MATH2010E LECTURE 10: ERROR BOUNDS AND TAYLOR’S
FORMULA

1. ERROR BOUNDS FOR TAYLOR’S FORMULA

Let g, : Q — R be a sequence two-variable function. €2 is an closed and bounded
set in R2. We call

(1.1) Jim_gn(2,y) =0
uniformly on © if and only if
(12) Jim ( max floa(.)l}) =0

Now, suppose f is a smooth function and a = (a1, as) is in the interior of 2, The
Taylor’s formula will be

(1.3) ZZ o (64 9059) (0)(@ — a1)"*(y — a2)".

n=0 k= 0
We call

(1.49) ZZ T (2P oke) O — )y — )

n=0 k=0
the m—th order Taylor’s polynomial of f.

We can regard P, as a approximation of f. Under this setting, one may ask the
error bound estimate for |f — P,,|. This error bound can be controlled as follows:
Let

. 1 n n—1 n 2 2\ %
(1'5) Eﬂ(‘rvy) = E (Trg}?‘ggﬂaxf'v |aa(: )ayf|7 sy |ay f|}(|3j - a1| + |y - a2| )2’

Then
Suppose (1.6) is true, by taking m — oo, we will have the following theorem.

Theorem 1.1. We have

(1.7) [z, y) ZZm(a(" k)ak )( )(x—al)n_k(y—@)k

n=0 k=0
if and only if lim, o E,(z,y) = 0 uniformly.

Proof. (Under the assumption (1.6))
Notice that

(18 i Puley) =33 o (00 70000) 0) — )" Hy — aa)”

n=0 k:O
1
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Suppose lim,, o Ey (2, y) = 0 uniformly. We have

m—r 00
So (1.7) holds. O

To obtain (1.6), let us denote f(z,y) — Pn(z,y) by g(z,y). So the directional
derivatives D( ) (al,ag) =0 for any k = 0,...,m, ¥ € R?, |§] = 1. Here we take

- (x—a1,y—as) P} 2
U= —F——2 22/ agndr=+/lz—a1|?+|y—a So
(A Vir —ai] |y o
(1.10) g(z,y) = g(=,y) — gla, a2)

/Dvg (tv)d
// DI7 g(tﬁ)dtdrl
0o Jo

s 1 Tm
= / / oo [ DY gt dtdry - - dr,
0 0 0

where 0 < rq1,79,...,7; < r. Meanwhile, one can check that

(1.11) D"V g(t9)] < max (105D f1(, ), 1070y f1(2,y)s ooy [0S (2, )}

(1.12) // / DIV gt dtdry - - - dry,

m m— m 1
< mase {071,108 09, 1, 1051y gy (= P 4y — 0af®) 2

(1.13) =En41(z,y).

m,+ 1

Example. Let f(z,y) = sin(z+ 3y) and P, be the Taylor’s polynomial centred on
(0,0). Find m € Nsuch that |f(z,y)— P (z,y)| < 1075 for all (z,y), /22 + y2 < 1.

To find m, we notice that J, f = cos(z + 3y), 0, f = 3cos(x + 3y). This implies

(1.14) max__ {[0.fl,[0,f|} = 3.
(z.9) /&2 +y2 <1 !
Inductively, we have
(1.15) max {97 f], [0V, £, ..., [0 f]} = 3™
(@.9) /277 <1 ! !
So
(1.16) Bl )| < =
Clearly we have 3 o § = 10 So we can take m = 34.

Remember that the choice of m is not unique. One can choose any m > 34 such
that the estimate

|f(x,y) — Pn(z,y)| <107°
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holds. 34 itself is not actually the smallest (best) candidate. In fact, one can easily
check by using a calculator (or hands) that m = 19 is enough in this case.



