MATH 2010F Advanced Calculus I, 2016-17
Solution of Test 1

1. (20 points) Consider the points (1,3, —2),(2,4,5) and (-3, —2,2).

(a) Find the magnitude and direction of (1,3, —2) x (2,4,5).
(b) Find the area of the triangle with vertices at these points.

(c¢) Find the volume of the parallelepiped with vertices at these points together with
(0,0,0).

Solution.

(a) By definition,
(1,3,-2) x (2,4,5) = (23,9, —2)

Hence the magnitude is

VI T2 = Vel
and the direction is )
ﬁ(%, -9, -2)
(b) Let
u=(2,4,5-(1,3,-2)=(1,1,7) and v=(-3,-2,2)—(1,3,—-2) = (—4,-5,4)
Then the area is

1 1 1
Slux v] = 5](39, =32, —1)| = 5v/2546

(¢) The volume is
|(_1> _372) ’ (u X V)’ =59

2. (15 points) The line
[: x2=3+2t,y=2t,z=1t

intersects the plane
P:aox4+3y—z=-4

at a point A.

(a) Find the coordinates of A;

(b) Further find the equation of the line which is contained in the plane P, passes
through A, and is perpendicular to the line [.

Solution.

(a) To find the coordinates of A, it suffice to solve the following equation:
(B3+2t)+3(2t) —t=—-4

which gives t = —1. Thus, A = (1, -2, —1).
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(b) Observe that the direction of [ is u := (2,2,1) and the normal direction of the
plan P is v := (1,3, —1). Thus, the direction of the line we want is

uxv=(-53,4)

Thus, the line which is contained in the plane P, passes through A, and is per-
pendicular to the line [ is:

I''z2=1-5t,y=—2+3t, 2= —1+4t

3. (15 points) Let I3 be the line passing A(2,4,0) and B(3,1, 1), and l3 be the line passing
C(1,1,3) and D(0,5,1). Let E € l; and F € [y, find points £ and F' so that the line
passing F and F' is perpendicular to /; and /5. Solution.

Note that
lh:x=24+t,y=4—-3t,z=1

and
lo:x=1—t,y=14+4t,2=3—2t

Thus, we can denote F and F' by
E=2+e4—3ee), F=(1-f1+4f3-2f)

Let u and v be direction of [y and [y respectively. Then

(E—F)-u=0
(E—F)-v=
Consequently, we obtain that
e=—4
f
_ _ (=8 47 —13
Thus,E = (—2,16,—4) and F = (3,5, 3°).

4. (15 points) Find the “standard forms” of the quadratic equation
2?4+ 22y + y* + 2y = —6,

and describe its solution set.

Solution.
The matrix associated to the quadratic form is

11
1 1]
Its determinant vanishes, so the curve is a parabola. To remove the mixed term, we

first note that its eigenvalues are given by \; = 0 and Ay = 2.

For each of the above eigenvalues, we solve for an associated eigenvector:

For A\;, an eigenvector is given by (1,—1). For \g, an eigenvector is given by (1,1).
Therefore, by the change of variables



we have

42y + 1yt +2y+6 = (YY) 420 +y) (= + )+ (— + )+ 22" +y) +6
— (I/2+y/2+2$/y,)+<—2I/2+2yl2>+($I2+y/2—21’,y,)
+2(—2'+y')+6
= 4y”? — 20" 4+2Y +6.

Finally, let £ = —22’ and § = 2¢/, we have

22y +yP 2y = 4y?—22'+24 +6
= P+i+7§+6
it 2 vat (et
= —_ x —_— —
Y3 1
= ut+v’+ec ,
where u =%, v =7+ 1/2 and ¢ = 23/4.
5. (15 points) The folium of Descartes in parametric form is given by

3at 3at?

rT = ———— e
T A A T

a>0.

(a) Show that it defines a regular curve on (—oo,—1) and (—1, 00);
(b) Find its velocity and tangent line at t = —2;
(c) Verify that it is the solution set to

2%+ = 3axy .

Solution.

(a) We differentiate z,y to get

_ 3a — 6at?

2 (t) =

,()_6at—3at4
A+ VYT ey

One finds that (2/(t),y'(t)) # (0,0) for all ¢ # 1. It defines a regular curve.
(b) Its velocity at t = —2 is

5la —60a

/ _2 / _2 — (=
((=2),9/(-2)) = (S )
and the tangent line at that point is
] 6a n 51at —12a  60a
r=—=4 —t,y= - —
7 a0 T T T g



3at 3at?

(¢) When z = el 1ap e have
By = 27033 (1 + t7)
(1+13)3
o 27aPt
" eap
= 3axry .

6. (10 points) Given a parametric curve y(t) = (cos®¢,sin®t) , ¢ € [0, ], find its length
over t € [0, 7.

Solution.
The length function of v is

= [ e

t
= / \/(3 cos? zsin )2 + (3sin? z cos 2)2dz

/|81n22|dz
:4_1/ | sin z|dz

{ (1 —cos2t), te€l0,5)

(34 cos2t), tel[f,n]
7. (10 points) A projectile is fired with angle of inclination 7/6 from a 1 km-cliff to reach
3 km from the base of the cliff. What should be the initial velocity ?

»Jklw »JkIOO

SO

Solution.

Denote g the gravitational constant. Now we let a(t) = (0, —g),r(0) = (0,1),v(0) =
c(cos g, sin ¢ ), where ¢ € R is the initial velocity.

Integrating a(t) to get v(¢):

v(t) = /0 a(r)dr +v(0)
= (0, —gt) + ¢(cos %, sin E)

6
V3e ¢

<22
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Again, integrating v(t) to get z(t):

x(t) = / v(T)dt + x(0)

0
3 1
= (X S g+ (0,1)

2 2 2
\/gc c 1,
=(—1t, =t — =gt 1).
From x(ty) = (3,0), we find
3 2 2
ﬂto =3 and to = \/g + .
2 g
Thus
2v3 23,9
c= = )
to 2v/3 +2

and the initial velocity is

- (A )
Vo3 +2 V2v3 + 2




