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3 Second order linear equations

A second order linear ODE is of the form

p(O)y" +q)y +7r(t)y = s(t)

for some given functions p, ¢,  and s. If p(¢) # 0 then we can express the second
order ODE alternatively as

B ) s
OO0

In Chapter 1 we discussed that for a second order ODE we require two initial
conditions

y"+a(t)y' +b(t)y = f(t), a(t):=

y(to) =vo0, ¥'(to) = w1,

for given constants tg, yo,y:. Note that we are not only prescribing that the solution
y(t) passes through the point (¢, o), but also its slope y/(t) passes through the

point (to,y1).

The theory for second order linear equations is more involved than the theory
for first order linear equations. We first introduce the following classification.

Definition 3.1 (Homogeneous equation). A second order linear ODE
p)y" +q()y" +r(t)y =s(t), p(t) #0,

is called homogeneous if s(t) = 0. Otherwise, if s(t) # 0, the ODE is called
non-homogeneous.

Do not be confused about homogeneous first order ODE % = F(y/t) and
homogeneous second order ODE 3" + a(t)y’ + b(y)y = 0.

Example 3.1 (Reduce to first order). If a general second order equation

y'(t) = F(t,y,y")



for which the variable y does not appear, i.e.,
y'(t) = F(t.y).

Then, using the substitution v(t) = y'(t), we have

V() =y (1) = F(t,y) = F(t,0) = |[v'(1) = F(L,v),

that is, we now have a first order equation. As an example, solve the ODE
y'+ay' =0, aeR, a=z0.
Setting v =y’ the ODE satisfied by v is
v'+av=0=0v(t) = cexp(-at), ceR.

Hence

y'(t) = cexp(—at) = |y(t) = _—CeXp(—at) +col, coeR.
a

Note that we need two initial conditions to determine the constants ¢ and cy.

Before we study the methods to solve second order equations, let us mention an
application.

Motivation - vibrations. Consider the motion of a mass on a spring. On one
end the spring the fixed to the ceiling and on the other end it is attached to an
object with mass m > 0. Before hanging the object, the spring has a length [ > 0,
and after hanging the spring is stretched by a length L > 0 downwards.

If no additional force is acting on the mass-spring system, then there are just
two forces acting on the object: (1) the weight that acts downwards F, = mg, and
(2) a restoring force F from the spring that tries to pull the object upwards. We
assume that the stretching L is small, so that the force F§ is proportional to L.
Denoting by the constant of proportionality by k, we now have F, = kL. This is
commonly known as Hooke’s law and £ is called the spring constant. The net
force (pointing downwards) is

F=mg-kL,
and if the object is in equilibrium, we must have F' =0 and so
mg = kL.

Now suppose we pull on the object and the spring is further extended, and
then let go. We want to measure the displacement u(t) of the object from its
equilibrium position. Note that u(t) can take both positive and negative values.
Positive values of u(t) means the object at time ¢ is below the equilibrium position




and negative values of u(t) means the object at time ¢ is above the equilibrium
position.

Using Newton’s second law, and the fact that the acceleration is the second
derivative of the displacement, i.e., a = u”, we have

mu”(t) = f(1),
where f(t) is the net force acting on the object comprises of
(1) the weight F, = mg acting downwards;
(2) a restoring force from the spring pulling the mass upwards Fy = k(L + u);

(3) a resistance force Fy (air resistance/friction) that acts in the opposite of the
motion and is proportional to the speed u’. This is usually referred to as
viscous damping and Fj; = —yu’ with constant 7 > 0 (damping constant);

(4) an external force F'(t) that models the up/down movement of the ceiling.
Altogether we arrive at the ODE

mu" (t) =mg — k(L +u(t)) —~yu'(t) + F(t)
=|mu" (t) +yu'(t) + ku(t) = F(t)

if we also use mg = kL. To complete the model we specific two initial conditions

u(0) =ug, u'(0)=1vp},

where g is the initial position (right before let go of the spring) and vy is the initial
velocity.

3.1 Existence and Uniqueness

Let us first state the abstract result on the existence and uniqueness of solutions to
second order linear equations.

Theorem 3.1. Consider the IVP

y'+p)y +q(t)y=7r(t), y(to)=vo, y'(to) =1

Suppose there is an open interval I c R such that tg € I, and the functions p,q,r are
continuous in I. Then, there is exactly one solution y(t) to the IVP fortel.

We will not discuss the proof of the theorem. It will be sufficient use the result
in this course.



Example 3.2. The IVP

(2 =3t)y" +exp(t)y' —sin(t +3)y =0, y(1)=2, y'(1)=1,
can be written as

" exp(t) , sin(t+ 3)y _

0, y(1)=2, (1)=1
oY Ty oy =2, y'(1)

The functions p(t) = % and q(t) = % are continuous except at the points

t=0andt=3. Since ty =1 the largest interval which the functions p and q are
continuous in (0,3). Hence, by Theorem there exists a unique solution to the
IVP forte(0,3).

If we instead consider the initial condition y(4) = 2 and y'(4) = 1, then the largest
interval for which there exists a unique solution to the IVP is (3,00).

Example 3.3 (Application of uniqueness). Find the solution to the IVP
y"+p)y +a(t)y=0, y(t) =0, y'(t)=0,
for continuous functions p,q,r and given constants ty,t; € R.

Note that y = 0 is a solution to the IVP. By Theorem there is exactly one
solution, and so the only solution is y(t) = 0.

3.2 Principle of superposition

For second order linear homogeneous equations we have the following.

Theorem 3.2 (Principe of superposition). If y; and y, are two solutions of the
ODE

a(t)y" +b(t)y" +c(t)y = 0. (3.1)

Then for any constants cy,co € R, the function ciy, (t) + coya(t) is also a solution to

the ODE.

A special case is when ¢; =0 we get the solution y, and when ¢y = 0 we get y;.

Take away message - From two solutions we can construct an infinite family
of solutions to the homogeneous linear ODE. That is, we can define a set of (general)
solutions

S:={y=cyi +cya| c1,c2 € R}

to the ODE. Note that we have not included in the initial conditions, and it turns
out that if y = c1y1 + cay» is to be a solution to the IVP then some condition has to
hold.



Given the initial conditions

y(to) = zo, Y'(to) =1,

can we find the constants ¢; and ¢y so that y(t) = c;y1(t) + coy2(t) solve the IVP?
Plugging in the initial conditions leads to

c1y1(to) + caya(to) =20,
c1yy (to) + cays(to) =1,

1(to)  12(to) c1 Zo
( zi(tO) ?gjé(to) )( ¢ ):( ) ) ' (3:2)

We can solve for (¢;,cy) by inverting the matrix, which requires the determinant

or in a matrix form:

W = y1(to)ys(to) — y2(to)yi (to) (3.3)

to be non-zero.

Definition 3.2 (Wronskian). The Wronskian W (y1,y2)[to] is defined as

W (1, y2)[to] = y1(to)yz(to) — y2(to)y1 (to) |

The idea is: if the Wronskian is non-zero, we can solve the matrix-vector problem
(3.2) by inverting the matrix and compute for the coefficients ¢; and cy. This leads
to the following result.

Theorem 3.3. Let y; and yo be two solutions to the ODE
a(t)y" +b(t)y" +c(t)y = 0.

