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January 20,2017

1. Use Characteristic Method to solve

a(z,y)0,u + b(z,y)0yu + c(z,y)u = f(x,y)
and then get the solution for

Oy + 20,u + (27 — y)u = 22° + 3zy — 2>
Solution: (a) The characteristic equation is

dr dy
a(z,y)  b(x,y)

This is a 1-st order ODE. Suppose the solution can be expressed explicitly by y = y(z, C)
with arbitrary constant C'. Define z(z,C) = u(x, y(x,C)), then

d= _ o, Mey@ ) o ey, 0)) L flay(e,C))
do gy T a(x,y(x,C)) "

a(@,y(@C)" " alz, y(z, 0))

which is a 1-st order linear ODE of z with respect to x by considering C' as a parameter
The general solution to above ODE is given by

s [ o e (2 O)
zx,C) a(zy(zc / a(zer)) — 7 dx +FC}
( ooy, ) O
where F' is an arbitrary function. Then we obtain the solution to PDE by u(x,y)
z

(z,C(z,y)) where C(x,y) is determined by y = y(x, C)
(b) The characteristic equation is

which implies that y = 22 + C with arbitrary constant C'. Define z(z,C) = u(z,2x + C)
gi = U, + 2u,, then

d

dZ = Cz+ 21> + 3222 + C) — 2(22 + C)?
x

that is,

% —Cz = —5xC —2C?
dx



which is a 1-st order linear ODE. The general solution to above ODE is given by

2(x,C) = ecx{ /ecx(—5xC —2C%)dx + f(C’)}

with an arbitrary function f. That is,
5
2(z,C) = (5z + ot 2C) +e“* f(O)
thus

u(z,y) =+ 2y + + =2,

2. Exercises on the Divergence Theorem

[l 5 ff o

for any bounded domain D in space with boundary surface S and the unit outward normal
vector n.

1. Verify the Divergence Theorem in the following case by calculating both sides sep-
arately: F = r?x,x = xi + yj + 2k, r?> = 22 + % + 22, and D = the ball of radius a
and center at the origin.

Solution: Denote F = (F}, Fy, F3). Note that 95 = r2 4 222, Thus, we have

// V-Fdx:/// V-Fder:/// 5r2der:47r/ S5ridr = 4ra®
0 dB(0,r) 0 aB(0,r) 0

D

//F -ndS = 4ra® o = 4na®,

beyD
where 0B(0, ) denotes the ball of radius r centered at O.
2. If f(x) is continuous and |f(x)| < 1/(]x|* 4+ 1) for all x, show that

J[[ v tax=o

all space

Solution: By the divergence theorem, we have

// V-fdx:// f-nd5§// |f|dS§// 1/|x[*dS = 47/ R.
jo|<R le|=R je|=R ja|=R

Hence,

// V-de:lim// V. -fdx < lim 4r/R=0. O

all space



