WEEK 10-11. INDEFINITE INTEGRAL

1. DEFINITION OF INDEFINITE INTEGRAL

Definition 1.1 (Primitive function or indefinite integral). A function F'(x) is called

a primitive function or an antiderivative of f(z) if F'(x) = f(x).

Let f : [a,b] — R be a function for some a < b.

If F(z) is an antiderivative of the function f(x), then F(x)+ C is another an-
tiderivative of f(x) for any constant C. Conversely, if both Fj(x) and Fy(x) are
antiderivatives of f(x), then (Fy — Fy)'(z) = F{(x) — Fj(z) = 0 on (a,b) and hence
(F1 — Fy)(x) = C for some constant C, i.e. Fi(x) = Fy(x)+ C on [a,b] for some

constant C'.

The indefinite integral f(x) is the set of all antiderivatives of f(x) and is denoted

by [ f(x)dxz. Sometimes [ f(x)dz just means one of antiderivatives of f(x) and so

we write
/f(:):)dx =F(z)+C
to say that F'(z) + C is an antiderivative of f(x).

Furthermore, the function f(x) is called the integrand of the indefinite integral

[ f(z)dz.

Example 1.1. (1) [0dz =C.

(2) [a"dx = r%x’"“ + C for any real number r # —1.
(3) [idz =In|z|+C.

(4) [cosazdr =sinz + C.

(5) [sinzdr = —cosz + C

(6)

6 fexdx:eI+C’
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Proposition 1.1 (Some properties of integration). Let f,g denote functions and

let a € R be any constant.

(1) [(f+g) xdx:ffacdx+fg(:z:)d:z
(2) [(af)(z)dz =a [ f(z)

Note that [(fg)(z)dz # [ f(z)dz [ g(x)dz. In the subsection “Integration by
parts”, we will see why this equality does not hold.

2. INTEGRATION TECHNIQUES

2.1. Integration by substitution.

Theorem 2.1. If u = g(z) is a differentiable function, then

[ Hot@ng' @i = [ feu)du

Proof. Suppose F'(u) = f(u).
Consider a function (F o g)(x) = F(g(z)). Then the chain rule implies
(F'og)(z) = F'(g(x))d'(z) = f(g9(x))d (x)
This implies that (F o g)(z) is an antiderivative of f(g(x))g'(x). O
For a function u = g(z) on z, let us regard du as
du = ¢'(z)dz.
This makes Theorem 1.1 more natural.

Example 2.1. Evaluate the following integrations by using substitutions.
1) f 2x+1
(2) [ sin3zda.
(3) [ 2z cos(z?)dz.
(4) [ 23z — 1dx.
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(5) [ coszsinzdz.
Solutions :

(1) Put uw =2x 4 1. Then du = 2dz and Tlﬂ = L. Consequently we have

1 11 1 1
= | ——du= =1 =—1In|2 1 .
/2x+1dm /2udu 2n|u|—|—C 2n|:17—|— |+C
(2) Put u = 3z. Then we have
. 1 1 1
/sm?)xdm:/smugdu: —gcosu—FC: —gcos?)w—i—C.
(3) Put u = x2. Then we have
/QZL‘COS(Z‘Q)dl‘ = /cosudu:sinu—i—CZsin(x2)+0.

(4) Put u = 3z — 1. Then we have

/x\/mdx _ /;(w 1) aidu

:/;(ug—i-u%)

1.2 5 3
25(5(u2+u2)+0

12 5 3
:§(S((3x—1)2+(3x—1)2)+C.

(5) Put u = sinz. Then we have

1 1
/cosxsinmdx:/udu: §u2+C:§sin2x+C.

2.2. Integration by parts.

Theorem 2.2. Let u = g(z) and v = h(x) be functions on x. Then we have

/udvzuv/vdu
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Proof. The Leibniz rule (gh)'(z) = g(x)h'(z) + h(z)g'(x) implies
wo = g)h()

_ / o)W (2)da + / W)y (2)da

:/udv+/vdu

Tips on how to do integration by parts :

If you want to evaluate [ f(z)dz, then try to find two function u = g(z) and
v = h(x) such that

1. udv = g(z)h'(z)dz = f(x)dz, and

2. [vdu = [ h(z)g'(x)dz is easier to find.

Example 2.2. (1) [Inzdz.
(2) [zlnzdz. u=Inz,dv=zdz
(3) [ze¥dz. u=z,dv = e*dx
(4) [(Inz)?dz u= (Inx)? dv = dx
(5) [arcsin2zdz. u = arcsin 2z, dv = dx
(6) [e®coszdr. u=e", dv=coszdx
(7) [2®sinz?dz. u= 22 dv = zsina?dx
Solutions :

(1) Consider the following substitutions:
1
u=Inz,dv=dr = du= —dz,v=u=x.
x
Hence, we have

/lnxd:z::/udv:uv—/vdu:xlnx—/da::xlnx—x—i—a

(2) Consider the following substitutions :

1 1
u=Inzx,dv=xdr = du:—daﬁ,fuzian.
x
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Hence, we have

1 1 1 1
/mlnxdmz/udvzuv—/vdu:2x2lnx—/2xd1‘:23:21111:—43024—0.

