MATH 3270B - Ordinary Differential Equations - 2017/18
Quiz 2
Time allowed: 45 mins

NAME: 1D:

Answer all the questions. Show your detailed steps.

1. Let W(t) be the Wronskian of two solutions x) and x®) of
1 a
d
dx = X,
dt ( —a 1+ 2« )

(a) Assume that W (t) satisfies

where « is a constant.

W'(t) = 4W (2).

Find the a.
(b) Let a be obtained in (a), find the fundamental matrix ®(t) satisfying ®(0) = I

of the linear system;

(c) Find the unique solution of the linear system with initial value

Xm):( )

O >

Solution:

(a)

4=TrPt)=1+1+4+2a0 = a=1.

A:( 1 1)7
~1 3

and thus solving the characteristic equation

(b) Due to (a), we have

1—-A 1

=N —4\+4=0
—1 33—

det(A—\) =

gives



Direct calculations lead to

11 00
A—\I= L (A= \ID?= .

Solving (A — \I)*rg =0

and

Then

are two solutions. The Wronskian

1—-t ¢

WEDEw =

et = M £ 0.

Therefore {#), #?)} is a fundamental set of solutions.

-t t+1

w<t>—<f<l><t>,f<2><t>>—(H ! )

10
is a fundamental matrix. Noticing that W(0) = ( 01 ) O(t) =

fundamental matrix with ®(0) = I.

(¢) The unique solution is

X = o(1)X(0) = ¥ ( :t tjl) <

2. Consider the system:

QO x|
N—
I
D

®
7
| =
0|+ |
+
|+
=

(a) Find a fundamental matrix W(t) for the above homogeneous system;



(b) Find the unique solution x(t) of the above system, with initial condition

—1
x(0) = 1
1
Solution:
(a) Solving the characteristic equation
1—A 1 0
det(A—X)=| -1 2-X 1 =1-MNA-2)(A-3)=0,

one obtains A\ =1, Ay =2, A3 = 3.
For /\1 = 17

0 1
-2 1

— O

obtaining an eigenvector

=
I
o

For /\2 = 27

-2 11

obtaining an eigenvector

ol
1
—_

and the corresponding solution

72 = ettt =

|
|
|
|
|



FOI")\3:3,
—2 1 0 &
(A=XsD=| -1 -1 1 =10,

obtaining an eigenvector

and the corresponding solution

3) Ast —_

70 = e

The Wronskian

1 11
W) =W (@D, @ #)(1) ={ 0 1 2 | =2 £0.
113

Therefore ¥(t) = | 0 e* 2¢3 | is a fundamental matrix.

et e2t 363t

Therefore

3. Consider the system:

1 10
d 1 31 |x
—x=\| — .
dt

0 0 2

(a) Find a fundamental matrix W(t) for the above homogeneous system;

(b) Find the unique solution x(¢) of the above system, with initial condition



Solution:

(a) Solving the characteristic equation

001
A-MI=] -1 11 |,A=MD)?*=]00 1
0 00 000
000
(A=MDP*=[ 000
000
Solving (A — M1)37 = 0 yields
1 0 0
RV =1o |, "@P=|1], "®=]o0
0 0 1
and correspondingly
~1
AW =A- DW= -1 ], 7@ =UA-\DrR®
0
0
A® =A- DR = 1],
0
and
0
Y =A- DY =10, B?=A-\D)H%=

7@ = (A - NP =

We have three solutions

t2
70 — (T’B(l) + M 4 57;2»(1))6% _



t tZ

FD = t41 |e¥, 7%= % +t | e
0 1
The Wronskian
1-t t
Wt)=| —t t+1 Z 4t | =e"#0.
0 0 1
Therefore ,
1—t t £
_ 2 2t
Ut)y=| -t t+1 L+t |e
0 0 1

(b)
00
vo)=101 0
0 01
Then
1—t ¢ £ 1 241
X =vXO0) =e* | —t t+1 L4 || 1| =] E4t+1
0 0 1 1 1
4. (a) Solve the initial value problem
Y +ty =ty
y(0) = o

(b) Find the largest interval J, such that the unique solution to (a) exits on R, for
any 4o € J.

Answer:

(a) If yo = 0, then y = 0 is a solution on R. If yo # 0, y # 0, divide the equation
by v,
y/

5 T

<
< | =+



let z =1,
)

—2 +tz =t
(e2"2) = — te 2"’
t
e 2ty = —/ se 2% ds + z
0
—e 2 — 14 k=
Yo
1,2
Loy ey e
Yy Yo
1
y = 1 142
1 -+ (y—o - )6
1+ (= — 1)ez" £0
Yo
) #1 — ez
Yo
1
— &0, 1
— ¢0.1)

Thus the largest interval J = (—oo, 1].



