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1. ∆n is invariant under rotation.

Any rotation in three dimensions is given by

x′ = Ox

where O = (oij) is an othogonal matrix, that is, OtO = OOt = I. Therefore,

∆u =
n∑

i,j=1

δijuij =
n∑

i,j=1

δij∂i(
n∑
k=1

ux′k
dx′k
dxi

) =
n∑

i,j=1

δij∂i(
n∑
k=1

ux′koki) =
n∑

i,j=1

δij

n∑
k,l=1

ux′kx′lokiolj

=
n∑

i,k,l=1

ux′kx′lokioli =
n∑

k,l=1

ux′kx′lδkl = ∆′u

where we have used
∑3

i=1 okioli = δkl.

2. For the three-dimensional laplacian

∆3 = ∂2x + ∂2y + ∂2z

it is natural to use spherical coordinates (r, θ, φ). First, consider the chain of vari-
ables (x, y, z)→ (s, φ, z) which is given by

x = s cosφ

y = s sinφ

z = z

By the two-dimensional Laplace calculation, we have

uxx + uyy = uss +
1

s
us +

1

s2
uφφ.

Second, consider the chain of variables (s, φ, z)→ (r, φ, θ) which is given by

s = r sin θ

z = r cos θ

φ = φ
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By the two-dimensional Laplace calculation, we have

uss + uzz = urr +
1

r
ur +

1

r2
uθθ.

Thus we have

∆3u = uxx + uyy + uzz =
1

s
us +

1

s2
uφφ + urr +

1

r
ur +

1

r2
uθθ.

And note that s = r sin θ and us = ur
∂r
∂s

+ uθ
∂θ
∂s

= ur
s
r

+ uθ
cos θ
r

. Therefore

∆3u =
1

r2
cot θuθ +

1

r2 sin2 θ
uφφ + urr +

2

r
ur +

1

r2
uθθ.

3. Question2 of quiz2.
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