(3) Consider the following substitutions :

1
uw=z,dv=e%dr = du=dz,v=—-e>7.

3

Hence, we have

1 1 1 1
/a:e?’xd:c = /udv = uv — /vdu = —ged® — / Ze3%dr = —xed® — e 4+ O,
3 3 3 9

(4) Consider the following substitutions :

2lnzx

u=(Inz)* dv=de = du= dr,v =x.

Hence, we have

/(lnx)zdx = /udv = uv — /vdu

= z(lnz)? — /21n:rdx
= z(Inz)? - 2(xlnz —2) + C.

(5) Consider the following substitutions :

2
u = arcsin2z,dv = dxr = du= ——=dx,v = .

1—(2x)2
We have

/arcsin 2xdr = /udv = uv — /vdu

2
= g arcsin 2z — /xdx
V1= (22)?

To evaluate [ ——22__dz, we consider the substitution ¢ = (2z)%. Then
V1-(22)2 ’

2x 1 1 1 1
/md@”:/mﬂ:zmw:gmm
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Finally, we have
/arcsin 2xdx = x arcsin 2z + %W +C.
(6) Consider the following substitutions :
u=¢",dv=coszdr = du=e"dr,v=sinz.
We have
/excosxdx = /udv =uv — /vdu
=esinx — /ex sin zdzx.

Here, we try another integration by parts to evaluate [ e® sinzdz. Indeed,

consider
i =e",db =sinzdr = du=e"dx,0 =—cosz.
Thus we have
/exsinxda: = /ﬂdf) = Uv — /6dﬂ
= —e"cosx + / e’ cos xdx.
By plugging this result to the previous equality, we get
/e”" cosxdr = e"sinx + e* cosx — /ex cosxdz.
Adding [ e” cos zdz to both sides, we get
/em cosxdxr = %em(sinx +cosz) + C.

(7) We first use the integration by substitution. Consider w = x?. Then dw =

1
/wg sin z2dz = /2wsinwdw.

2xdx and hence
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To evaluate [ wsinwdw, we do integration by parts. Consider
u=w,dv =sinwdw = du=dw,v=—cosw.

Hence, we have

/wsinwdw:/udv:uv/vdu

= —wcos+/coswdw

= —wcosw + sinw + C.
Finally, we have

1 1
/1‘3 sin z2dx = / W sin wdw = —5(332 cosz? + sinz?) + C.

2.3. Integration of trigonometric functions.

Proposition 2.1 (Useful Identities). For any real numbers a,b, we have

(1) cos(a + b) = cosacosb —sinasinb

(2) sin(a + b) = cosasinb + sina cos b.

Corollary 2.3. For any real numbers a,b, we have
(1) 2cosasinb = sin (a + b) + sin (a — b).
(2) 2sinacosb = sin (a + b) — sin (a — b).
(8) 2cosacosb = cos (a+ b) + cos (a — b).
(4) —2sinasinb = cos (a + b) — cos (a — b).

Example 2.3. (1) Using Corolary 1.3 above, we have sinz? = —(cos 2z — 1).

Hence, [sinz?dx = [ —1(cos2z — 1)dz = —1sin2z+ 32+ C.
(2) Similarly, cosz?® = J(cos2z + 1)
Hence, [cos2?dx = [ 1(cos2z + 1)dx = Lsin2z + 1o+ C.
(3) [cos3zsinadr = [ 3(sindx + sin2z)dr = (-3 cosdx — § cos2z) + C

Example 2.4. (1) [sec® zdx = tanx + C.
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(2) [esc?adr = —cotx + C.
(3) [secxdr = $(In(1+sinz) — In(1 —sinz)) + C.

To see this, consider v = sinz. Then we have
/ secxdr = / COS;B dx
cos? x
_ / cos' :c2 da
1 —sin“zx
1
- / 1— u? du
1, 1 1
= [ = d
/2(1_u+ Al

= %(ln(l +u)—In(l —u))+C

1
=5 In(1 +sinz) — In(1 —sinz)) + C.

There is another way to express the indefinite integral of [seczdz. In-

deed, we have

secx + tanx

14 si
In(1+sinz) —In(1 —sinz) = In (—i—smx) =In
1—sinz

secx —tanx

and hence we have

1
/sec rdr = iln

Exercise 2.1. Evaluate the following indefinite integrals.

secr + tanx
— |+ C.
secr —tanx

1

sinx

(1) [ cscadx. Here, cscx = by definition.
(2) [secdzdzx

(3) [ cscd zda.