For any (z9,21) € R2, it is always possible to choose two constants ¢, and cy such
that the function

y(t) = c1yi(t) + caya(t)

1s a solution to the ODE and

y(to) =70, Y'(to) =21
if and only if the Wronskian W (y1,y2) at to is non-zero.

Remark 3.1. Notice that y; need not be equal to ys as we did not specify any initial
conditions, i.e., the uniqueness part of Theorem does not cause a contradiction
here.

What about the case where the Wronskian is zero? If W = W (y1,v2)[to] = 0,
then we cannot solve the matrix-vector problem in general. This means that
there are many initial conditions (g, 1) for which no pair of constants (cy, ¢2) exists
so that y(t) = c1y1(t) + cay2(t) is a solution to the IVP.

bt



Example 3.4. One can check that the functions y(t) = exp(=2t) and ys(t) =
exp(=3t) are solutions to the ODE

y" + 5y + 6y =0.
The Wronskian at t is

W (y1,y2)[t] = — exp(=5t)

which is non-zero for any t € R. Therefore we can use y; and yo to construct a
family of solutions to the ODE.

The question that arises now is: “when can any solution to the ODE be
expressed as a linear combination of two solutions y; and y,?” A positive answer
would imply that if we know two solutions y; and y, to the ODE , then any
possible solution y to can be expressed as y = ¢1y; + cays for some constants ¢;
and cy. Returning to the example, any solution y to the ODE g + 5y’ + 6y = 0 must
be of the form

y(t) = c1 exp(-2t) + e exp(-3t)
for some constants ¢; and co, where are then determined by the initial conditions.

The answer to the question is given below.

Theorem 3.4. Let I be an open interval, p and q are continuous functions in I.
Let y1 and yo be two solutions to the ODE

y"+p(t)y +q(t)y=0

fortel. Then, any solution y to the ODE can be expressed as

y(t) = iy (t) + coya(t) (3.4)

for constants ¢y and co if and only if there is a point tg € I such that the Wronskian
W (y1,y2)[to] is non-zero at ty.

The theorem says that if at some point ¢y, the Wronskian is non-zero, then a
general solution to the ODE is given be the formula (3.4]).

Proof. Let us consider the direction (<=), that is, we assume there is a point ¢y € [
where the Wronskian W (y,92)[to] is non-zero. Let ¢ be any solution to the ODE.
We need to show that ¢ can be written as a linear combination of y; and ys.

Consider the IVP

y"+p@)y +q()y =0, y(to) = ¢(to), y'(to) = ¢'(to). (3.5)

That is, the initial values are ¢(tg) and ¢'(¢y). Then, a solution to the IVP is the
function ¢ itself. Since the Wronskian is non-zero at ¢y, the matrix-vector problem

( y1(to)  y2(to) )( C1 ):( ¢(to) )
yi1(to) ya(to) J\ e ¢’ (to)



admits a unique solution (¢, c3). This means that the function

2(t) = cjyi(t) + c3ya(t)

is a solution to the IVP (3.5). By Theorem there is only one solution to the
IVP, therefore

¢(t) = 2() = ciya () + 54 (t).

For the converse (=) we prove by contrapositive, which amounts to show that
if there is no points where the Wronskian is non-zero, then every solution ¢ to the
ODE cannot be written as a linear combination of y; and y,. Suppose for all
to€ I, W(y1,y2)[to] = 0. Then by Theorem [3.3] there exists initial conditions zg,
such that the matrix-value problem has no solution. That is, we cannot find
constants ¢y, co such that

a1 (to) + caya(to) =0,
c1yi (to) + coys(to) =21.

In particular, if ¢ is a solution to the IVP with initial conditions (zg,z;). Then, we
see that it is not possible to write ¢ as a linear combination of y; and ys. O

Theorem says that once we know two solutions y; and ys to the ODE, and
if the Wronskian W is non-zero at some point tg € I, then we know what a general
solution to the ODE looks like. In particular we can express every solution to the
ODE as a linear combination of y; and y. In this regard, we say that (y;,y2) form
a fundamental set of solutions to the ODE.

Definition 3.3 (Fundamental set of solutions). A pair of functions (yi1,yz2) is called
a fundamental set of solutions to the ODE

y"+p(t)y +q(t)y =0
if any solution y to the ODE can be written as
y(t) = crya (1) + caya(t)

for some constants cy, cs.

Example 3.5. For the ODFE
2%y" + 3ty —y =0, t>0,

the functions y; (t) = t'/2 and yo(t) = t~1 are solutions. Let us compute the Wronskian

3
Wy, )] = -5t 32,

which is non-zero fort > 0. Therefore we can deduce that (y1,y2) form a fundamental
set of solutions for the ODE, and a general solution y to the ODE can be expressed
as

y(t) = it ? + oot

for some constants ¢y, cs.



Does a fundamental set of solutions always exists? This is answered in the next
theorem.

Theorem 3.5 (Existence of fundamental set of solutions). Let I be an open interval
of R, p and q are continuous functions in I. For any to € I, let y,(t) be the (unique)
solution to the IVP

y' +pt)y +q(t)y=0, y(to)=1, y'(ty) =0,

and yo(t) be the (unique) solution to the IVP

y'+p)y +a(t)y =0, y(to) =0, y'(to)=1.
Then, (y1,y2) forms a fundamental set of solutions to the ODE.

Note that the existence of y; and ¥y, to the corresponding IVPs is guaranteed by
Theorem [3.1] By Theorem [3.4] it suffices to show that the Wronskian W (y1,y2)[t0]

is non-zero. Computing gives

W (y1,y2)[to] = 1.

The idea behind the special choice of initial conditions for y; and ys is closely
related to a concept in linear algebra. Our goal is to find an expression for the
general solution of a second order linear ODE in terms of two (known) solutions i,
and y,. However the method we studied above does not work if y; is not different
from y,. Borrowing an idea from linear algebra we make the following definition.

Definition 3.4 (Linear independence). Let n € N be fized, and consider n func-
tions x1(t),...,x,(t) defined on an interval I c¢ R. We say that x1,...,z, are
linearly independent if the only solution of

a1z (t) +- -+ aue,(t) =0 Vtel
1Sy ==, =0.

For two functions, linear independence means one function is not a constant multiple
of the other. Since, if 1 and x5 are proportional on I then for some constant ¢ # 0
we have

x1(t) = cxo(t) = x1(t) — caa(t) = 0.

Conversely, if 1 and x5 are linearly dependent, then there are constants aq,as # 0
such that
a

a121(t) + axwa(t) = 0= a1 (t) = _a—12$2(t)'

Example 3.6 (Two fundamental sets of solutions). Consider the ODE

y'—y=0.



Note that y1(t) = exp(t) and y2(t) = exp(-t) are solutions to the ODE. The Wron-
skian W (y1,y2)[t] = -2 # 0 and so by Theorem they form a fundamental set of
solutions.

However, the pair (exp(t),exp(-t)) does not satisfy the conditions in Theorem
at to = 0. Since by Theorem any solution y to y"” —y =0 must be of the form

y(t) = crexp(t) + coexp(-t),

plugging in the initial condition y(0) =1 and y'(0) =0 gives a solution

() = %exp(t) . %exp(—t) _ cosh(t).

