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1. Use the Chain Rule to compute the first and second derivatives of the following functions.

(a) f(x+ y, x− y) ,

(b) g(x/y, y/z) ,

Solution.

(a) f̃(x, y) = f(x+ y, x− y).
f̃x = fx + fy,
f̃y = fx − fy.
f̃xx = fxx + fxy + fyx + fyy = fxx + 2fxy + fyy,
f̃xy = fxx − fxy + fyx − fyy = fxx − fyy,
f̃yy = fxx − fxy − fyx + fyy = fxx − 2fxy + fyy.

(b) g̃(x, y, z) = g(u, v) = g(x/y, y/z).
g̃x = gu

1
y = gu(x/y, y/z) 1

y ,

g̃y = gu
−x
y2 + gv

1
z = gu(x/y, y/z)−x

y2 + gv(x/y, y/z)
1
z ,

g̃z = gv
−y
z2 = gv(x/y, y/z)

−y
z2 .

g̃xx = guu
1
y
1
y = 1

y2 guu(x/y, y/z),

g̃xy = (guu
−x
y2 + guv

1
z ) 1
y + gu

−1
y2 ,

g̃yy = gu
2x
y3 − (guu

−x
y2 + guv

1
z ) xy2 + gvu

1
z (−x

y2 ) + gvv
1
z
1
z = gu

2x
y3 + guu

x2

y4 − guv
2x
y2z + gvv

1
z2 ,

g̃yz = guv
−x
y2

−y
z2 − gv

1
z2 + gvv

1
z
−y
z2 = guv

x
yz2 − gv

1
z2 − gvv

y
z3 ,

g̃zz = gvv
y2

z4 .

2. Let u be a solution to the two dimensional Laplace equation. Show that the function

v(x, y) = u

(
x

x2 + y2
,

y

x2 + y2

)
also solves the same equation. Hint: Use ∆ log r = 0 where r =

√
x2 + y2.

Solution. Let r = (x2 + y2)1/2. We have

vx = ux(log r)xx + uy(log r)xy,

vxx =
(
uxx(log r)xx + uxy(log r)xy

)
(log r)xx + ux(log r)xxx+(

uyx(log r)xx + uyy(log r)xy
)
(log r)xy + uy(log r)xxy ,

vy = ux(log r)xy + uy(log r)yy ,

vyy =
(
uxx(log r)xy + uxy(log r)yy

)
(log r)xy + ux(log r)xyy+(

uxy(log r)xx + uyy(log r)yy
)
(log r)yy + uy(log r)yyy .
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The key is ∆ log r = 0 and observe that

log(r)xxx + log(r)xyy = (∆log(r))x = 0

Then we have
∆v(x, y) =

(
(log r)2xx + (log r)2xy

)
∆u(x/(x2 + y2), y/(x2 + y2)) = 0,

and the desired conclusion follows. This is called the Kelvin’s transform.

3. Express the one dimensional wave equation

∂2f

∂t2
− c2 ∂

2f

∂x2
= 0 , c > 0 a constant ,

in the new variables
ξ = x− ct, η = x+ ct .

Then show that the general solution to this equation is

f(x, t) = ϕ(x− ct) + ψ(x+ ct) ,

where ϕ and ψ are two arbitrary twice differentiable functions on R.

Solution. Write f(x, t) = f̃(ξ, η) = f̃(x − ct, x + ct). We have fx = f̃ξ + f̃η, ft = −cf̃ξ + cf̃η, fxx =

f̃ξξ + 2f̃ξη + f̃ηη, and ftt = c2f̃ξξ − 2c2f̃ξη + c2f̃ηη.
Therefore,

∂2f

∂t2
− c2 ∂

2f

∂x2
= (c2f̃ξξ − 2c2f̃ξη + c2f̃ηη)− c2(f̃ξξ + 2f̃ξη + f̃ηη) = −4c2f̃ξη.

The differential equation is simplified to
f̃ξη = 0.

Now, (f̃ξ)η = 0 implies f̃ξ is independent of η. Therefore, f̃ξ = ϕ1(ξ) for some ϕ1. Fix ξ0 ∈ R then

f(ξ, η)− f(ξ0, η) =

ˆ ξ

ξ0

ϕ1(t)dt

Consequently,
f(x, y) = ϕ(ξ) + ψ(η).

where

ϕ(ξ) =

ˆ ξ

ξ0

ϕ1(t)dt, and ψ(η) = f(ξ0, η)

4. Find the directional derivative of each of the following functions at the given point and direction:

(a) x2 + y3 + z4, (3, 2, 1); (−1, 0, 4)/
√

17 .

(b) exy + sin(x2 + y2), (1,−3); (1, 1)/
√

2 .

Solution.

(a)

Dξf = ξ · ∇f

=
(−1, 0, 4)√

17
· (2x, 3y2, 4z3)

∣∣∣
(3,2,1)

=
(−1, 0, 4)√

17
· (6, 12, 4)

=
10√
17
.
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(b)

Dξf = ξ · ∇f

=
(1, 1)√

2
· (yexy + 2x cos(x2 + y2), xexy + 2y cos(x2 + y2))

∣∣∣
(1,−3)

=
(1, 1)√

2
· (−3e−3 + 2 cos 10, e−3 − 6 cos 10)

=
−2e−3 − 4 cos 10√

2

= −
√

2(e−3 + 2 cos 10).
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