2.4. Trigonometric substitution.

(1) When an integrand involves vxz2 + a?., it is useful to use a substitution

r=atan6,—§ <0 < 7., or equivalently ¢ = arctan 7.
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Then dx = asec? 0d and V22 + a2 = asecé.

For instance, we have

/ V1+22dz = /8603 0do.

and the last integration is an exercise of the previous subsection.
(2) When an integrand involves v/22 — a2, it is useful to use a substitution z =
asec0,0 <0 < 5,5 <6 <m, or equivalently 6 = arccos 7
Then dz = asecftanfdf and vz2 — a% = |atan¥)|.
(3) When an integrand involves v/aZ — 22, it is useful to use a substitution z =
asinf, —5 <6 < 3, or equivalently § = arcsin 7.

Then dx = acos0df and vVa? — 22 = acos?.

Exercise 2.2. (a) f\/ll_?dx

Consider the substitution x = sin 6.

Then we have

1 cos
df = | df =0 .
/\/1—:62 /COS / e

1
b) [ Vmms
Observe that 22 + 2z + 2 = (z + 1)2 + 1. Thus let us consider the

substitution z 4+ 1 = tan 6.
Then we have dr = sec? 0df and /22 + 2z + 2 = secf. Consequently,

sec? 0do

1 1
- e =
/\/x2+2x+2 “ /sec@

= /sec@d@

secf + tan 6

In +C

sec — tan

1

2

1 Va2 +2x+24+z+1
2

+C.
\/x2+2x+2—x—1
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Consider the substitution x = sec 6.

Then, dz = secf tan 6df and vz? — 1 = | tanf|. We have

Az
/xxldx:/’tan;”Secﬁtan9d0:/|tan0|tan0d0.

sec

When x = secl > 1, we may assume 0 < ¢ < 7. Consequently,

tan# > 0 and hence

Va? — 1
/xmdx = [ tan®0do

= /(se029 —1)df
=tanf —0+C

1
=+vz2—-1—arccos— +C.
x

When z = secf < 1, we may assume § < ¢ < 7. Consequently,

tanf < 0 and hence
va2—1
/xxdac = —/tan2 0deo

= —/(sec2<9— 1)do
=—tanf+6+C

1
=+vz2 -1+ arccos— +C.
x

2.5. Reduction Formula. Let f,(z) be a function that involves a n-th power of

some function and let I, = [ f,(z)dz be the indefinite integral of f,, for n € N.

Sometimes, it is not so easy to evaluate I,, directly. A reduction formula is a

relation between I,, and I,,_j for some k € N.

Example 2.5. Prove the following equalities.
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/x”ezdx =x"e? — n/m”_lezdm.

We will do integration by parts. Indeed consider

(1) For any n > 1,

uw=2z"dv=e"dr = du=nz""'dr,v=_¢".

Then we have

/x”ezdx = /udv =uv — /vdu =z"e® — n/x”lexda:.

(2) For any n > 2,

1 -1
/cos” zdx = = cos" !t rsinz + r /608”2 xdx.
n n
We will do integration by parts. Indeed consider
u=cos" ' z,dv=cosxdr = du= —(n—1)sinzcos" ?xdr,v = sinz.
Then we have
/cos”:cdx = /udv = uv — /vdu
= cos" tzsinz + (n—1) /cos"_2 z(1 — cos® x)dx
= cos" tzsinz + (n—1) /cos”_2 x—(n—1) /cos” xdz.

But adding (n — 1) [ cos” zdz to both sides and dividing by n, we get the
desired result.

(3) For any n > 3,

1 -2
/sec” zdr = T sec" 2 ztanz + i ] /Sec"_2 zdzx.
n— n—

We will do integration by parts. Indeed consider

u=sec" 2z, dv =sec’ zdr = du= (n—2)tanzsec" 2 zdz,v = tanz.



12 WEEK 10-11. INDEFINITE INTEGRAL

Then we have
/Secn xdx = /udv =uv — /vdu
=sec" 2z tanz — (n — 2) /sec”_2 z(sec’ z — 1)dx
=sec" 2 ztanz — (n — 2) /sec” xdxr + (n —2) /sec”_2 xdz.

But adding (n — 2) [ sec” zdz to both sides and dividing by (n — 1), we
get the desired result.

Exercise 2.3. Prove the following equalities.

(1) For any n > 2,

. 1., n—1 e
/sm” xdr = —=sin" ' xcosx + sin” 2 zdz.
n n

(2) For any n > 1,

/ (Inz)"dz = z(lnz)" —n / (Inz)" tdz.
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