
Lecture 11

Lemma 6.4. Let n, l ∈ N, l < n and µ ∈ M (X). Let ξ = {A1, · · · , Ak} be a
Borel partition of X. Then
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µ ◦ T−i.

Proof. Fix l < n. For j = 0, 1, · · · , l−1, define tj to be the largest integer so that
tj l+j ≤ n, i.e. tj = [n−jl ]. Write {0, 1, · · · , n−1} = {j, j+1, · · · , tj l+j−1}∪Sj
as a disjoint union, notice that ]Sj ≤ 2l. Hence
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Summing over j = 0, 1, · · · , n− 1,
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Dividing by n on both sides,
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dividing by l, we complete the proof.

Now we can prove the variational principle.

Proof of Theorem 6.2. Step 1. We first prove that htop(T ) ≥ hµ(T ) for any
µ ∈M(X,T ).

Fix µ ∈ M(X,T ). Let ξ = {A1, · · · , Ak} be a Borel partition of X. For
any δ > 0, pick compact Bi ⊆ Ai with µ(Ai \ Bi) < δ, i = 1, 2, · · · , k. Let
B0 = X \ ∪ki=1Bi, then µ(B0) ≤ kδ. Moreover, η := {B1, B2, · · · , Bk, B0} is a
Borel partition of X, and β := {B1∪B0, B2∪B0, · · · , Bk∪B0} is an open cover

of X. Since
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si = 0 or si = ti, then claim follows. As a consequence,
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dividing by n and letting n→∞,

htop(T, β) ≥ hµ(T, η)− log 2

≥ hµ(T, ξ)−Hµ(ξ|η)− log 2

≥ hµ(T, ξ)− k2δ − log 2.

Hence
htop(T ) ≥ hµ(T, ξ)− k2δ − log 2,

letting δ → 0, we have

htop(T ) ≥ hµ(T, ξ)− log 2,

taking supremum over ξ,

htop(T ) ≥ hµ(T )− log 2.

Since µ is T -invariant, µ is also Tn-invariant, applying the above inequality to
Tn, htop(T

n) ≥ hµ(Tn)− log 2, hence nhtop(T ) ≥ nhµ(T )− log 2, dividing by n
and letting n→∞, we have htop(T ) ≥ hµ(T ).

Step 2. We show that for any ε > 0, there exists µ ∈M(X,T ), such that

hµ(T ) ≥ S(ε),

where S(ε) := limn→∞
1
n logSn(ε), Sn(ε) := sup{]E : E ⊂ X is (n, ε)-separated }.

Fix ε > 0. For each n ∈ N, pick En ⊂ X which is (n, ε)-separated and
]E = Sn(ε). Define σn = 1
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∑
x∈En δx, where δx denotes the atomic measure.
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i=0 σn ◦ T−i, clearly µn ∈ M (X). By compactness, we can

find a subsequence (nj) of positive integers such that 1
nj

logSnj (ε) → S(ε) as

j →∞ and µnj → µ is the weak-∗ topology, then µ ∈M(X,T ).
Next we show hµ(T ) ≥ S(ε). By Lemma 6.3, we find a partition ξ =

{A1, · · · , Ak} of X such that diam(ξ) < ε and µ(∂Ai) = 0 for each i. Observe
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−iAti , then T ix, T iy ∈ Ati ∈ ξ hence
d(T ix, T iy) < ε for i = 0, 1, · · · , n − 1, namely dn(x, y) < ε, a contradiction.
Consequently,

Hσn

( n−1∨
i=0

T−iξ
)

= logSn(ε).

Applying Lemma 6.4 to σn, we have for any l ≤ n,
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letting j →∞,
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letting l→∞, we complete the proof.
We have to explain the last “=”. Recall that if µn → ∞ in the weak-∗

topology, then
(i) lim

n→∞
µn(K) ≤ µ(K) if K is compact.

(ii) lim
n→∞

µn(V ) ≥ µ(V ) if V is open.

(iii) lim
n→∞

µn(A) = µ(A) if µ(∂A) = 0.

For completeness, we give a proof of these facts. First (iii) follows from (i)
and (ii), since
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µn(Ā) ≤ µ(Ā) = µ(A) = µ(Å) ≤ lim
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µn(A).

For (i), suppose K is compact. For any ε > 0, there exists U open, such that
U ⊃ K and µ(U \K) < ε. By Urysohn’s lemma, there is f ∈ C(X), such that
0 ≤ f ≤ 1, f |K = 1 and f |Uc = 0, then
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hence limn→∞ µn(K) ≤ µ(K) + ε, (i) is proved. A similar argument proves (ii).

Recall µ(∂Ai) = 0 for Ai ∈ ξ, then µ
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(iii) the proof is completed.
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