Similarly, plugging in the initial condition y(0) =0 and y'(0) = 1 gives a solution
1 1 .
29(t) = 5 exp(t) - 5 exp(—t) = sinh(¢).

Furthermore, the Wronskian W (21, 22)[t] = cosh®(t) —sinh®(t) = 1, and so (21, 2)
forms a fundamental set of solutions as stated by Theorem|[3.5. This means that any
solution y to the ODE y" —y =0 can also be expressed as

y(t) = dy cosh(t) + dy sinh(t)
for constants dy, d>.

From the above example, we see that there are more than one fundamental
set of solutions for a given ODE. Indeed, it has infinitely many fundamental sets.
But Theorem [3.5] says that there is always one.

A large part of the above results rely on having at hand two solutions y; and ys
to the second order linear ODE. Although we have not discussed how to find them,
we can actually compute an expression for the Wronskian without any knowledge
of the explicit forms for y; and y,. This is summarised in the next theorem.

Theorem 3.6 (Abel’s theorem). Let I be an open interval, p and q are continuous
in I. Suppose y; and yo are two non-zero solutions to the ODE

y" +p(t)y +q(t)y =0.

Then, the Wronskian is given as

W u)lt) = coxp (- [ p(e) dt).

where the constant ¢ depends ony, and yo, but not on t. Consequently, W (y1,y2)[t] =
0 if and only if ¢ =0.

In particular, if we know that W (y;,y2)[t.] = 0 for some ¢, € I, then it holds
that W(yy,y9)[t] =0 for all ¢ € I.



Proof. The idea is to derive an ODE for the Wronskian W. Going back to the ODE,
as 1y is a solution we have

yi +p()y1 +a(H)yr = 0= yout’ + yop(t)y1 +y2q(t)yn = 0.
Similarly, as s is a solution,
yryy +y1p(L)ys + y19(t)y2 = 0.

Subtracting one from another gives

(195 = y2u1') + p(8) (415 = y211) = 0. (3.6)
Noting that

Wy, y2)[t] = y1(D)ya(t) = y2(£)y1 (2)

= W' (y1,12)[t] = y1 (D)yz () = y2(D)y7 (1),
from we have
W'+ p(t)W =0,

which is a linear first order equation. By integrating factors we find the general
solution

W i)lt)=cexp (- [ p(t) at)
for some constant c € R. As a constant of integration, ¢ does not depend on ¢t. [

Example 3.7. Previously we verified that the functions y,(t) = t'/2 and yo(t) =t~
are solutions to

262" + 3ty —y =0, t>0.

We computed the Wronskian as W (y1,y2)[t] = —(3/2)t73/2. We check this with Abel’s
theorem. Writting the ODE in standard form

. 3 1 3 1

e 2 - — =0 t) = — t)=——.
Yy 5y~ 5EY = p(t) 57 q(t) 572

Then,

W (y1,y2)[t] = cexp (— % dt) = cexp (—; ln(t)) = 732,

Then, on comparison we have ¢ = -3/2.

Example 3.8. Given y, = t'/2 is a solution to
262" + 3ty —y =0, t>0,

find the other solution yo to the ODE.
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Although we are missing a second solution vyo, let us assume ys(t) exists and
compute the Wronskian:

W (1, y2)[1] = y1 (D)y5 (1) = ya (1) = £y - %t_my}
On the other hand, by Abel’s theorem
W (y1,y2)[t] = cexp (— f 2% dt) = ct™32,
Choosing c = 1, the equating yields an ODE for yy:

tl/?,yé _ %t—1/2y2 — t_3/2,

which is a first order linear equation. Computing the integrating factor u(t) =
exp(— [ o dt) = t71% we see that

2
yo(t) =t/ (f 7212 dt + d) = —gt‘l +d 2.

In particular, if d =0, we see that the function t=! is also a solution to the ODE.
Hence, even if we only have one solution vy, we can find another solution ys if the
Wronskian is non-zero.

Exercise. Check that if y; solves y” + p(t)y’ +q(t)y = 0, then the function z which
is a solution to

n(®2 -4z =exp (- [ p(t) t)
satisfies 2" + p(t)z' + q(t)z = 0.
Based on the above results, the strategy to solve
y'+p)y +qt)y =0, tel,
can be summarised as follows:

(1) Find two solutions ¥, yo satisfying the ODE.

(2) Find ¢, € I such that the Wronskian W (y1,y2)[t.] is non-zero. Then, the
general solution to the ODE is

y(t) = cry(t) + caya(t)
for some constants ¢y, cs.

(3) If initial conditions are prescribed at some ty € I, compute ¢; and ¢y to deter-
mine the particular solution.

We now discuss how to find y; and y, for constant coefficients, i.e., p(t) and ¢(t)
are constants.
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3.3 Homogeneous equations with constant coefficients

The objective of this section is to study the solutions to the ODE
ay” +by +cy=0 (3.7)

for fixed constants a,b,c € R with a # 0. In Example we saw how to solve the
equation

b
y// + ay/ _ O,

which has a general solution involving the exponential function. Hence, let us con-
sider substituting a trial function y(t) = exp(rt) for some constant r into the ODE.
This yields

(ar® + br + c) exp(rt) = 0.

Since exp(rt) is positive, we obtain that

lar? +br+c=0]. (3.8)

The equation (3.8) is known as the characteristic equation for the ODE ((3.7)).
If we can find the roots of the characteristic equation, then we know that exp(rt),
where 7 is a root, is a solution to (3.7)).

Since (3.8) is a quadratic equation, by the well-known quadratic formula, we see
that

e b+ Vb2 -4ac

2a

Notice that for different values of a, b, c we encounter the possibilities:
(1) Two distinct real roots 71,7y if b2 > 4ac.
(2) Two complex roots (complex conjugate pairs) r1,77 if b2 < 4ac.
(3) A repeated real root r if b? = 4ac.

Immediately we see that the explicit formula for the solution y(¢) to (3.7) will depend
heavily on the discriminant b? — 4ac.

3.3.1 Two distinct real roots

In the case b? — 4ac > 0, we obtain two real roots

_—b+\/b2—4ac -b-Vb?®-4ac

= o =
2a ’

This gives us two functions

yi1(t) = exp(rit), ya(t) = exp(rat).

12



Let us now check if they are linearly independent as in Definition . Let g, i €
R be constants such that

Q1Y (t) + Oégyg(t) =0 Vtel

= ay exp(rit) + agexp(rat) = 0.

Since r1 # 19, the only possible way for the above equality to hold is if a; = ap =0
(simply plugging in two different values of t). So y; and ys are linearly independent.

Let now check the Wronskian:

Wy, y2)[t] = y1 () ya(t) — y2(t)y1 () = reexp((r1 +1r2)t) —rrexp((r1 +72)t)
= (ro = 1) exp((r1 + r2)t).

Since 1 # 9 and the exponential is never zero, we see that the Wronskian W (yy, y2)[¢]
is positive for all ¢t € R.

Then, by Theorem any solution y to the ODE ay” + by’ + cy = 0 where
b? — 4ac > 0 can be expressed as a linear combination of y; and y,. More precisely,
any solution y(¢) to the ODE is of the form

y(t) = cpexp(rit) + coexp(rat) (3.9)

for some constants ¢; and c,.

