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1. Differentiable Function

1. Definition
Let f: X — R be a function. The function f is said to be differentiable at x € X if

o f@ ) — (@)

exists.
h—0 h

We denote this limit as f/(z).
We say f(x) is differentiable on (a,b) if f is differentiable at all points in (a,b).

Remark: f’(x) is the slope of the tangent line on the graph of f at x.

2. Theorem

1. Differentiability and Continuity
Let f: X — R be a function.
If f(x) is differentiable at z € X, then f(z) is continuous at x.

2. Leinbiz’s Rule
dn
We denote 0 (z) = 2 f(z).
e denote [\ (z) dxnf(a:)

Let f,g9: X — R be functions. Then

n

fg n) chf(n k) (k)( )

2. Increasing (Decreasing) Function

1. Definition

Let f: X — R be a function.
The function f is said to be monotonically increasing (decreasing) if

for any x,y € X, if x < y, then f(z) < f(y) ( f(x) > f(y))-

The function f is said to be strictly increasing (decreasing) if
for any x,y € X, if x < y, then f(z) < f(y) ( f(z) > f(y) ).

2. Corollary
Let f: X — R be a differentiable function.
1. If f'(x) > 0 for any « € X, then f is strictly increasing,.
2. f'(x) >0 for any = € X if and only if f is monotonically increasing.



Exercise 1:

d
Find d—y by using first principle.
x

1
= si b) y =

(a) y = sin3a (0) y=

Exercise 2:
d
Find cTy without using first principle.
x
3z
(a) y =e*sinzx (b) y = 1e+ .
(c) y = In(tan~! 2) (d) y = (sinx)®

(e) xy® +cos(z +y) =1

Exercise 3:
Define f : R — R by

1
z?tan' = £ #£0
x

(a) Find f'(z) for x # 0.
(b) Determine whether f is differentiable at = 0.

(¢) Determine whether f’ is continuous at x = 0.

Exercise 4:

Let y = ¢®". Show that

(a) y' =2y
(b) y" 1 (2) = 22y (x) + 20y~ ()

Exercise 5:

(a) Let f:(1,00) — (0,00) be the function defined by

Show that for all x > 1, f(z) >e.

(b) Let b > 1. Let g : (1,00) — (0, 00) be the function defined by

Show that

b b
(i) g is strictly increasing on (1, 1b> and strictly decreasing on (lb’ oo);
n n

(ii) If 1 < a < b < e, then a® < b°.



Solution

Exercise 1:

(a) Please verify it yourself.

(b)

h—0 h

Exercise 2:

(a)

o Iz —In(z+h)
h—0 h Inzln(z + h)

1

h

lim

(")

h—0 InzIn(z + h)

1
T

1.

— 11m
T h—0

— lim
T h—0

—élim In 1—|—1 '
z(lnx)2r-0 z

T h
il PO (T
(1)

hs0 Ina In(x + h)

—%m <1+1>

z
h
InzIn(x + h)

1 I
—In 1+§
N\ "

InzIn(x + h)

h

Ine
z(Inz)?

1

z(Inz)?

dx

d

ﬁ = e”(sinz + cos x)
dy Bz + 2)e3”
dr — (z+1)2

v_ 1
dr (22 +1)tan" 'z

Iny =zlnsinx

1dy

——= =Insinx +zcotx
ydx

= (sinz)”(Insinz + x cot x)

dy

d
v+ Qxyd—gyj —sin(z+y)(14+-==)=0

dz



d d
y:+ 29:y£ —sin(z +y) — sin(z + y)d—z =0
dy _ sin(z+y) — y?
dr  2zy —sin(z +y)

Exercise 3:

1
(a) f'(r) =2xtan~! P

(b) One has

By squeeze theorem, since

li - =
B0 7] 2 0
we have (h) - F(0)
T R
f is differentiable at x = 0
(c)
F) = 2rtan™ — — ] x#0
0 T =
One has
rtan~! —| < |z| - z
2

By squeeze theorem, since
) 7r
lim |z|- 5= 0,

x—0
we have )
lim 2ztan™' = =0
z—0 x
Also,
. x?
im =
z—0 12 +1
Hence,

lim f'(x) = 0= f/(0)

x—0

Therefore, f’ is continuous at x = 0.
Exercise 4:

(a) Please verify it yourself.

(®) YD = (22) ™ = 20520y 4 2072y = 229 4 2y (D)
Exercise 5:
(a) One has | ,
ne—
fi(w) = (Inx)?

If x > e, then f/(z) > 0. Hence f(z) > f(e) =¢;
If 1 <z <e, then f'(x) <0. Hence f(z) > f(e) =e.
Hence, for z > 1, f(z) > e.



(b)(3)

(b)(it)

One has
Ing(z) =blnz —xlnb

Differentiating both sides,
1, b
——¢'(zr)=——1Inb
mm<) x

iy gl@)lnb b
g'(x) = s (hﬂb - f)

Observe that g(z) > 0 for all z > 1, and Inb > 0.

b b
fl<z< g e have ¢'(x) > 0 (verify it). Hence g is strictly increasing on <1, 1b>;
n n

b b
If x> g e have ¢’'(z) < 0 (verify it). Hence g is strictly decreasing on <1b’ oo>.
n n

Let 1 <a<b<e. Onehas

a
9(a) =2, 9(0) =1
. b
Also, since 0 < Inb < 1, we have 1 < b < A
. . . . . b
Since a < b and g is strictly increasing on | 1, Wy ) e have
g(a) < g(b)

Hence,
ab < b®



