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d
1. Find d—y for the following functions without starting from first principle.
i

(a) y=et!
2
e;c +1
b =
(b) y .

(8 points)




(6 points)




3. Let C be a curve given by the function f(x) = ze®*. Find the equation of the tangent of C at x = 1.

(6 points)




4. Evaluate the following limits.

(a) lim (x4 V224 6x+2)

T—r—00

(b) lim 2®sin (11>

z—0 et —e 7T

(10 points)




5. Let f(x) be a differentiable function such that f(z) # 0 for all real numbers . Use the definition

of derivative (first principle) to prove that

d ( 1 ) _ 2 f(x
dz \ (f(x))? (f(2))3
(You may use, without proof, the result that if a function is differentiable at a certain point then

that function is continuous at the same point.)

(10 points)




d
6. Find -2 if
x
xy + In(x? +y* +100) = 1.

(5 points)




7. Let f(z) = |z|sin®z.

(a) Find f'(z) for x # 0.
(b) Show that the function f(z) is differentiable at 2 = 0, and find f/(0).
(¢) Explain whether f’(x) is continuous at x = 0.

(d) Explain whether f/(z) is differentiable at 2 = 0.

(20 points)







8. (a) Suppose that 0 < a < b. Prove that
(I+Ina)(b—a) <blnb—alna < (14 1nbd)(b—a).
(b) Suppose that 0 < a < b. Prove that there exists ¢ € (a,b) such that
ae® —be® = (a —b)(1 — c)e’.

(15 points)
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9. Let a > 1 and p, ¢, r, s be four real numbers such that
ptg=r-+s and O<p—gqg<r-—s.
(a) Show that the function f(z) = a® — a7 is strictly increasing for x > 0.
(b) By considering the value of f(z) at %(p —q) and %(r — s), prove that
a? —a? <a" —a®.
Hence, deduce that if u > v > 0, then
uPv? — ul? < u"v® —uv".

(20 points)
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END OF PAPER
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