Exercise: Check by differentiating to see that (3.9) is a solution to the ODE.
To determine the values of ¢; and ¢y, suppose we have the IVP

ay” +by' +cy=0, y(to) =0, y'(to)=1z1.
Then, a simple calculation shows that
Cq exp(?"lto) + Co eXp(Tgto) = Ty,
ric1 exp(rity) + reca exp(raty) = x1.

Upon rearranging leads to

_ X1~ T2 _ T~
g = ————exp(-rity), 3= ————exp(-raty).
rL—"Te rL—Te

As ry # ro, the above expressions always make sense.

Example 3.9. Find the general solution to the ODE
y" +9y" +20y = 0.

As before we consider a trial function y(t) = exp(rt) and after substituting, we obtain
the characteristic equation

2 +9r+20=(r+4)(r+5)=0.
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This means that we have two real roots r1 = —4 and ro = =5. Hence, the general
solution s

y(t) = cp exp(—4t) + coexp(=5t), ¢1,c2 € R.

Let us note that, as t — oo, the solution y(t) will tend to zero. This behaviour does
not depend on the sign of ¢; and co, since the exponents are both negative in this
case.

Example 3.10. Find the general solution to the ODE
y' -y —42y = 0.
We obtain as the characteristic equation
r?—r—42=(r-7)(r+6) =0.
This gives r1 =7 and r9 = =6 and the general solution is
y(t) = crexp(7t) + coexp(-6t), c1,c0 € R.

Note that as the function cyexp(—6t) -0 ast — oo, and so we have

00 Zf c1 >0,
y(t) )T Zf € < 07
0 Zf C1 = 0.

Of course the value of ¢y and co are determined by the initial conditions. But it is
important to point out that it is possible for the solution y to go to +oo with one of
the exponent is positive.

3.3.2 Complex roots

We now consider the case b? —4ac < 0. Then, the roots to the characteristic equation
ar? +br + ¢ =0 is a complex-conjugate pair:

-b
1= A+, )\:2—, w=Viac-0% i:=-1, ro=Ti=A—ip|
a

Since the characteristic equation is obtained by substituting the trial function y(t) =
exp(rt), we obtain two functions

y1(t) = exp(rit) = exp((A+ip)t), yo(t) = exp(rat) = exp((A—iu)t) |

14



Euler’s formula: Due to the imaginary number ¢ appearing in the formulae for
y1 and yo, we use the well-known Euler’s formula: For any real number x € R,

exp(iz) = cos(x) +isin(x) |.

As a consequence of the symmetries of cos and sin, we also have
exp(—ix) = cos(x) —isin(x).
Furthermore, applying the general rule
exp(a +b) = exp(a)exp(b) for a,beC,
we now arrive at
y1(t) = exp(At)(cos(ut) +isin(ut)), ya(t) = exp(At)(cos(ut) —isin(ut)) |

Note that there is a common factor exp(At) appearing in both solutions. One can
also check that

v () = exp(At) (cos(pat) - isin(yat)) = ya(t),

so that y, is the complex conjugate of y;.

Let us first check if y; and s are linearly independent. Suppose there are con-
stants aq, as € R such that

a1yr(t) + agya(t) =0 Vtel
’\t((Oél +ag) cos(ut) +i(ag —ag)sin(ut)) = 0.

The exponential is non-zero for all ¢t € R, and so to make the above expression zero,
we need

=€

C¥1+062=0, 0[1—0[2=0$041=062=0.
So y; and y, are linearly independent.

Let us now check the Wronskian. Using the differentiation formula

d
pr exp(iqt) =igexp(iqt) for q e R,

we find that
Wy, y2)[t] = y1 (D)2 (t) = y2(£)y1(t)
= cOHIE (N — 1) Qi _ () 4 ) eOHimteOmin)t
= M\ =i — A —ip) = —2ipe®M.
Since the exponential is never zero for ¢ € R, and p is non-zero (otherwise we will
not have b? — 4ac < 0), the Wronskian is non-zero for all ¢ € R.

Then, by Theorem any solution y to the ODE ay” + by’ + cy = 0 where
b? — 4ac < 0 can be expressed as a linear combination of y; and y,. More precisely,
any solution y(t) to the ODE is of the form

y(t) = e ((c1 + cp) cos(ut) +i(cy — cg) sin(ut))
or |y(t) = e (dycos(put) + daisin(put)) |

(3.10)

for some constants d; and ds.
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Exercise: Check by differentiating to see that (3.10) is a solution to the ODE.

Although we have a solution expressed in it is a complex-valued function.
Since the coefficients of the ODE are real numbers, it would be better for us to
obtain a real-valued function as a solution. It turns out that we can do such a thing
with the following observation /theorem.

Theorem 3.7. Given an ODE
y" +p(t)y +q(t)y =0

with p and q are continuous real-valued functions. If y(t) = u(t) +iv(t) is a
complex-valued solution to the ODE with u and v real-valued functions, then its
real part u(t) and its imaginary part v(t) are also solutions to the ODE.

Proof. Substituting the complex-valued solution into the ODE gives

0=u"(t)+a0"(t) +p(t)u'(t) +ip(t)v'(t) + q(t)u(t) + iq(t)v(t)
= (u'(t) + p(Ou' () + g(t)u(t)) +i(0" (L) + p(t)v' (1) + q(t)v(1)).

A complex number is zero if and only if its real part and imaginary part are both
zero. On the LHS we have zero and on the RHS we have a complex number for
every t € I. Therefore we must have

u"+pt)u +q(t)u=0, V" +p(t)v" +q(t)v=0.

So, from y; and s, we get the real-valued functions
u(t) = eMcos(ut), v(t) = eMsin(ut).
It is clear that u and v are linearly independent, and computing the Wronskian

W (u,v)[t] =u(t)v'(t) —v(t)u'(t)

= eMcos(ut)er (Asin(put) + pcos(ut)) — e sin(put)eM (A cos(ut) — psin(ut))

= e2Mp(cos?(ut) +sin®(pt)) = peM
which is non-zero for all t € I as p # 0.

Thus by Theorem we see that any solution y to the ODE ay” + by’ +cy = 0
with b2 — 4ac < 0 can be expressed as

y(t) = creM cos(ut) + coeM sin(pt) | (3.11)

The advantage of this expression over (3.10)) is that y is a real-valued function.
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Example 3.11. Solve the IVP
y'+y +9.25y=0, y(0)=2, ¢'(0)=8.
The characteristic equation is
r?+7r+9.25=0,

with roots

1
T1=—§+3i, T2=—§—3i = /\=—§, ,u=3
The general solution is

y(t) = e72%(c; cos(3t) + ca sin(3t))

for some constants c1,co € R. Using the initial conditions we have
1
y(O) =0 = 2a y'(O) = _501 +3cp =8 = 1= 2, co = 3.

Hence the particular solution is

y(t) = e728(2cos(3t) + 3sin(3t)).

Similar to the case of two real roots, we now investigate the possible behaviour

of the solution as t — oo.
(1) If A=0, then becomes
y(t) = c1 cos(ut) + cosin(ut).
In this case, the solution y is an oscillation with constant amplitude. The

amplitude will depend on the values of ¢; and co, which is worked out by the
initial conditions.

(2) If A >0, then due to the factor e* the amplitude of the oscillation with grow
(exponentially) in time.

