MMAT 5011 Analysis 11
2016-17 Term 2
Assignment 5
Suggested Solution

1. See Assignment 4 Problem 7.
2. Let y = (1,2¢). By the property of orthogonal projection,

(x, y>y ~ (3+2i)(1) + (1 +6i)(—2d)
) (D)(1) + (20)(=20)
Alternatively, one can obtain z by direct computation. Let z = «(1,2i) € Y, where a € C.

Then (x — 2z,y) = (34 2i — a)(1) + (1 + 6i — 2ia)(—2¢) = 0. Thus o = 3 and we get the
same answer z = 3y = (3, 67).

The distance is ||z — 2| = (2i,1) = V/5.

z=Py(z)= y =3y = (3,61).

3. By Q9 of assignment 4, Y C (Y1)+ and (Y+)* is closed in H. Hence Y C (Y1)*.

For the other inclusion, suppose z € (Y+)*. Let y = Py(z). Then z —y € (Y)+ Cc Y1
Hence, (x —y,x) = 0. Also, y € Y and so (z — y,y) = 0. It follows that

(#—y,x—y)=(r—y,2) = (r—y,y) =0-0=0.
Thus, z —y =0 and 2 =y € Y. This shows (Y1)~ C Y. Hence Y = (Y )+
4. Let fi(z) = 1, fo(x) = =, f3(x) = 22. We apply the Gram-Schmidt process to obtain an
orthonormal basis of P>(R) to obtain the following orthonormal basis.
er = f/lAll =1
e2 = (f2 = (fo.er)er)/| fo — (fa,er)en] = V3(2z — 1);
es = (f3 — (fz,e1)er — (fa, e2)ea) /||l fs — (fs, e1)er — (f3, ea)ea|| = V5(62% — 6z + 1).
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(c) We first show that {e,} is an orthonormal set.
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For m # n, assume without loss of generality m > n > 0, we have
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Thus {e,(t)} is an orthonormal set in L?[—1,1]. Note that e, (t) is a polynomial with
degree n, {e,} form a basis for the space of all polynomials P(R). By the Weierstrass
approximation Theorem, P(R) is dense in C[—1,1] in the sup-norm, which implies
P(R) is also dense in C[—1,1] in the L?norm. Thus P(R) is dense in L?[—1,1] and
{en(t)} is a total orthonormal set in L2[—1,1].

6. (=) (x,z) = (y,z) for all z € M implies (x,z) = (y,z) for all z € span M. Thus z — y €
(span M)+ = span i (Can you show it?). Since span M = H, we have span M= {0},
r—y=0,z=y.

(<) Let x € span M M*. Then (x,z) =0={(0,z2) for all z € M. By our assumption
on M, we have x = 0 and hence span M= {0}. Thus span M = H.

7. It is direct to calculate that
[P =1 [Clg@Pde =1 [ fu@ga)ds =0

forall m > 0,n > 1, and
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for all i # j. Thus {fm, gn,m > 0,n > 1} is an orthonormal set in L?[—r, 7).
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— sin(nz) = g and span {e™* n € Z} = L?|—n, 7]},
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we know that span { fi, gn,m > 0,n > 1} = L*[—7, 7). That is, {fm,gn,m > 0,n > 1} is

a total orthonormal set in L?[—, 7).
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- (a) Let fi(z) =1, fo(z) = .
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(b) Projp, ) f(z) = (f(2), er(x))er(x) + (f(x), e2(x))ea(x)
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(¢) It can be seen from (b).




10.

(a) If limy o0 ap = L, for any € > 0, there exists N > 0, s.t., |a, — L| < £/2, whenver
n > N. Since the limit exists, we can find M > 0 such that sup,, |a,| < M. Then if
n>N
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Hence, for all n large enough so that N(ﬁtm < § and n > N, we have |0, — L| < e.

Thus lim,, o, 0y, = L.

(b) Let a, = (—1)", it is clear that (a,) is a divergent sequence but lim, . o, = 0.
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