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Definition 1. (The length of a vector) If U = (v, v, ...,v,) € R™, then its magnitude
or length (2-norm) is defined to be

|17l = \/v% + 03+ ...+ 02
Remark : Someone may use the notation || instead of ||7]|.

Definition 2. (Unit vector) A vector ¥ of length 1 is called a unit vector

Definition 3. (Dot product) Suppose i = (uy, ug, ..., u,) € R" and ¥ = (v1,vs, ..., 0,) €
R"™, then the dot product u - v of U and U is the scalar

U+ U= Uy + UgUg + ... + Up Uy,

Theorem 1. Let the angle 0 < 0 < 7 between two nonzero vectors U = (uy,us,us) and
¥ = (v1,ve,v3) in R®. Then 0 is given by

£
<y

cosf =

=y
g2

Definition 4. (Orthogonal vectors) i and U are orthogonal if i@ - U=0.

Remark : In R3, we see that the angle  between @ and ¥ equals to /2 by Theorem 1 iff
u - v=0.

Proposition 1. (Properties of the Dot Product)
If 4, U, and W are any vectors and c is a scalar, then

(a) @-v=0-1,
(b) 4 - (V+w)=u-7+u- 0,
(¢) (ct) -0 = c(d - V),
(d) |u])?* = u - a
. . o " 4
Definition 5. (Vector projection) The vector projection of v
u onto U s the vector I:f
proj,u = BE v ”A*. 6 proj,u

w

Length = |u| cos &



Definition 6. (Cross product) Suppose i , v € R3. The cross
product i X U is the vector

@ x 0 = ([Jull[|v]| sin §)7i

where 0 is the angle between « and U, 1 is the unit vector orthogonal
to the plane containing u and v.
The direction of 1 is determined by right hand rule.

Remark : Nonzero vectors « and v are parallel if and only if @ x v = 0.
Remark : @ x ¥ # ¢ x w! The direction of 77 is reversed.

Proposition 2. (Properties of the Cross Product)

If 4, U, and W are any vectors and r, s are a scalars, then
(a) (rid) x (sv) = (rs)(@ x v),

(b) U x (V4 W) =U X7+ U X0,

Calculating the Cross Product as a Determinant:
If @ = (uy, us, uz) = uyi + usj + usk and ¥ = (vq, vg, v3) = v1i + voj + v3k, then

iJ ok Uy U Uy U U U
oo 2 3| 1 3|2 1 2|
UXU=|u U ug| =+ - 7+ k
Vg U3 U1 U3 V1 U2
U1 U2 U3

Theorem 2. (Cauchy — Schwarz inequality) Suppose @ , v € R", then
i@ - 4] < [l ||9]
The equality holds iff © = kv for some k € R

We give a algebraical proof here.

Proof. Suppose v # 0. otherwise the theorem is trivial. Let A € R,

= — 2\ - U4 N T

]
<y

If we set A =




Theorem 3. (Triangle inequality) Suppose @ , v € R", then
[+ | < [|al| + 7]
The equality holds iff @ = kv for some k >0

We give a algebraical proof here.

Proof.
n
I+ )% =) |u; + i
n
= Z |u1]2 + 2’1111‘1)1' + "U,L'|2
i
= |ﬁ||2 + 20U+ ||17||2
< ll* + 2lall|| o] + |7
= (lall + I121])?
O
Exercise:

1. Prove Theorem 1.

2. Prove Theorem 2 geometrically.

3. Prove Theorem 3 geometrically.

4. Given ¥ = (2,10, —11) and 4 = (2,2, 1), find the vector projection of i onto v.

5. Given @ = (2,2,1) and ¢ = (2,10,—11), find the cross product @ x ¢ and the an-
gle between ¢ and v.



Solution:
L.
By cosines law,

iz — &> = Jjl” + |11 — 2l 1] cos 0
n n
S — o = 3 ful? 4 [ f? = 2llul o] cos6

% %

n n
Dl = 2ui + i = il + [vil* = 2|Jul[[|v] cos 6
7 7

Z —2u;v; = —2||ul|||v]| cos 6

- U= ||ul|||v] cos @

2.
It follows from Theorem 1, or suppose @ and v are non-zero, then we project & on v,

: U-vY
Proj u = U
° (||v||2)

By setting W = @ — proj,u, by Pythagorean theorem
? i v
#ol > | ()
o]

S . w-v\
17 = lprog,ul? + i = | (1)

3.
It follows from Theorem 2.
4.
u-v 13
u=-—=)7=—(2,10, 11
proioe= ([ ) 7= 210,10
5.
i ik ) ) ) o B
UXUT=12 2 1 |=+ 2 1 2'—2 L j+2 2 k = —32i 4+ 245 + 16k
10 —11 2 —11 2 10
2 10 —11
|d x o] = [u]|]|7]| sin 0
8v29 = 45sinf

9and0<0<7r/2

Since @7 =13 > 0 sinf =