(3) If A < 0, then due to the factor e, the amplitude of the oscillation with
decay (exponentially) in time, in this case we can say that y(t) - 0 as t — oo.

3.3.3 One repeated real root

The last case is when b? —4ac = 0 and we have a repeated root to the characteristic
equation. The quadratic formula yields

b
2a

as solutions to the characteristic equation ar?+br+c = 0. The problem is immediately
apparent: both roots gives the same function

i (1) = ya(t) = exp (Qit) |

But for our developed theory we require at least two linearly independent solutions
to the ODE. It is not obvious how to find a solution solution that is linearly
independent to y;(t) = exp(—22t).

=79 =
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Idea: Use the Wronskian (see Example . By Abel’s theorem, if y; = exp(-21)
and y, are two solutions to the ODE ay” + by’ + cy = 0 with b? = 4ac, then we know
that the Wronskian is

b b
W (y1,y2)[t] = dexp (— f a dt) = dexp (—Et)
for some constant d € R. On the other hand we have

W (on, 0[] = 3 (D)) ~ B () = e H19400) + e E ().

Choosing d =1, and putting things together we have

b b
e—z%ty;(t) + %6_%@2(15) =eat = ya(t) + %92@) = et |

This is a first order linear ODE for y,, and using the method of integrating factors
we have

ya(t) = te7a!

where we have neglected any constants of integration.

Let us now check the linear independence for y; = e 3t and Yo = te2at: Suppose
a7 and ay are two constants such that

alyl(t) + agyg(t) =0 Vtel
= e 2l (g +tan) =0,

Since the exponential is never zero, for oy +tas to be zero for all ¢t € I, we must have
a1 = Qg = 0.
For the Wronskian we compute and see that

b b
W (y1,92)[t] = e_%t(e_it - —te‘%t) b —te et e et £ Q.
2a 2a

Thus by Theorem we see that any solution y to the ODE ay” + by’ + cy =0
with b? — 4ac = 0 can be expressed as

y(t) = crezat + cote2at (3.12)

for constants ¢y, ¢y € R.

Example 3.12. Solve the IVP
y'+ 4y +4y =0, y(0)=2, y'(0)=1.
The characteristic equation is

r?+4r+4=(r+2)*=0.
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This gives us a repeated root r =2. The general solution is

2 2t

y(t) = cre™ + cote™.
Using the initial conditions we find that

y(0)=c1=2, y'(0)=-2c1+c=1 = =2, c=5.
Hence the particular solution is

y(t) = 2e7 + 5te ™,

We now investigate the behaviour of the solution as t - co. Note that if % >0,
then

b
e 2at,

te_%t —-0ast— oo.
Meanwhile, if % <0, then

b b
e 2’ te 2!

— 00 as t — oo.
Roughly speaking we can summarise

0 if >0,
y(t) = (c1 + CQt)e_%t —>q00 if £<0, >0,
—o0 i £ <0, ¢<0.
Summary. For the second order linear ODE
ay” +by" +cy=0
with constants a, b, c. Let r; and ro be the roots to the characteristic equation

ar’> +br+c=0.

e If b2 > 4ac, then r; and ry are real numbers, and the general solution is given
as

y(t) = cre™ + cpe™.

e If b2 < 4ac, then r; and 7o are complex numbers such that r; = A +ip and
ro =71 = A —iu for real numbers A, u. Then, the general solution is given as

y(t) = eM(cy cos(ut) + cysin(ut)).
e If b? = 4ac, then r; = ro = r. Then the general solution is given as

y(t) = cre zal + cote 2l
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3.4 Reduction of order

In the above we used the Wronskian to deduce that ys = te~2:! is another solution
to the ODE ay” + by’ + cy = 0 when b? = 4ac. There is also another method, called
reduction of order, which actually can be applied to a second order homogeneous
ODE with non-constant coefficient.

t

Counsider the ODE

y" +p(t)y +q(t)y =0.

Suppose we know y;(t) is a non-zero solution to the ODE. To find a second solution,
consider the function

y(t) = v(t)y(t).
Then, product rule entails
y'(t) =0 Oy (t) + o)y (1),  y"(t) = 0" (O)y(t) + 20" ()i () +v(E)yy (¢).
If y is a solution to the ODE, we find that
0=y"+p(t)y +q(t)y
=0"yy+ 20"y] + oyt + p(8) (Vs + vyl) + q(D)om
=0 =y10" + 2y + p(t)y1)v" |-

This gives us a second order ODE for v that only involves v and v’. Recalling
Example |3.1] we define a new function z := v’ leading to

y ()" + (21 () + p(t)ya(t))z = 0.

Here we treat y; and y] as given functions. Note that this is a first order linear ODE

2 !/
dz 2 +pyr

=0
dt Y1 ’

since y; # 0. Solving this gives us

v'(t) = 2(t) = exp (— f 2y oy dt)

n

= exp (— fp(t) dt - 2ln(y1(t))) = ﬁ exp (— fp(t) dt).

Integrating once more leads to

o(t) = [ ()2 PO gy

and the second solution to the ODE is given as

po0) = (®) [ () 2e /70 |
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Example 3.13. Consider the ODE
ay” +by" +cy =0,

with b? = 4ac. We know that y, = e 2t is a solution. Now written in standard form
we see that

. b c
y' )y +a(t)y=0 with p=-, q=—.
So from the above formula for v, we have
v(t) = f ealeat dt=t = yo(t) =ty (t) = te 2,

Remark 3.2. This method (Reduction of Order) can be used to find a second solu-
tion to the ODFE if you already have one solution. The difficulty actually lies
in finding a first solution to the ODE.

3.5 Non-homogeneous equations
3.5.1 Method of undetermined coefficients

We now turn our attention to ODE of the form

y"+p(t)y +q(t)y =r(t), (3.13)

for given functions p, ¢ and r that are continuous in an interval I. The corresponding
homogeneous equation is

y" +p(t)y +q(t)y =0. (3.14)

Immediately we have the following observation. Let Z; and Z5 be solutions to
the non-homogeneous problem ([3.13). Then, the difference 7 := Z; — Z, satisfies

Z"+p()Z +q(t)Z =r-r=0.

That is, the difference Z satisfies the homogeneous equation (3.14). If (y1,y2)
are a fundamental set of solutions to the homogeneous problem (3.14]), then we can
write Z = Z, — Z, as

Z1(t) = Zo(t) = cryn (t) + coya(t)

for some constants cq, ¢s.

From the above we actually derive a general expression for the solution to
the non-homogeneous equation (3.13). Let Y (¢) denote a solution to (3.13)), then
any solution y to (3.13) can be expressed as

y(t) =Y (t) + cryi (1) + coa(2) |,

where (y1,92) is a fundamental set of solutions to the homogeneous problem ((3.14)).
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Definition 3.5. For a solution expression
y(t) = crya(t) + caya(t) + Y (1)
to the ODE
y"+p()y +q(t)y =r(t),
we call the function
Ye(t) = cryi(t) + caya(t)

the complementary solution, which is a solution to the homogeneous equation,
and the function Y (t) the particular solution, which is a solution to the non-
homogeneous equation.

This gives us a strategy to solving non-homogeneous second order linear ODEs:

(1) Obtain a fundamental set of solutions (yi,y2) to the homogeneous problem
B.14).

