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Exercise 1:

Evaluate the following integrals.

(a)

∫
x√

1 + x2
dx

(b)

∫
ex cos exdx

(c)

∫
x5

(1 + x3)3
dx

Exercise 2:

Evaluate the following integrals.

(a)

∫
sin2 xdx

(b)

∫
cscxdx

(
Hint: consider cscx =

cscx(cscx+ cotx)

cscx+ cotx

)

(c)

∫
1

sin2 x cos2 x
dx

Exercise 3:

Suppose t = tan
θ

2
.

(a) Show that

dθ =
2

1 + t2
dt

(b) Show that

cos θ =
1− t2

1 + t2

(c) By the fact that
d

dx
tan−1 x =

1

1 + x2
,

evaluate the integral ∫
1

5 + 4 cos θ
dθ

Exercise 4:

Find

∫
f(x), where

f(x) =


(x+ 1)3 x > 0

(x+ 1)2 x < 0

0 x = 0



2

Solution

Exercise 1:

(a) ∫
x√

1 + x2
dx =

1

2

∫
1√

1 + x2
dx2 =

1

2

∫
1√

1 + x2
d(1 + x2) =

1

2

∫
d 2
√

1 + x2 =
√
1 + x2 + C

(b) ∫
ex cos exdx =

∫
cos exdex = sin ex + C

(c) ∫
x5

(1 + x3)3
dx =

∫
x3

(1 + x3)3
x2dx =

1

3

∫
x3

(1 + x3)3
dx3 =

1

3

∫
(1 + x3)− 1

(1 + x3)3
dx3

=
1

3

∫ (
1

(1 + x3)2
− 1

(1 + x3)3

)
d(1 + x3) = − 1

3(1 + x3)
+

1

6(1 + x3)2
+ C

Exercise 2:

(a) ∫
sin2 xdx =

∫
1− cos 2x

2
dx =

x

2
−
∫

cos 2x

2
dx =

x

2
−
∫

cos 2x

4
d2x =

x

2
− sin 2x

4
+ C

(b) ∫
cscxdx =

∫
cscx(cscx+ cotx)

cscx+ cotx
dx =

∫
csc2 x+ cscx cotx

cscx+ cotx
dx

=

∫
1

cscx+ cotx
d(− cotx− cscx) = − ln | cotx+ cscx|+ C

(c) ∫
1

sin2 x cos2 x
dx =

∫
sin2 x+ cos2 x

sin2 x cos2 x
dx =

∫
1

cos2 x
dx+

∫
1

sin2 x
dx

=

∫
sec2 xdx+

∫
csc2 xdx = tanx− cotx+ C

Exercise 3:

Suppose t = tan
θ

2
.

(a)

cos
θ

2
=

1√
1 + t2

dt =
1

2
sec2

θ

2
dθ =⇒ 2 cos2

θ

2
dt = dθ =⇒ dθ =

2

1 + t2
dt

(b)

tan θ =
2 tan

θ

2

1− tan2
θ

2

=
2t

1− t2

cos θ =
1− t2

1 + t2
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(c) ∫
2

5 + 4 cos θ
dθ =

∫
2

5 + 4
1− t2

1 + t2

2

1 + t2
dt =

∫
2

5(1 + t2) + 4(1− t2)
dt =

∫
2

9 + t2
dt

Let t = 3x ∫
2

9 + t2
dt = 3

∫
2

9 + 9x2
dx =

2

3

∫
1

1 + x2
dx =

2

3
tan−1 x+ C

=
2

3
tan−1

t

3
+ C =

2

3
tan−1

(
1

3
tan

θ

2

)
+ C

Hence, ∫
2

5 + 4 cos θ
dθ =

2

3
tan−1

(
1

3
tan

θ

2

)
+ C

Exercise 4:

F (x) =

∫
f(x) =



1

4
(x+ 1)4 + C x > 0

1

3
(x+ 1)3 + C

′
x < 0

C
′′

x = 0

Note that F (x) is continuous.
lim

x→0+
F (x) = lim

x→0−
F (x) = F (0)

Hence,
1

4
+ C =

1

3
+ C

′
= C

′′

Therefore,

F (x) =

∫
f(x) =



1

4
(x+ 1)4 + C x > 0

1

3
(x+ 1)3 − 1

12
+ C x < 0

1

4
+ C x = 0


