MATH 3270B - Ordinary Differential Equations - 2017/18
Midterm

Time allowed: 60 minutes

NAME: 1D:

Answer all the questions. Show your detailed steps.
1. (16 points)
(a) Check that the following equation is exact and find the general solution.

dy _

2 _xy? xy? 2
e —2x 2zye™ —«x
y Y+ (2zy ) I

0.
(b) Show that the following equation is not exact but becomes exact when multi-

plied by some nonzero integrating factor p.

dy

2zy* + 2rsinx + x?y—> = 0.
dz

Solution:

(a) M = yze“’2 —2xy, N = 2xy6“/2 — 22,
M, = (2y + 2zy)e™¥’ — 20 = N, = exact.
Then ®(x,y) such that &, = M = & = e — 22y + g(y);
¢, =N = ¢(y)=0.

Hence the general solution is ®(x,y) = ezy2—x2y = (', where C' € Risaconstant.

(b) M =2zxy*+ 2xsinz, N =22y,

M, = 4zy, N, =2xy, M, # N,, not exact.

M,— N, 2 2
We see that —~ e —, depends only on x,
N 22y x

2
= there exists u(z) s.t. p/'(z) = Eu(x)

— p(z) = 2 T = 2kl = g2,



2. (24 points)

(a) Find a fundamental set of solutions to the following equation on R (justify the

solutions found form a fundamental set of solutions):
y' =2y +y=0.

(b) Find a particular solution to the following equation by using the Method of
Undetermined Coefficients:

y// . Qy/ +y — tet.

(¢) Find a particular solution to following nonhomogeneous equation by using the

method Variation of Parameters:
y// . le + y = t€2t.

Solution:

(a) Characteristic function: r* —2r +1=0, ry =ry =1, then y; = €', yo = te'.

( )(t)_et te! =40, VteR
W = =e
Y1,Y2 et (t 1)€t )

— {e', te'} a fundamental set of solutions.

(b) g(t) =te', a = 11is a root of (CE), s = 2.
Y (t) = t*(At + B)e! = (At® + Bt?)e,
Y'(t) = (At* + (3A + B)t* + 2Bt)e',
Y”(t) = [At® + (6A + B)t? + (6A + 4B)t + 2BJe'.
— Y —-2Y +Y = (6At + 2B)e" = te’, hence A = é, B =0.
3

Y (t) = Eet

et tet
W(t) = =%
Q e (t+1)e ¢
0 te!
Wi(t) = = —te
0 =1 (t+ 1)t
et 0
Wo(t) = = ¢t
2(1) et 1




Wa( t
t)dt
y1 /W + vy / t
=¢! / te2tdt+te / 7zfe%lzf
6 &
=_— ¢ / t2eldt + tet / teldt

=(t — 2)e*




3. (16 points)

Given a nonzero solution y; =t to the equation
t2y —ty +y=0.

(a) Use reduction of order to find another nonzero solution ys, such that {y;,ya}
is a fundamental set of solutions of the above equation. (Justify why the set

{y1,y2} obtained is a fundamental set of solutions.)

(b) Use reduction of order to find the general solution to the following nonhomo-
geneous equations, by making use of the above given nonzero solution y; to

the corresponding homogeneous equation.
2y —ty' +y =12, t>0.

Solution:

(a) yo = u(t)yi(t) = tu, yh =u+tu', yh = 2u’ + tu”.
2yl —tyh +yp = 220 + tu") — t(u+tu) + tu = t2 + tPu’ =0
1
= u" + gu’ =0

—[=d
Iy _

1 1
—u =c e*1n|t|:—:¥,t>0.

" I
:u:f7zlnt,
== Yo =tu=tlnt, t > 0.

(b) Yy = thu = lu, ,
1
22 + ") — t(tu +u) +tu =1 = U+ u? =5
dt dt

- —1 1
’ / ft;dt—l—cl):;(t‘i‘cl):l—i_%’CleR'

u=e 7(fe
u:f(1+ct—1)dt+02:t+cllnt+02, Cq1, CQER.
=y =yu=1t>+citlnt+ cot, c1, co € R.



4. (30 points)
(a) Find a fundamental set of solutions to the following equation:
y" =3y +4y — 2y =0.
(Hint: you may use the factorization r* — 3r* +4r —2 = (r — 1)(r? — 2r + 2).)
(b) Use the Method of Undetermined Coefficients to find a particular solution to

the following equation:
y/// o Sy// + 4y/ _ 2y — t62t.

(¢) Find a particular solution to the following equation by using Variation of Pa-

rameters: .
e T
3" 4 Ay — Oy — L tE(—= =
y vy -2y = — (=5:3)
(Hint: you may use [ -4 = 1n |1t 4 O
Solution:

(a) (CE) r® —=3r2+4r—2=(r—1)(r*—2r+2) =0,
rm=1,rg=1+4,1r3=1—1 = y; = e, yo = e cost,y3 = e’ sint.

Hence {¢', €' cost, e'sint} forms a fundamental set of solutions.

(b) g(t) = te', o =2 is not a root, s = 0.
Y (t) = (At + B)e*; Y'(t) = (2At + A+ 2B)e*
Y"(t) = (4At + 4A + 4B)e?; Y"(t) = (8At + 12A + 8B)e?.
Y —3Y" +4Y" — 2Y = (2At + 4A + 2B)e* = te?,
hence 2A =1, 4A+2B=0 = Azl, B=-1.

2
t
= Y(t) = (5 — 1)e2t.
(c)
et et cost etsint
W(t) =|e' e'(cost —sint) e'(sint+ cost)
et —2etsint 2¢et cost
1 cost sint
=e% |1 cost —sint sint + cost
1 —2sint 2cost
1 cost sint
=e3t |0 —sint cost
0 —2sint—cost 2cost —sint

=e(sint(sint — 2cost) + cost(2sint + cost)) = e*'.



0 el cost et sin ¢
Wi(t) = [0 e'(cost —sint) e'(sint + cost)| = e*

1 —2etsint2et cost

et 0 e'sint
Wy(t) = et 0 el(sint + cost)| = — coste?
el 1 2¢e! cost
et el cost 0
Ws(t) = |t ef(cost —sint) 0| = —sinte
et —2elsint 1

yl/Wl s)ds +y2/W2 (s)ds+y3/mm//3(<j))g(s)ds

1 t
256 "In |ﬂ\ + e'sintln (cosz) — te' cost.
int



. (14 points)
Consider the following third order linear equation

y" +p)y" +a)y +r(t)y=0, teR,
where p(t), q(t), r(t) are given continuous functions on R.

(a) Can the function y = t?sint be a solution to the above equation on the whole

real line R? If yes, construct such p(t),q(t), r(t). If no, explain why.

(b) Can the set {t,t? sint} be a fundamental set of solutions to the above equation
on the whole real line R? If yes, construct such p(t),q(t),(t). If no, explain
why.

bf Solution:

y(0) = 0; /(t) = 2tsint+t* cost, theny'(0) = 0;5"(t) = 2sint-+4t cost—t*sint, theny”(0) =
y = 0 is the unique solution to the problem

y" +p)y" +qt)y +r(t)y =0,
y(0) =4'(0) =y"(0) =0

t t?>  sint
W(t)=11 2t cost |,W(0)=0.
0 2 —sint