(2) Find a solution Y (¢) to the non-homogeneous problem ([3.13)).
(3) The general solution to (3.13) is then given as

y(t) =Y (t) + crya (t) + caya(1).

However, several difficulties remain:
e How do we find y; and y»?
e How do we find Y (¢)?

In Section we saw how to find y; and y, for equations with constant coefficients:
ay” + by +cy =0.
Therefore, in this section we now show how to obtain a solution Y to the ODE
ay” +by" +cy =r(t)

for some specific forms of g. The idea is called the method of undetermined coefficients.

The idea is to make a guess on what the solution Y (¢) could look like. There are
only certain classes of functions for r(¢) which we have an idea of the solution Y (%)
could look like. In particular we consider the non-homogeneous term r(t) to be a
mixture of polynomials, exponentials, sine and cosine. Although this does not
solve the general problem, the method of undetermined coefficients is straightforward
to use.

Let us begin with an example.
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Example 3.14. Solve
y" =3y -4y = 3e?.
In the standard form we have
r(t) = 3e*.

Since the exponential function reproduces itself through differentiation. A possible
choice for the particular solution Y would involve exponentials. Before that let us
solve the homogeneous problem:

y' -3y -4y=0

and determine the complementary solution. The characteristic equation to the ho-
mogeneous ODE is

P23 —d= (r-4)(r+1)=0.

The roots are r1 =4, ro = =1, and so a general solution to the homogeneous problem
18

Ye(t) = cre™ + coe™t|.

Returning to the non-homogeneous problem, assume Y (t) is of the form
Y (t) = Ae?

for some coefficients A and q that are not determined yet, (hence the name
method of undetermined coefficients). Plugging into the non-homogeneous equations
gives

Y -3Y' —4Y = Ag?e®™ - 3Aqe? — 4Ae® = A(q* - 3q - 4)e? = 3e*.
Therefore, it makes sense to choose
1 1
q=2, A(¢*-3¢-4)=3 = AZ_i =Y (1) :—56%.

Hence, the general solution y to the ODE y" — 3y’ — 4 = 3e?" can be expressed as

1
y(t) = cre’ + e - 56% :

Example 3.15. This time, solve
y" =3y’ -4y = 2sin(t).

We know from above that the complementary solution is y. = cie* + coe™. Since
the non-homogeneous term r(t) = 2sin(t), a possible solution would involve sine and
cosine, so consider

Y (t) = asin(at) + bcos(St)
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for undetermined coefficients a,b,a, 3. Then, plugging the formula into the non-
homogeneous equations gives

Y"-3Y'-4Y

—ac’sin(at) - bB% cos(Bt) - 3(aacos(at) - bBsin(Bt)) — 4(asin(at) + beos(Bt))
sin(at)[-aa® - 4a] + cos(Bt)[-bB* — 4b] + cos(at)[-3aa] + sin(3t)[3b3]

2sin(t).

Since the RHS only involves sin(t), we can already set

This simplifies the above calculation to
sin(t)[-5a + 3b] + cos(t)[-5b — 3a] = 2sin(t).

Since there is no term involving the cosine on the RHS, we must have

5 3

- b=2, -bb-3a= =——, b=—.
oa + 3 , 90-3a=0 = a T 1

Therefore, the general solution y to the ODE y" — 3y’ — 4y = 2sin(t) can be expressed
as

D 3
y(t) = cre* + coe™t - = sin(t) + = cos(t) |.

Remark 3.3. What if we only consider Y as a function of sine? Suppose we have
Y (t) = asin(at) for undetermined coefficients a and «. Plugging this into the ODE
gives

Y" -3Y' - 4Y = -aa’sin(at) - 3ac cos(at) - 4asin(at)
= sin(at)[-aa? - 4a] + cos(at)[-3aa] = 2sin(t).
Again we choose o =1, but now we have
—basin(t) — 3acos(t) = 2sin(t).

Since the RHS does not contain any cosine, we must have a =0, but if a =0, then
Y (t) = asin(t) = 0. This leads to a contradiction, which means that our guess
Y (t) = asin(at) is not sufficient. Therefore we need to include a cosine into the
quess.

One more example but now r(¢) is a polynomial.
Example 3.16. Solve
y' =3y —dy=t>+t+1.

We know the complementary solution is y. = cre** + coe7t. Since r(t) is a polynomial
of degree 2, a possible guess is that the particular solution Y s also a polynomial
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of the same degree, that is Y (t) = At? + Bt + C' for some undetermined coefficients
A, B,C. Then, plugging into the equation gives
Y"-3Y'-4Y =2A - 3(2At + B) - 4(At* + Bt + C)
= —4At* - (4B +6A)t+ (2A-3B-4C) =t* +t+1

Comparing coefficients immediately gives

1 _

Al gl oo

4 8 32

and so the general solution y to the ODE y" -3y’ —4y =t>+t+1 can be expressed as

1. 1 7
t)=cref + et - <t + =t - —|.
y(t) = cre™ + ee™ = 71T+ ot = o0

Example 3.17. Solve

y// _ 3y/ _ 4y — €_t.

Since r(t) is an exponential, we try Y (t) = Aet and determine the value of A.
However, it turns out that

Y -3Y' -4y = A(1+3-4)e =0|.

So mo choice of A would satisfy the non-homogeneous ODE. What went wrong
here?

If you recall, a fundamental set of solutions to the homogeneous ODE y" — 3y’ —
dy =0 is y; = e* and yo = e7t. That is, the guess function Y (t) = Ae™t actually is
a solution to the homogeneous problem, and consequently, it cannot be a solution to
the non-homogeneous problem!

In this case, where the assumed form of the particular solution Y is a duplicate
of one of the solutions to the homogeneous problem, we can consider a new guess

for'Y which looks like
Y (t) = Ate™,

for bundetebrmmed constant A. This is similar to the fundamental set of solutions
(e 24’ te"24") for the ODE ay” + by’ + cy = 0 when b? = 4ac. Trying this new guess
yields

Y"-3Y'-4Y = -5Aet =7t
This means that we should take

1 1
A=— = Y(t)=-=te
) )

Thus a general solution y to the ODE y" — 3y’ —4y = et is

y(t) = cret

1
by o™t — —tet|.
5
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Based on the above examples, we summarise: Given an ODE
ay” +by" +cy =r(t).

1. First compute the complementary solution y. = ¢;y; + coyo to the homogeneous
problem ay” + by’ + cy = 0.

2. If r(t) is an exponential function e* and is not a multiple of y; or yo, then try
Y (t) = Ae® for some constant A.

3. If r(t) is a multiple of y; (or ys), then try Y (¢t) = (At? + Bt)e® for some
constants A and B.

4. If r(t) is a polynomial of degree k, then try Y (t) = ¥ a;t! for constants
ag, - -+ qk-

5. If r(t) is a linear combination of sin(at) and cos(at), then try Y (¢) = Asin(at)+
B cos(at) for some constants A, B.

It turns out that the same principle extends to the case where r(t) is a product
of exponentials, cosine and sines, and polynomials. Let us now outline a general
procedure.

Theorem 3.8. Suppose Y] is a solution to
ay” +by" + cy = k(t),
and Ys is a solution to
ay”" +by" +cy =1(t).
Then the sum Y] + Y5 is a solution to
ay” +by" +cy = k(t) +1(t).

