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1. (12 marks) Evaluate the following limits for each real number a.

(a) lim
x→1

x− a

x− 1

Solution:

(b) lim
x→+∞

(x−
√
x2 + a)

Solution:
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2. (12 marks) Let an be the sequence defined byan+1 = 1− (an − 1)2, for n ≥ 1

a1 =
1

100
.

(a) Show that 0 ≤ an ≤ 1 for any n ≥ 1.

(b) Show that an+1 − an > 0 for any n ≥ 1.

(c) Explain whether the limit of an exists and find the limit if it exists.
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3. (16 marks) Find
dy

dx
where:

(a) y =
x4 + 5x

1− ex

(b) y = sin
(√

x lnx
)

(c) yex + xey = 1

(d) xy = y, x > 0

4. (20 pts) Let n be a positive integer. Let:

f(x) =

x3, if x < 0;

xn, if x ≥ 0.

Find all positive integers n such that:

(a) f ′(0) exists.

(b) f ′′(0) exists.

Justify your answer.

5. Use the mean value theorem (MVT) to show

1/
√
n + 1 <

√
n + 1−

√
n < 1/(2

√
n) ∀n ∈ N

6. Use the mean value theorem (MVT) to show

(x− 1)/x < lnx < x− 1 ∀x > 1

7. Determine whether there is any differentiable function f : [0, 2]→ R which satisfies

f(0) = 1, f(2) = 4 and f ′(x) ≤ 2 ∀x ∈ [0, 2]? Give reasons.

8. Let f : [a, b] → R be differentiable and a ≥ 0. Using one of the three mean value

theorems, show ∃x1, x2 ∈ (a, b) such that

f ′(x1)/(a + b) = f ′(x2)/(2x2).
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