons, then
X'(0) = agX(0) = AB = ayB
X'(l)=—-a;X(l) =  ABcosh Bl + BfBsinh 8l = —a;(Asinh 5l + B cosh f5l).
It follows from simple computications that
ap _ _ﬁsinhﬁl + a; cosh Sl
15} [ cosh Bl + a; sinh Bl

or equivalently

(ap + a;) 8
tanh fl = ————"—.
v 5% + aoay
Let f(B) = tanh 8l and g(B) = —g{:—;ﬁ(f. To find the negative eigenvalues is to find

the intersection points of f(5) and g(/) for 5 > 0.

Note that f(0) = ¢(0) = 0, and f(+o00) = 1,g9(4+00) = 0 and g(v/—apa;—) =
+00, g(v/—apa;+) = —oo. Then it follows from simple computications that
[
!/
= >
F(5) cosh? Bl
ao + a;)(% — apa
g/(ﬁ) _ ( 0 21)< 20 l)
(82 + aoy)

Then f(f) is an increasing function on (0, +00) with value from 0 to 1, and g(8) is an
increasing function on (0, /—aga;) with value from 0 to 400 and on (v/—aga;, +0)
with value from —oo to 0. Hence the intersection point of f and g only appears on
(0,/—aoa;). Note that f/(0) =1 and ¢'(0) = —%2t% then

aoag

0

> 0.

*Any questions on notes, please contact me at rzhang@math.cuhk.edu.hk
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(a) If L = f'(0) > ¢'(0) = —2t% equivalently, ag + a; < —lagay, there is only one

apa;

root to f(B) = g(B) for § > 0, thus there is only one negative eigenvalue.
(b) If L = f'(0) < ¢'(0) = —‘LGOO—J;‘ZZ, equivalently, ag + a; > —laga;, there is no root
to f(B) = g(B) for § > 0, thus there is no negative eigenvalue.
2. Find the solution to the following problem

Uy — Uy = 0,0 <2 < [,t ER
uz(0,t) = —u(0,t), u (I, 1) = —u(l, 1),
Solution: Use the separation of variables method.

Stepl: Let u(x,t) = T(t)X (z), we have

T/I X//
2T X

Y
which implies that A is a constant. Moreover, the boundary conditions show that
X'(0) = —=X(0),X'(1) = =X (1).

Step2: Consider the eigenvalue problem

X"(z) = =2 X(x),
X'(0) = =X(0), X'(1) = —=X(1).

First, claim that X is real. In fact, multiply X” = —AX by X and integrate from 0

to [, then
l - l
/ X" ()X (@)da = —\ / X () [2da.
0 0

/ X)X e = X)X - / X'

Note that

= —IXOF + XO)F - [ X

Then

| XOR - XO)R [ IX@E_
f0|X )|2dx '

If X\ =—/32% 3> 0, then the general solution to X” = —\X is
X(z) = acosh(Bz) + bsinh(fx)
with constants a,b. Then

X'(z) = afB sinh(Bx) + bS cosh(Bz).



The boundary conditions give that

X'(0) = -X(0), =b8=—q,
X'(1)=-X(1), =-af sinh (1) + bf cosh(5l) = —a cosh(Bl) — bsinh(p1),
then
5= [ cosh Bl + sinh Bl
U _Bsinhﬁl + cosh Sl

or equivalently,
% sinh Bl = sinh 1,

since # > 0, then § = 1. Thus there is only one negative eigenvalue A\g = —1 and

the corresponding eigenfunction is Xy = cosh 5l — sinh 5l = e™™.

If A =0, then X(z) = ax 4+ b. Then boundary conditions show that

X'(0) = —X(0), =a = —b,
X'(1) = —X(1), =a = —(al +b),

which imply that a = 0 = 0, thus there is no zero eigenvalue.
If A = 2,3 > 0, then the general solution to X” = —\X is

X(z) = acos(fz) + bsin(fBx)
with constants a,b. Then
X'(x) = —aBsin(Bz) + bB cos(fx)
The boundary conditions give that

X'(0) = —X(0), =bf=—a,
X'(1)=-X(1), = — afsin(Bl) + bf cos(Bl) = —acos(Bl) — bsin(pl),

B cos Bl + sin Sl

—B= _—ﬁsinﬁl + cos Bl

or equivalently,

—(3%sin Bl = sin B,

which shows that sin S = 0. Thus the eigenvalues and eigenfunctions are

An = (?)Q,Xn(a:) = —? cos(?a:) + sin(?m), n=1,2---
Step3: Solve the equation T” = —\c*T, then
Ao = —1, To(t) = Agsinh et + By cosh ct
A = (”l—”)2 >0,  Tu(t)=A, sin(#t) + B, cos(#t),n 1,2,



where A,,, B,,,n=0,1,--- are constants to be determined.

Step4: Finally, the solution is given by

u(a,t) = X (2)T(t)

=(Apsinh ¢t + By coshct)e™ “+

. onm cn nw nw . nm
Z {An sm(Tt) + B, cos(Tt)}{ -7 cos(Tx) + sm(T:c)}.

n=1

While the initial data yield that

¢(r) = u(x,0) = Boe ™ + Z Bn{ — ? cos(%:c) + sin(%x)},
n=1

NI T s
Y(z) = Gwu(x,0) = Agce —I—;An ; { i cos( ; x) + sin( ;i m)}