The above theorem shows that even if we have a complicated expression (involv-
ing exponentials, cosine, sine and polynomials) for the non-homogeneous term r(t),
if 7(t) can be written as a sum 71 + ro + -+ + 1,,,, where each of the r; are simpler
so that the corresponding particular solution Y; can be found, and it turns out that
Y1 +---+Y,, is a solution for the original problem involving r(t).

In the following, we define
P.(t) = ag + art + agt? + - + a,t™

for given functions ay, ..., a,.
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Case 1: r(t) = P,(t). In the case the ODE becomes
ay”" +by' +cy=ag+art+---+a,t".

A possible guess

Y (t) =11°Qu(t) |, (3.15)

where 7 is an undetermined constant, Q,,(t) = Ag+Ajt+---+A,t" is a polynomial with
undetermined coefficients Ay, ..., A4,, and s € {0,1,2} is an exponent determined by
the following criterion:

0 ifc#0,
s=41 ifc=0,b+0,
2 ifb=c=0.

Case 2: r(t) = P,(t)e“t. A possible guess is

Y (t) =vt°Qn(t)e™ |, (3.16)

where 7 is an undetermined constant, @Q,,(t) = Ag+Ajt+---+A,t" is a polynomial with
undetermined coefficients Ay, ..., A4,, and s € {0,1,2} is an exponent determined by
the following criterion:

0 ifa+r, a+rs,
s=11 if a=mr, a#ry (or vice versa),
2

if ri=ry=a,

where r; and ry are the roots to the characteristic equation ar? + br + ¢ = 0. In fact
s is the multiplicity of « as a root of the characteristic equation.

Remark 3.4. Recall Example where et was a solution to the homogeneous
problem, and the non-homogeneous term was r(t) = 2e~t. In this case we have
ro =« =-1 and ry =4, therefore it is suggested to try a particular solution Y of the
form

Y (t) =~yte™.

Case 3: r(t) = e*P,(t)cos(ft) or e P,(t)sin(ft). In this case, using the Euler
formula:

L, s ; 11, .. 4
cos(ft) = 5(6’8” +e Py, sin(Bt) = 5;(65” —e Pty

the ODE becomes (for the case where r(t) = e®* P, (t) sin(ft))

1 . 4
ay” + by’ +cy = an(t) (elothDt — gla=pit)
]
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A possible guess is

Y (t) = yt5e(Q,(t) cos(Bt) + R, (t) sin(St)) |, (3.17)
where v is an undetermined constant, @Q,,(t) = Ao+ Ayt +---+ A, t", R, (t) = Bo+ Bit+
-+++ B,t" are polynomials with undetermined coefficients Ay,...,A,, By, ..., B,, and

s€{0,1,2} is an exponent determined by the following criterion:
{O if ry (or rg) # a+if,
1 ifry =a+if (and thus ry = a—if).
In light of Theorem if we encounter an ODE of the form
ay" + by +cy = Pél)(t) + P,Ez)(t)e“t + P,Eg)(t)eo‘t cos(ft),

where P,El), P,Ez) and P,E?’) are given polynomials of degree n, then we can first
compute

Yy =t QW)(t)
solution to ay” +by' + cy = pY (1),

Ya = 1t QI ()e™
solution to ay” + by’ +cy = Pf)(t)e"t,

Yy = 93t e (Q1” (1) cos(Bt) + Ry (1) sin(51))
solution to ay” + by’ + cy = P (t)e cos(Bt),

so that Y; + Y5 + Y3 is a particular solution to the original problem.

3.5.2 Why it works

We briefly outline a proof for the method of undetermined coefficients.

Case 1: r(t) = P,(t). In this case the ODE is
ay” +by" +cy=ag+at+-+apt”.
It is likely that a possible particular solution is also a polynomial, and so we try
Y(t)=Ag+ Ayt +--- + Aut"
for undetermined coefficients Ay, ... A,. Substituting this into the ODE yields
a[n(n—1)At" 2+ + 245 + b[nA "+ + AL+ c[Ant™ + .. Art + Ag]

=aopt" + -+ a1t + ag.

(3.18)

Equating coefficients of powers of ¢ leads to the following sequence of equations
CAn = Qnp,
cA,-1+bnA, =a,_1,
cAno+b(n-1)A,1+an(n-1)A, = a, o,
cAg+bA; +2aA; = ay.
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Note that for each equation, only three terms appear on the LHS. Let’s consider the
case ¢ # 0, so that we immediately have

a
An = _TL’
c
and the remaining coefficients A,,_1, ..., Ap can then be worked out sequentially. This
means we can completely determine the coefficients A,,, ..., Ag for the particular

solution.

If ¢ =0, but b # 0, then the polynomial on the LHS of is of degree
n — 1, and since the polynomial on the RHS of is of degree n, we cannot
satisfy the equation (3.18)). Therefore, one way to match the degree is to consider
aY"(t)+bY'(t) is a polynomial of degree n, which implies Y (¢) must be a polynomial
of degree n + 1. Hence, we assume

Y(t) = t(Antn +o+ Alt + Ao) (319)

Note that there is no term in the polynomial that is a constant, but recognise that
a constant is a solution to the ODE when ¢ = 0. By computing similar to (3.18]),
substituting the new guess (3.19)) into the ODE and matching order by order, we
arrive at

b(n+1)A, =a,,
a(n+1)nA, +bnA, 1 =a,1,
2&141 + bAQ = Q.

Once again, as b # 0, we have A, = 3=, and the other coefficients can be determined
in a systematic way. If ¢ =0 =0 then we consider

Y(t) = t2(Antn + o+ Alt + Ao)

Since we require aY”'(t) = a,t™ +--- + ap and the only way to make Y (t) to be a
polynomial of degree n is to consider Y (¢) as a polynomial of degree n + 2.

Case 2: r(t) =e*P,(t). The problem of determining a particular solution to the
ODE

ay” + by’ +cy = P,(t)e™
can be reduced to Case 1 by considering a substitution. Let
Y (t) = e*u(t),
and by substituting this into the ODE we obtain
e (alu” +2au’ + ou] + b[u' + au] + cu) = e P, ()

= au” + (2aa + b)u' + (aa® + ba + c)u = P,(t). (3.20)
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Determining a particular solution u to (3.20]) is similar to Case 1, i.e., we should
take

At + -+ A if ac® +ba+c # 0,
u(t) = {t(Aptm +---+ Ayg)  ifac® +ba+c=0, 2acc+b#0,
t2(Apth + -+ Ag)  ifaa?+ba+c=0, 2ac+b=0.

In particular, observe that
aa? +ba + ¢ # 0 < a not a root of chara. equ.

and so a # r1,75. Meanwhile, if ac? + bar + ¢ = 0 we have that « is one of the roots
r1 (or r3), but not both, since if & =7 = r9, then we know the only possibility is

b
r=Tro=o=——.
2a

But since 2aa + b # 0, this implies that the above cannot happen. For the last case,

the conditions aa® +ba+ ¢ = 0 and 2aa +b = 0 means that a = =2 is a repeated root

2a
of the characteristic equation.

