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Lagrange Multipliers

The Method of Lagrange Multipliers Suppose that f(xy,---,z,) and g(xy, -+, z,)

are differentiable and Vg # 0 when g(xy, - ,z,) = 0. To find the local maximum

and minimum values of f subject to the constraint g(xi,--- ,z,) = 0, find the values of
x1,- -+, %y, and X\ that simultaneously satisfy the equations
Vf=AVyg

g(x, - ,2,) =0

Example 1: Find the maximum and minimum values of
flz,y) = 42° + 2°

on the disk z? + y* < 4.

Remark: Note that the constraint here is the inequality for the disk. Because this is
a closed and bounded region the Extreme Value Theorem tells us that a minimum and
maximum value must exist.

Solution: The first step is to find all the critical points that are in the disk (i.e. satisfy
the constraint). Here are the two first order partial derivatives.

fx =8z
fy = 6y2

So, the only critical point is (0,0) and it does satisfy the constraint.

At this point we proceed with Lagrange Multipliers and we treat the constraint as an
equality instead of the inequality. We only need to deal with the inequality when finding
the critical points. So, here is the system of equations that we need to solve.

Sr =2\x
6y = 2\y
2+ y2 =4

From the first equation we get x =0 or A = 4.
1. If we have x = 0, then the constraint gives us y = +2.
2. If we have XA = 4, the second equation gives us

(a) y =4/3. The constraint then tells us that z = +/20/9.
(b) y = 0. The constraint then tells us that x = £2.



So, Lagrange Multipliers gives us six points to check: (0,£2), (£2,0) and (4++/20/9,4/3).
The function values are
£(2,0) = f(~2,0) = 16
f(0,2) = —f(0,—-2) =16
f(\/20/9,4/3) = f(=+/20/9,4/3) = 368/27.
To find the maximum and minimum we need to simply plug these six points along with

the critical point in the function. f(0,0) =0,
In this case, the minimum is f(0, —2) = —16 and the maximum is f(0,2) = 16.

Example 2: Let aj,as, - ,a, be n positive numbers. Find the maximum of Y | a;z;

subject to the constraint >,  z? = 1.

Solution: Let f(xq,--,z,) = > 1, ax; and let g(ay, -+ ,z,) = >» 27 — 1. To find
the minimum value of f subject to ¢ =0, we find zy,--- ,z, and A satisfying

a; = \-2xq,

a9 = A- 21‘2,
ay = A\ - 22,
So x1,- -+ ,x, and A should be

L A=> L, a2/4and x; = a;/ />, a?
2. A=—/> L ai/4dand x; = —a;/\/Y i, aF

the maximum of Y ;| a;z; subject to the constraint > i 22 =11is /> ., a?.



3 Exercises

1. Among all planes that are tangent to the surface zy?z? = 1, find the ones that are
farthest from the origin.



Solution

. Among all planes that are tangent to the surface zy?z? = 1, find the ones that are
farthest from the origin.

Solution: Let g(z,y, z) = xy?22. If (z0, ¥, 20) be a point on the surface

g(xvyvz) = ]-7

then the tangent plane of the surface at (xg, yo, 29) is determined by

(x — x9)
(y—y0) | - Va(mo,v0,20) = (z — x0)yg2g + (¥ — Yo)2Toyo 25 + (2 — 20)20yg 20 = 0.
(z — 20)

The distance between the origin and the plane is

Zo
Vg(l‘myo, Zo) 1 Yo
20 _ 5
Vg (o, yo, 20) | 1Vg(zo, Yo, 20)|I°

So letting f(z,y, 2) = ||Vg(z,y, 2)||? = y*2* +4a?y?2* +42%y* 22, the problem reduce
to minimizing f(z,y, z) with constraint g(z,y,z) — 1 = 0. Solving

8y’ 2t 4 Sxyt2? = \y?2?
42t 4 82yt + 1622y32% = N2xy2?
4yt 23 + 1622y 2% + 8aytz = N2ayP2

ry?t =1

gives

1 3 1 3 1 5 1 3
() o) oot s

So f(zo,Yo0,20) =5 4% and the desired plane is given by
(z — wo)yo2s + (v — Yo) 220025 + (2 — 20)220Y520 = 0,

where 20, 40, 20 are the given in (1).





