THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics

MATH2010F Classwork 5

June 7, 2017
Name:
1. Find 53
u
h _ ,TYz
920907 where u(z,y,2) = e
Solution.
Ou__ 0 (0 (o
0x0ydz dy \ 0z

( TYZ s yzea:yz)

1yz+xyzezyz+2$yzewyz+x y2 2 eTY?
= (1 + 3ayz + 2%y?2%)e™¥?

2. (a) A harmonic function is a function satisfies the Laplace equation

82 82

Show that all n-dimensional harmonic functions form a vector space.

(b) Find all harmonic functions which are polynomials of degree < 2 for the two dimensional Laplace equa-
tions. Show that they form a subspace and determine its dimension.

Solution. (a) Let u and v be two harmonic functions. By linearity, we have
Alou+ Bv) = aAu+ fAv =0,

so all harmonic functions form a vector space.

(b) Let p(x,y) = a+ bx + cy + dx? + 2exy + fy? be a general polynomial of degree 2. If it is harmonic,

0? 0?
0= Ap(e,) = (5,2 + 5,2 )p(ry) =24+ 27 =0.

Therefore, it is harmonic if and only d = —f. Writing in the form
p(z,y) = a+bx +cy +d(z® —y°) + 2exy

we see that the space of all harmonic polynomials of degree < 2 is spanned by 1, z,y, 22 — 32, and zy. These
five functions are linearly independent, so the dimension of this subspace is 5.



3. Consider the function
9(z,y) = |yl .

Show that g, and g, exist but g is not differentiable at (0, 0).

g(I,O) — g(0,0)

Solution. g¢.(0,0) = lim,_,q =0.

Similarly, g,(0,0) = 0. However,

When (z,y) = (t,t), then

Therefore, g is not differentiable at (0,0).
4. Consider the function j(z,y) = (2% + y?) Sin(%w) for (x,y) # (0,0) and j(0,0) = 0. Show that it is differ-
entiable at (0,0) but its partial derivatives are not continuous there.

Solution. 5.0 0.0
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Similarly, j, (0,0) = 0. If j is differentiable at (0,0), its differential must vanish there. We have

j —7(0,0) =0 1
‘J(x,y) j4(0,0) ‘:‘\/msinﬁ‘g P10,
+y

as (x,y) — (0,0), which shows that j is differentiable at (0,0).

Next, for (z,y) # (0,0),
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Jo(z,y) = 2xsin

When (z,0) — (0,0),
. 12 1
‘]x(iU,O) = 2.135111? — ECOS ﬁ,

which does not tend to j,(0,0) = 0. Therefore, j, is not continuous at (0,0). Similarly, j, is also not
continuous at (0,0).