Case 3: r(t) = e®P,(t)cos(ft) or e**P,(t)sin(5t). The two cases are similar,
and so let us consider only the case r(t) = e* P, (t) sin(ft). We consider

Y (t) = e (Q(t) cos(Bt) + R(t) sin(Bt)),
for some functions () and R, and upon differentiating
Y'(t) = ae®(Q(t) cos(ft) + R(t) sin(Bt)) + e B(-Q(t) sin(St) + R(t) cos(St))
+e™(Q'(t) cos(Bt) + R'(t) sin(5t)),
Y'(t) = e (Q(t) cos(Bt) + R(t) sin(Bt)) + 2 aB(-Q(t) sin(St) + R(t) cos(St))
+20e®(Q'(t) cos(Bt) + R'(t) sin(Bt)) + B2 (-Q(t) cos(Bt) — R(t) sin(St))
+2Be™(-Q'(t) sin(Bt) + R'(t) cos(Bt)) + e (Q" (t) cos(Bt) + R"(t) sin(St)).

Plugging the above expression into the ODE yields

e™P,(t)sin(Bt) =aY" +bY' +cY
= e cos(Bt) [(ac® - aB? + ba + c)Q + (20a + b) (BR + Q') + 2aBR’ + aQ" |
+ e sin(Bt) [(aa® - aB® + ba + ¢)R + (2aa + b) (-BQ + R') - 2aB8Q" + aR"] .

Equating coefficients means that

(ac? - B2 +ba+c)Q + (2aa+b)(BR+ Q") +2aBR +aQ" =0,

(aa? - af® + ba+ c)R + (2aa + b)(-Q + R') - 2apQ" + aR" = P,. (3.21)

Observe that, o+ i is a root of the characteristic equation if and only if

a(a+iB)* +b(a+iB) +c=[aa® - af® +ba +c] +i(2aa +b) B = 0.
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Using the fact that a complex number is zero if and only if the real and imaginary
parts are zero, we have

a+ifisaroot <« a(a?-pB*)+ba+c=0, (2aa+b)3=0.

As the RHS of are polynomials, it is likely that taking () and R to be
polynomials would give a particular solution. The question is what is the degree.
Consider the case where « + i/ is not a root of the characteristic equation. Then,
(ac?-ap?+ba+c) and (2aa+b) 5 are both not zero, then from the second equation of
(3.21]) we have that the degree on the LHS would be the degree of R or () (which ever
is higher). This is due to the fact that taking derivatives of a polynomial reduces the
degree. Therefore, for convenience, let’s take () and R to have the same degree as
the polynomial P,, i.e.,

Q(t) = Apt™ +---+ Ay, R(t) = Bpt"+---+ By

However, if a+ i is a root of the characteristic equation, then (3.21]) simplifies
to

(2aa+b)Q" +2aBR +aQ" =0,
(2aa +b)R' - 2a5Q" + aR" = P,,

and from the second equation, we see that the degree of the LHS would be the
degree of R’ or ) (which ever is higher). This motivates us to take

Q(t) = t(Apt" + -+ Art + Ag),  R(t) = t(But" +--- + Byt + By),

in order to match the degree with the RHS.

3.6 Variation of parameters

The method of undetermined coefficients is a straightforward method, but requires
that the non-homogeneous term r(¢) to be in a special form. If we encounter an
ODE

3t

"3y +2y=
Y vy et +1
then the method of undetermined coefficients does not apply. Therefore, we need
a more general method that in principle can be applied to any equation. One such
method is the variation of parameters.

We now outline a general theory. Consider a general ODE

y" +p(t)y" +q(t)y =r(t), (3.22)

and suppose (y1,y2) forms a fundamental set of solutions to the homogeneous equa-
tion

y" +p(t)y +q(t)y =0.
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For constant functions p(t) = p. and ¢(t) = g., we know how to derive a fundamental
set of solutions. The idea is as follows. Consider for some functions wuy(t), us(t)
such that the new function

y(t) = ur(£)yr(t) +ua(t)ya(t) (3.23)

solves the non-homogeneous equation. We now determine what equations u; and us
have to satisfy.

Differentiating (3.23)) yields
y' = uiys + iy + Uy + Uzl

In order to simplify the computations later, let us impose a condition

A l4
u1y1 + usys = 0.

Then the derivative becomes
y' =iy + uys. (3.24)
Differentiating again leads to
Y = uiyh wyy + ugy; + uys . (3.25)
Substituting - into the non-homogeneous ODE then gives

y" + o)y +q(t)y = ui(y +p()y) +q()yr) +ua(ys +p(t)ys +q(t)y2)
+uy Yy + Uy
= uhyy +uqyy = ().

Hence, we obtain two conditions for u; and us:

wiyy +ugye =0, uyy) +usys =7(t) |,

which can be conveniently summarised in matrix notion

Y1 Y2 uy _ 0
yroyz )\ ug r

Notice that the matrix is invertible (and hence a solution (uf,u}) to the above
problem exists) if the determinant is non-zero. But the determinant is the Wron-
skian W (y1,y2)[t] which is non-zero since (y1,y2) is a fundamental set of solutions.
Therefore, we can compute

uy (1) = —%(ﬂ, uh(t) =~ (1) | (3.26)

Integrating gives

ul(t)z—/%(t) dt +dy, u2(t)=fm(t) dt+ds,  (3.27)
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for constants di,ds € R, and the general solution to the non-homogeneous equation
is

y(t)=(cl+d1)y1+(02+d2)yz—y1fW(g;;fyz)(t) dt+y2fw(?;+rw(t) dt|.

In fact, we can always take dy = dy = 0 in (3.27)).

Let us summarise with a theorem.

Theorem 3.9. Let I c R be an open interval, p,q,r continuous on I. If (y1,y2) is
a fundamental set of solutions to the homogeneous equation y" + p(t)y’ + q(t)y =0,
then a particular solution to the non-homogeneous equation y" +p(t)y' +q(t)y = r(t)
18

Y(t)=—y1[%(t) dt+y2f%(t) dt,

and the general solution to the non-homogeneous equation is
y(t) = ciya(t) + (1) + Y (1)
for constants ¢y, co € R.

Remark 3.5. This method is able to treat rather general second order ODEs (since
p(t) and q(t) need not be constants). However, it is not easy to find a fundamental
set of solutions (if p(t) and q(t) are not constant functions). Furthermore, another
difficulty lies in the evaluation of the integrals:

r r
S S o ©
which may not be possible if r,y1,y2 are complicated functions.
Going back to the example , let us first look at the homogeneous problem
y' =3y +2y=0,
which we know the general solution (complementary solution) is given as
Ye(t) = cre! + cpe?t
We now compute for u; and us, where we use

3t
t 2t €

Yy1=¢, Y2 =€, r= €t—+17 W(ylayQ)[t] = 63t)

and from (3.26)), we see that

2t

(&
U’Il(t) = _€t—+17

et

el =T
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Integrating gives
up(t) =In(e' +1) —e', uy(t) =In(e" +1).
Hence, a candidate particular solution is
Y (t) = ugys + ugys = e In(ef +1) + e In(el + 1) — e,

But since e?t satisfies the homogeneous equation, we can forget about the last term
in Y and thus set

Y(t)=e'In(e’ +1) +e*In(e’ +1).
The general solution to the ODE ([3.22)) is
y(t) = cre’ + c2e® + e’ In(e’ + 1) + e* In(e’ + 1).

Remark 3.6. When computing uy and uy, note that the particular solution u,y; +
usys can be simplified.
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