Tutorial 12 for MATH4220

Rong ZHANG*
19 April, 2018

Please collect your quiz papers or midterm papers from TAs.
Please collect your HWs from assignment box.

1. The Exterior of a Circle

Consider the following Dirichlet problem for the exterior of a circle

Uy + Uy, =0,  2°+1y* > a?
u = h(h), 2 +y? = a?
u is bounded as  z? + y* — o0

Solution: In polar coordinates, it suffices to solve

(r2urr+rur+ue9:(), a<r<oo0<0<2m
u = h(#), 0<6<2r
u(r,0) = u(r,2m), a<r<oo
ug(r,0) = ug(r, 2m), a<r<oo

| uis bounded as r — 00

Find a seperable solution in polar coordinates, u = R(r)©(f). Thus by the equation,
we have

,],,QR// + T’R, (_)//

7 5 = A(constant)

Solve the eigenvalue problem
Q" = -)\O, 0<6<2rm
0(0) = ©(27), ©'(0) =0'(27)

Thus the eigenvalues are )\, = n? and the corresponding eigenfunctions are

O, = a,cosnf + b,sinnf, n=0,1,2,---

It remains to solve
rP?R'+rR —AR=0, a<r <o

*Any questions on notes, please contact me at rzhang@math.cuhk.edu.hk



) Rn(ﬂ =

—n

When n > 1
Cnl

When n = 0, r2R" +rR' = 0, thus Ryr = co + dplnr.
Since wu is bounded as r — oo, thus Ry(r) = ¢o, R, (7)

Cpr M+ dyr™.

Thus -
u(r,0) = " Ry (r)©,(0)
n=0
=agCy + Z cnr " (ay, cosnd + by, sinnf)
n=1
Ay = _ _
= + Y r (A, cosnb + B, sinnd)
n=1
Set r = a,
Ay = _, )
h(0) = 5 + ; a" (A, cosnb + B, sinnf)
where
a® 2
A, = —/ cosnfh(0)dd, n=0,1,---
T Jo
a” 2
B, = —/ sinnfh(0)dd, n=1,2,---
T Jo
Actually, this series can be summed explicitly.
2 2 2w h
u(r,0) = r 27ra /0 T 2(52 p—— ¢d¢ (in polar coordinates)

=3I
u) dS(7') (in rectangle coordinates)

o |f|2 —(12/
U(x) a 2ma |Z|=a |f— fl|2

2. The wedge
Consider the following Dirichlet problem for a wedge
Ugy + Uyy = 0, 0<a’<2*+y%,0<0<p

u = h(#), 2 +y? =a®
u =0, 0=0,p
Solution: In polar coordinates,

Uy + 17U +ugg =0, 0<r<a,0<0<p
0<f0<p

u = h(#),
u(r,0) = u(r,8) =0, 0<r<a

Find a seperable solution in polar coordinates, u = R(r)©(0),
QR// R/ @//
i L S A A(constant)

R )
Solve the eigenvalue problem
Q" = -)\O, 0<0<p
©(0) =6(s) =0

2



Thus the eigenvalues are \,, = (%)2 and the corresponding eigenfunctions are

"y

@n:sin(ﬁ ), n=1,2---

It remains to solve
P?R'"+rR — AR =0, a<r<b.

Then n > 1, R,(r) = car " +d,r® . Since u is bounded when 0 < r < a, thus

nm

Cn=0,R,(r)=d,r?.

Thus ~
u(r,0) = " Ry (r)0,(0)
n=1
= Z dor'® sin(TG)
n=1 ﬁ
Set r = a,
h(6) = Z dpa'® sin(n—ﬂﬁ)
n=1 /6
where 5
nr 2 nmw
d,a? = —/ sin(—~0)h(0)do, n=1,2,---
5, ( 3 )h(0)



