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1. Use the Chain Rule to compute the first and second derivatives of the following functions.

(a) flx+y,z—y),
(b) g9(z/y,y/2),

Solution.
(a) f(af y) = fl@+y,z—y).
Jiy—fx_fy

fwy = foo = foy + fyo = fuy = faw = fyy,
fyy = sz - fzy - fy»L +fyy = fwc - way +fyy-

(b) g(z,y,2) = g(u,v) = g(x/y,y/z).
Ja =gu1 zgu(w/y y/2)y,
Iy = 9u7s + 907 = 9u(@/y,y/2)3F + 90(@/y,y/2) 1,
9z = gv 2 = gv(x/y y/z) 52 2
Jez = guu;; = 2guu($/y y/Z)
Jzy = (guu -2 T Guv ) +gq
vy = 9uf (guu = +guv§)y
Gy= guv 2 22 gvz2 Jrgvv%

2

pe Yy
9zz = gvvzﬁ .

w\

’

+gvul(_x)+gvvi% :guyT +guu? _guvﬁ +gvvz2a

M‘H

22 Juv yz2 — Gv Z2 gvv

2. Let u be a solution to the two dimensional Laplace equation. Show that the function

(.9) e
v(zy) =u| 54—, 5
Y 21y 224 y?

also solves the same equation. Hint: Use Alogr = 0 where r = /22 + y2.
Solution. Let r = (22 4 32)'/2. We have

Uy = Uy (log 1) e + uy(log r)zy,
Vpp = (um (log 1) gz + gy (log ’I“)wy) (log 1) ze + g (log 1) pra+
(tye (108 7) a0 + tyy (108 7)ay ) (l0g 7)ay + 1y (108 7)aay
vy = Ug(log 1) zy + uy(log )y, ,
Vyy = (Uex (108 7)zy + tay(l0g7)yy) (108 7) 0y + s (l0g 1)y +
(tay (108 )z + uyy (10g7)yy) (l0g 1) yy + ty (log 7)yyy -



The key is Alogr = 0 and observe that

10g(1)wwa + 10g(1)zyy = (Alog(r))z =0
Then we have
Av(z,y) = ((logr)7, + (logr)2, ) Au(z/(2? + y?),y/(2® + y°)) = 0,

and the desired conclusion follows. This is called the Kelvin’s transform.

. Express the one dimensional wave equation

f  ,0°f

o2~ a2

=0, ¢>0aconstant ,

in the new variables
E=x—ct, n=x+ct.

Then show that the general solution to this equation is

f(:l,',t) = 90(I - Ct) +¢(T/+Ct) )

where ¢ and 1 are two arbitrary twice differentiable functions on R.

Solution. Write f(z,t) = f(&,1) = f(z — ct,x + ct). We have f, = fg + fn, fi = —cfg + cfn, foz =
Jee + 2fen + fons and fu = A fee — 26 fen + A fon-
Therefore,
Pf o L07f 5z 27 27 20 F 7 oy 27
oz € ppr = (Cfee =2 fen + fan) — ¢ (fee + 2fen + fon) = —4 fen-

The differential equation is simplified to R
fen = 0.
Now, (ff)n = 0 implies fg is independent of 7. Therefore, fg = 1 () for some ¢;. Fix £ € R then

13
) — f(on) = /5 o1 ()t

Consequently,
f(@,y) = @(&) + ().

where

13
() = /5 or(t)dt, and () = f(Eon)

. Find the directional derivative of each of the following functions at the given point and direction:

(a) 22 +y3 + 2% (3,2,1); (—1,0,4)/V17 .
(b) e +sin(z” +y%), (1,-3); (1,1)/v2.

Solution.
(a)

Def=¢€-Vf

—1,0,4
_ (104 )~(2x,3y2,4z3)
V1T (3,2,1)
(—=1,0,4)

10
V1T



Def =¢-Vf
(]—7 1) Ty 2 2 Ty 2 2
=7 - (ye®™ + 2z cos(z” + y°), ze™Y + 2y cos(xz” + y?))
= (i’/%) - (=3e7® +2c0s10,e7® — 6 cos 10)
—2e73 —4cos10

V2

= —V2(e™? + 2cos 10).

(1773)



