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Taylor’s Theorem

Let f be a function that is k 4+ 1 times differentiable on (a,b). Let z¢ € (a,b).
Let x € (a,b). There exists £ between « and xo such that

7 (k) (k+1)
f(x) = f(xo) + f(wo)(x — x0) + / ;TO) (x—20)% + ... + ! k(!CUO) (x —x0)" + M(m — xq)kH!
Examples of Taylor’s Polynomial
The followings are Taylor Series of some common function centered = = 0
1 o0
m:1+x+x2+z3+z4+...=;x” forz € (—1,1)
- 2?2 23 a2t =z
e :1+x+§+§+j...:ngoﬁ for z € (—o0,00)
22 gt g6 0 a2
Cosx:1_§+ﬂ_ﬁ+‘“:;(_l)27! for x € (—o00,00)
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Slnx:x_g_'_a_ﬁ“r..:r;(_l) m fOIJJG(—O0,00)
1n(1+x)—x—x—2+x—3—x—4+ —i(—l)"“ﬁ for z € (—1,1]
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Exercise 1 (Continuation of Ex4 from last tutorial):

(a) Write down the Taylor polynomial Ps(z), where f(x) = In(1 — z) centered at 0.
(b) Hence, approximate In 0.99.

(c) Show that the error of the approximation in (b) is less than 10~7.

Exercise 2:

Find the third Taylor polynomial of

(a) f(z) =€sinz, x9=0 (b) f(z) =In(l +sinz), xo=0

Exercise 3:
Let
f(z) = 2%cosx

(a) Find the Taylor series of f centered at 0.

(b) Find f©9(0) and f(109(0).

Exercise 4:

By Taylor’s theorem or L’Hopital’s rule , evaluate

In(1 + 22) (b) i 1 1

. im —— —
=0  zsinx e—0 In(1+z) =

Exercise 5:

Show that for all z > 0,



Solution

Exercise 1:

(a) Check the previous tutorial

(b) Check the previous tutorial

() ;
(@) =~

(1—z)*
By Taylor’s theorem, there exists £ € (0,0.01) such that

|£(0.01) — P5(0.01)| = O 0.01]*

4]
6 6

1961 = | g

— < <6-2*
I1—¢* ~ 0.99% —

|£(0.01) — P3(0.01)| < 6-0.01* <10-1078 = 107"

Exercise 2:

(a)
®ging — (1 22 3 2t x> ab 2T
e’ sinx = ( +x+§+§+1...) - -
The third order Taylor polynomial is

v+t + lj
3
(b)
. 2 . 3 . 4
In(1 +sinz) = sinx — (sm;;) (sn;m) - (SHZ@
3 3
5 (95—%—1—...)2 (z — %+...)3
2
T2 TG
The third order Taylor polynomial is
2 .3
r— — + E
Exercise 3:
(a) The Taylor series of f centered at 0
s x2n+2
= —1 n
o) = S
(b) The series of f centered at 0 is
I N
o =3 1m0
Now,
oo x2n+2

fl@) =) (-1)"2n+2)(2n+1)

|
= (2n + 2)!



Ifm=2n+2,
Fr0) = (=1)"(2n +2)(2n + 1)

Set m = 99. There is no n that satisfies m = 2n + 2. Hence, (9 (0) = 0.
Set m = 100. Then n = 49, and f(1°9(0) = (—1)(100)(99) = —9900.

Exercise 4:

(a) The 2-th Taylor polynomial of In(1 + z2) centered at 0 is 2.
The 2-nd Taylor polynomial of z sinz centered at 0 is x2.

By Taylor’s theorem, there exist constants C, D such that
In(1 + 2?) = 2* + C2®

rsinz = x(x + D2?) = 2 + Da?

I In(1 + 2?) i ??+C2® | 1+Cx .
im —— = lim ———— = lim =
z—0 xsinz z—0 x2 + Dx3  2—0 1+ Dx
22
(b) The 2-nd Taylor polynomial of In(1 + z) centered at 0 is x — ER
By Taylor’s theorem, there exist a constant C' such that
22
In(14z)=2—- "~ +C2®
2
z 3
, 1 1 1 1 - —Cw
hn})ﬁ—thIrb 3 —7_1111%) 3 b
T—r n a X T—r i T—r T—r
z— 2 4 Cgs x(x—%—i—Cx?’) 1



Exercise 5:

1
!
xTr) =
f(@) 2(1+ )3
1
" _
) A(1+2)3
3
i
r)=—"%
@) 8(1+x)2
1 1
F0) = 5. 70) =
The taylor polynomial of degree 1 of f centered at 0 is
The taylor polynomial of degree 2 of f centered at 0 is
2
T
Py(z) =1+~ — —
2@)=1+5-3
By taylor’s theorem, there exists £;,&s € (0,z) such that
" xz 1‘2
Fla) i) = TEDT <0
2 8(1+61)]
f/// 5 1‘3 3373
F(@) — pala) = 1)
3 8(6)(1 + &2)2
Hence,
2
x
1+3 -5 =pe(0) < f@) Spufa) =1+ 3



