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(15 points)1. Find the Laplace transform of

f(t) = eat cos bt

where a, b are real.

Solution:

F (s) =

∫ ∞
0

e−stf(t)dt

=

∫ ∞
0

e−steat
1

2
(eibt + e−ibt)dt

=
1

2

∫ ∞
0

e(a−s+in)tdt+
1

2

∫ ∞
0

e(a−s−ib)tdt

=− 1

2

1

a− s+ ib
− 1

2

1

a− s− ib
=− a− s

(a− s)2 + b2
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(15 points)2. Find the inverse Laplace transform of

F (s) =
3s

s2 − s− 6
.

Solution:

3s

s2 − s− 6
=
3

5
(

3

s− 3
+

2

s+ 2
)

Since L−1{ 1

s+ α
} = e−αt · u(t) where u(t) is the Heaviside step function:

u(t) =


0 t < 0
1
2

t = 0
1 t > 1

and L−1{af(t) + bg(t)} = aL−1{f}+ bL−1{g}.

L−1{ 3s

s2 − s− 6
} =− 3

5
L−1{ −3

s− 3
}+ 3

5
L−1{ 2

s+ 2
}

=
9

5
e3tu(t) +

6

5
e−2tu(t)
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(20 points)3. Find the Laplace transform of

f(t) =

{
0 t < 1
t2 − 2t+ 2 t ≥ 1

Solution:

F (s) =

∫ ∞
0

e−stf(t)dt

=

∫ 1

0

e−st · 0dt+
∫ ∞
1

e−st(t2 − 2t+ 2)dt

=
1

−s

∫ ∞
1

(t2 − 2t+ 2)de−st

=− 1

s
(t2 − 2t+ 2)e−st|t=∞t=1 +

1

s

∫ ∞
1

e−st(2t− 2)dt

=
1

s
e−s − 2

s2

∫ ∞
1

(t− 1)de−st

=
1

s
e−s − 2

s2
(t− 1)e−st|t=∞t=1 +

2

s2

∫ ∞
1

e−std(t− 1)

=
1

s
e−s − 2

s3
e−st|t=∞t=1

=(
1

s
+

2

s3
)e−s
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(30 points)4. Find the solution of the given initial value problem

y′′ + 4y = δ(t− π)− δ(t− 2π), y(0) = 0, y′(0) = 0

Solution: Apply the Laplace transform to the equation, suppose F (s) =
L{y(t)}. And we have:

L{y′′(t)} = s2F (s)− sy(0)− y′(0) = s2F (s),

L{y′(t)} = sF (s)− y(0) = sF (s),

L{u(t− τ)} = 1

s
e−τs,

L{e−α(t−τ)u(t− τ)} = 1

s+ α
e−τs,

where u(t) is the Heaviside function. Hence the equation turns into

s2F (s) + 4F (s) = e−πs − e−2πs.

Thus we have:

F (s) =
e−πs − e−2πs

s2 + 4

=
1

4i
(
e−πs

s− 2i
− e−πs

s+ 2i
− e−2πs

s− 2i
+
e−2πs

s+ 2i
).

So the solution is:

y(t) =L−1{F (s)}

=
1

4i
L−1{ e

−πs

s− 2i
} − 1

4i
L−1{ e

−πs

s+ 2i
} − 1

4i
L−1{ e

−2πs

s− 2i
}+ 1

4i
L−1{ e

−2πs

s+ 2i
}

=
1

4i
u(t− π)e2i(t−π) − 1

4i
u(t− 2π)e2i(t−2π) − 1

4i
u(t− π)e−2i(t−π) + 1

4i
u(t− 2π)e−2i(t−2π)

=
1

2
sin 2t(u(t− π)− u(t− 2π))

=
1

2
χ{π<t<2π} sin 2t.
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(20 points)5. Find the Laplace transform of

f(t) =

∫ t

0

sin(t− τ) cos τdτ

Solution: Note that

L{(h ∗ g)(t)} = L{h(t)} · L{g(t)}.

In this case:

L{f(t)} =L{(sin ∗ cos)(t)}
=L{sin t} · L{cos t}

Direct computation:

L{sin t} =
∫ ∞
0

sin te−stdt

=

∫ ∞
0

1

2i
(eit − e−it)e−stdt

=
1

2i

∫ ∞
0

e(i−s)tdt− 1

2i

∫ ∞
0

e−(i+s)tdt

=− 1

2i

1

i− s
− 1

2i

1

i+ s

=
1

s2 + 1
.

L{cos t} =
∫ ∞
0

cos te−stdt

=

∫ ∞
0

1

2
(eit + e−it)e−stdt

=
1

2

∫ ∞
0

e(i−s)tdt+
1

2

∫ ∞
0

e−(i+s)tdt

=− 1

2

1

i− s
+

1

2

1

i+ s

=
s

s2 + 1
.

So the Laplace transform of f(t) is

L{f(t)} = s

(s2 + 1)2
.
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