
Tutorial 6.25

Non homogeneous Linear System

sx'
= Pits I tgth

Pit) : nxn matrix
,

both PHI
, 9TH continuous in some

interval a at < B .

g- th : nxi vector

Question : How to find a particular solution for the system ?

There are 3 methods here :

�1� Diagonal izatiou :

Consider the system I '
= A I.tglt )

.  . - . ( * ,

suppose Anxn is a diagonals table constant matrix ,

we mean that A has n linearly independent eigenvectors

} '
, {2

,
- .  .§n . Then A can be written as

D=Tt AT ,
where D-⇐ ( B.Pan ) ,

T = |}l '  '  ' %)
n*n

Define a new dependent variably §ER "

by I = Tf .

Substitute back to 1$ )
,

we have



TF '
= Atytglt )

, multiply T
'

.

F '
=  HAT ) I + Tt Fit ) ⇒ Ty '  

= DF + hlt )
,tilt

) = Ttgtt )

Now we have n uncoupled equations for Yi ,
n

, Yu .

Yi
'

tt) = Viyilt ) + hilt ) in ,  - i

, n . 1st order ODF .

each Yi can be
solved

. F= (ftp.n) is a particular solution
.

�2� Method of undetermined coefficients .

I '= PHII + of th .

Require : P is a constant matrix .

Tf contains only = exponentials , polynomials ,

- sinmt ,

wsmt . or sums or products of  them .

If gtt) is in form of e
't

, R is a simple root of  The

characteristic function ,
we should  try I = E text + Belt

instead of fetett only .



�3� Variation of parameters . I '  
= Ptt ) I + of It ) .

Assume YH ) be the fundamental matrix corresponding to I '

= Pct) I
,

To construct a particular solution ,
we assume that D= VEE) Ict ) .

differentiate I
,

Y
'

it , at ) + 4th UTH , = Play that ) + TH )

Since 4 ' et ) = 7th 4th
,

we have

4th

Tilt
) = g-th

i. e
.

Tith
= Ythtgttt

Jett) = f ythtglt ) dt  + I
. I : arbitrary constant vector

.

And the general solution is : I th = 4th It Ytttftqytls ) g-Cs ) ds
,

where ti E ( a , B )
.

If we have an initial condition X l to )=X° ,

then E= Vt Ho ) X°
.



Exercise : I '=( }} ) I + feet) find a particular solution .

| Y
"

}→| = at I =o di =|
,

dz= -1
.

ii. IT)
. E=f,

'

)
T= ¥ I T I )

,
T

' '
= ¥14 '

→ )
D= ( to;)

: , I=TF ,

pyi, )=D8 + Ttgit ' = It;) lnyd + El ;;) I It
Yi = Yit ¥2 ( ettt ) Y , = t÷z¥ - € - ¥ + a e

't

⇒{
yi

.
yz -

' Elettzt ) Yz= . ¥ et - EE . if the

Ci , Cz E R .

E- Tis - ¥1 ?t.HN .



* ' =p, ⇒ x + Keitel
sd :

|zy If = o ⇒ xei , net
.

ii. =l2Y )
.

Then ( Yi ) eit = (
2

wsctafsint) + i ( costs
,

.tn?sint)
homogeneous I = a Pwstfsstint) + cz ( wststjfsint) a. a arbitrarySolution .

Constants

The fundamental matrix is

4th = (
20

tajsint wsstitnzsint )

4th , = (
- Sint

wsttzsintcost -

zwsttsint )

4=4 Etvfotytgcs ) ds

÷ (
- sins cos stains

= sq , Elan;ass + sins )(%) ds

cots - zt tans ) ds

= ( 2 ln cost

E= ( f;)
-2€+ latent )


