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1. Find
∂3u

∂x∂y∂z
, where u(x, y, z) = exyz .

Solution.
∂3u

∂x∂y∂z
=

∂

∂x

(
∂

∂y

(
∂u

∂z

))
=

∂

∂x

(
∂

∂y
(xyexyz)

)
=

∂

∂x

(
xexyz + x2yzexyz

)
= exyz + xyzexyz + 2xyzexyz + x2y2z2exyz

= (1 + 3xyz + x2y2z2)exyz

2. (a) A harmonic function is a function satisfies the Laplace equation

∆u ≡
(
∂2

∂x21
+ · · ·+ ∂2

∂xn

)
u = 0 .

Show that all n-dimensional harmonic functions form a vector space.

(b) Find all harmonic functions which are polynomials of degree ≤ 2 for the two dimensional Laplace equa-
tions. Show that they form a subspace and determine its dimension.

Solution. (a) Let u and v be two harmonic functions. By linearity, we have

∆(αu+ βv) = α∆u+ β∆v = 0 ,

so all harmonic functions form a vector space.

(b) Let p(x, y) = a+ bx+ cy + dx2 + 2exy + fy2 be a general polynomial of degree 2. If it is harmonic,

0 = ∆p(x, y) =
( ∂2
∂x2

+
∂2

∂y2

)
p(x, y) = 2d+ 2f = 0 .

Therefore, it is harmonic if and only d = −f . Writing in the form

p(x, y) = a+ bx+ cy + d(x2 − y2) + 2exy ,

we see that the space of all harmonic polynomials of degree ≤ 2 is spanned by 1, x, y, x2 − y2, and xy. These
five functions are linearly independent, so the dimension of this subspace is 5.
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3. Consider the function
g(x, y) =

√
|xy| .

Show that gx and gy exist but g is not differentiable at (0, 0).

Solution. gx(0, 0) = limx→0
g(x, 0)− g(0, 0)

x
= 0.

Similarly, gy(0, 0) = 0. However,
g(x, y)− g(0, 0)√

x2 + y2
=

√
|xy|√

x2 + y2
.

When (x, y) = (t, t), then

lim
t→0

√
|tt|√

t2 + t2
=

1√
2
6= 0 .

Therefore, g is not differentiable at (0, 0).

4. Consider the function j(x, y) = (x2 + y2) sin( 1
x2+y2 ) for (x, y) 6= (0, 0) and j(0, 0) = 0. Show that it is differ-

entiable at (0, 0) but its partial derivatives are not continuous there.

Solution.
jx(0, 0) = lim

x→0

j(x, 0)− j(0, 0)

x
= lim

x→0
x sin

1

x2
= 0 .

Similarly, jy(0, 0) = 0. If j is differentiable at (0, 0), its differential must vanish there. We have

∣∣∣j(x, y)− j(0, 0)− 0√
x2 + y2

∣∣∣ =
∣∣∣√x2 + y2 sin

1

x2 + y2

∣∣∣ ≤√x2 + y2 → 0 ,

as (x, y)→ (0, 0), which shows that j is differentiable at (0, 0).

Next, for (x, y) 6= (0, 0),

jx(x, y) = 2x sin
1

x2 + y2
− 2x

x2 + y2
cos

1

x2 + y2
.

When (x, 0)→ (0, 0),

jx(x, 0) = 2x sin
1

x2
− 2

x
cos

1

x2
,

which does not tend to jx(0, 0) = 0. Therefore, jx is not continuous at (0, 0). Similarly, jy is also not
continuous at (0, 0).
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