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1. Find the condition that z can be viewed as a function of x, y locally with the relation F (xz, yz) = 0. Then
find zx.

Solution. Let G(x, y, z) = F (u, v) = F (xz, yz). By the chain rule,

Gz = xFu(xz, yz) + yFv(xz, yz) .

Now, by Implicit Function Theorem, z is a function of x, y in the relation G(z) = 0 if Gz 6= 0, i.e.

xFu(xz, yz) + yFv(xz, yz) 6= 0.

When this holds, differentiate both sides with respect to x to F (xz, yz) = 0 yields

Fu · (z + xzx) + Fv · (yzx) = 0 .

Therefore,

zx = − zFu(xz, yz)

xFu(xz, yz) + yFv(xz, yz)
.

Differentiate both sides with respect to x to Fu · (z + xzx) + Fv · (yzx) = 0 yields

Fuu · (z+xzx)2+Fuv · (z+xzx)(yzx)+Fu · (2zx+xzxx)+Fvu · (yzx)(z+xzx)+Fvv · (yzx)2+Fv · (yzxx) = 0 .

Therefore,

zxx = −Fuu · (z + xzx)
2 + Fuv · (z + xzx)(yzx) + 2Fu · zx + Fvu · (yzx)(z + xzx) + Fvv · (yzx)2

xFu + yFv
.
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2. (a) Whether the following system defines a curve in R3, if so please find the first derivatives of γ:

x+ y + z = 0, x+ y2 + z4 = 1,

(b) Explain why the following system defines a curve γ(z) = (x(z), y(x), z) at P (1,−1, 2) locally and then
find the first derivatives of it:

x2 + y2 =
1

2
z2, x+ y + z = 2.

Solution.

(a) The Jacobian matrix associated to the functions g(x, y, z) = x+y+z = 0 and h(x, y, z) = x+y2+z4 = 0
is given by [

1 1 1
1 2y 4z3

]
.

We claim that this matrix has rank 2 at each (x, y, z) ∈ R3 satisfying the system. For, each (x, y, z) ∈ R3

satisfying the system, if
∣∣∣∣ 1 1
1 2y

∣∣∣∣ 6= 0, then the matrix has rank 2; if
∣∣∣∣ 1 1
1 2y

∣∣∣∣ = 0, then y = 1/2.

Therefore, since (x, y, z) satisfies the system, we have

x+
1

2
+ z = 0, x+

1

4
+ z4 = 1 ,

which implies z4− z = 5/4. Now if
∣∣∣∣ 1 1
1 4z3

∣∣∣∣ = 0, then z = 4−1/3, and one checks that 4−4/3− 4−1/3 6=

5/4. Therefore,
∣∣∣∣ 1 1
1 4z3

∣∣∣∣ 6= 0 if
∣∣∣∣ 1 1
1 2y

∣∣∣∣ = 0. As a result, this matrix is of rank 2 everywhere. By

Theorem 6.5, the solution set always defines a curve everywhere.
When y 6= 1/2, the curve is parametrized by z : (x(z), y(z), z). Its tangent is (x′(z), y′(z), 1), where
(x′, y′) can be obtained by differentiating both sides of the two defining functions g(x(z), y(z), z) = 0
and h(x(z), y(z), z) = 0 with respect to z, that is, x′ + y′ + 1 = 0 and x′ + 2yy′ + 4z3 = 0. We get

x′ =
−2y + 4z3

2y − 1
, y′ =

−4z3 + 1

2y − 1
.

(b) The Jacobian matrix associated to the functions g(x, y, z) = x2 + y2 − 1

2
z2 = 0 and h(x, y, z) = x+ y +

z − 2 = 0 is given by [
2x 2y −z
1 1 1

]
,

which is equal to [
2 −2 −2
1 1 1

]
at (1,−1, 2). Since

∣∣∣∣ 2 −2
1 1

∣∣∣∣ 6= 0, the matrix has rank 2 at P . By Theorem 6.5, the curve can be

parametrized as (x(z), y(z), z). Differentiating both sides with respect to z to g(x(z), y(z), z) = 0 and
h(x(z), y(z), z) = 0 yields 2xx′+2yy′−z = 0 and x′+y′+1 = 0. At P (1,−1, 2), we have 2x′−2y′−2 = 0
and x′ + y′ + 1 = 0. We have x′ = 0 and y′ = −1. The tangent vector at P is (x′, y′z′) = (0,−1, 1) and
the tangent line passing through P is given by

(1,−1, 2) + (0,−1, 1)t , t ∈ R .
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