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Abstract

Based on a new a posteriori error estimator, an adaptive finite element method is proposed for
recovering the Robin coefficient involved in a diffusion system from some boundary measurement.
The a posteriori error estimator can not be derived for this ill-posed nonlinear inverse problem
as it was done for the existing a posteriori error estimators for direct problems. Instead, we shall
derive the a posteriori error estimator from our convergence analysis of the adaptive algorithm. We
prove that the adaptive algorithm guarantees a convergent subsequence of discrete solutions in an
energy norm to some exact triplet (the Robin coefficient, state and costate variables) determined
by the optimality system of the least-squares formulation with Tikhonov regularization for the
concerned inverse problem. Some numerical results are also reported to illustrate the performance
of the algorithm.
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1 Introduction

This work is concerned with estimation of the Robin coefficient associated with a diffusion equa-
tion. This is a severely ill-posed nonlinear inverse problem. To describe the inverse problem, we let
QcRY (d = 2,3) be an open bounded polyhedral domain, with its boundary I" made up of two
connected disjoint open subsets satisfying I'; UT; = I, both of which are a union of some (d — 1)-
dimensional polyhedral domains. The governing system of our interest is the diffusion equation:

-V - (aVu)=f in{, (1.1)

0 0
aa—Z:q onTI'y; aa—Z%—’yu:O on [y, (1.2)

where f € L?(f2), coefficient « is assumed to be piecewisely W5 such that 0 < o < a < as a.e.
in  for two positive constants a1 and a9, m is the unit outward normal on I'. In addition, ¢ is a
prescribed flux in L?(T',), and v is the Robin coefficient belonging to the admissible set

o ={y€L®[;):co <y <cyae onl;}

with ¢p and ¢; being two given positive constants.

The Robin boundary condition in is encountered in many industrial applications, such as
convection between the conducting body and the ambient environment in heat transfer [46], damage
in corrosion detection [29] [32] and the metal-to-silicon contact in semiconductor device [§] [18], where
the Robin coefficient represents the material profile on part of the boundary. As collecting accurate
values of this coefficient is very expensive and difficult experimentally [46], some non-destructive
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methods involving boundary or internal measurements are used in engineering [14] [37], which leads
to the inverse problem of our interest: determine the Robin coefficient v with partial measurement
data g of u on the accessible boundary I',. Both identifiability and stability of this inverse problem
have been investigated intensively [11] [12] [13] [20] [29].

In terms of numerical methods, there have been various techniques applied to the least-squares
formulation with - as a constraint. This is a commonly used approach to deal with an
inverse problem when measurement errors are present. The existing studies include the boundary
integral method [19] [35], and the finite element methods [30] [31]. Despite these efforts, it is still chal-
lenging to numerically estimate the Robin coefficient accurately and efficiently in a PDE-constrained
optimization problem, particularly in the presence of discontinuity of the unknown Robin coefficient
and the non-smooth boundaries. To resolve this difficulty, we propose in this work an adaptive fi-
nite element method (AFEM) for the inverse problem, in a hope that AFEM can achieve a desired
accuracy for the numerical reconstruction with minimum degrees of freedom.

In practical computations, AFEM generates a sequence of nested triangulations and discrete
solutions by successive loops:

SOLVE — ESTIMATE — MARK — REFINE. (1.3)

This procedure is mainly driven by the module ESTIMATE consisting of a posteriori error estima-
tion, i.e., some computable quantities formed by the discrete solution, the local mesh size and the
given data. This field has been explored extensively for finite element approximations of direct par-
tial differential equations and the relevant theory is well understood for elliptic problems; see the
monographs [I] [45] and the references therein. Over the past decade, there have also been great
developments in the a posteriori error analysis for PDE-constrained optimal control problems; see
3] [27] [28] [34] [36]. Compared with optimal control problems, inverse problems are quite different
in nature due to their severe instability with respect to the noise in the data. Several efforts have
already been made in the direction; see e.g. [2] [4] [5] [21] [33].

Another crucial issue regarding AFEM is its convergence, does the iteration ensure the
convergence of the resulting approximate solutions ? This issue has been investigated intensively
for second order linear boundary value problems (see [7] [9] [38] [41] [42]), and for some nonlinear
equations (see [6] [16] [22] [24] [25]). On the contrary, little has been done for inverse problems in this
direction. The only related work is the one in [26] for a PDE-constrained optimal control problem,
which studied the asymptotic error reduction property of an adaptive finite element approximation
for the distributed control problems. The adaptive algorithm in [26] requires one extra step for some
oscillation terms in the module MARK and the interior node property in the module REFINE. To the
best of our knowledge, our earlier work [47] seems to be the only one that studies the convergence of
an AFEM for an inverse problem. In [47], we considered the numerical reconstruction of distributed
fluxes by an adaptive finite element method of the form with the error estimator from [33]
involved in ESTIMATE and several practical marking strategies adopted in MARK. Then it was
proved that as the loop proceeds, the sequence of discrete solutions generated by the adaptive
algorithm converges to the exact solution in some norm and the error estimator also goes to zero.
Unlike [26], the AFEM in [47] does not require the extra step for some oscillation terms in the module
MARK and the interior node property in the module REFINE.

In this paper, we shall make a first effort to analyze the convergence of an adaptive finite element
method for a nonlinear inverse problem, i.e., estimation of the Robin coefficient associated with
— from partial measurements on the accessible boundary I';. To be more precise, we will
demonstrate that the sequence of discrete solutions produced by an adaptive algorithm of the form
has a subsequence converging in some appropriate norm to an exact solution to the Robin
inverse problem. Though the analysis on the current nonlinear ill-posed inverse problem is much
more technical and difficult than the ones for direct problems, we can still manage to establish an



AFEM here that is of the same effective framework as the standard one for direct elliptic problems
(cf. [9] [39]), that is, no oscillation terms is involved in the module MARK and no interior node
property is enforced in the module REFINE, therefore it is most favorable to practical computation.
A unique feature of our analysis here is its derivation of the a posteriori error estimator. The existing
approaches for direct partial differential equations and PDE-constrained optimal control problems
fail for the current variational formulation associated with the Robin inverse problem due to the
intrinsic nature in its severe ill-posedness and strong nonlinearity. Instead, we shall derive the a
posteriori error estimator for the state, the costate and the Robin coefficient in the process of the
convergence analysis for the new adaptive algorithm (see section 5).

In analyzing nearly all the existing adaptive algorithms that are based on a posteriori error
estimator, a general procedure consists of three steps. The first step is to derive an error estimator
that provides an upper and lower bound of the error between the exact solution and the finite element
solution; The second step is to formulate an adaptive algorithm of the form based on the a
posteriori error estimator; The last step is to establish the convergence of the adaptive algorithm.
Unfortunately the existing approaches to establish error estimators for direct problems (see, e.g., [1]
[45]) or for inverse problems (see, e.g., [21] [33] [47]) do not work for our current nonlinear inverse
problem. On one hand, the least-square functional for the Robin inverse problem is non-convex
so that we can not deal with it like [2I] [33] [47] or [34] [36]. On the other hand, the Galerkin
orthogonality is an essential property in a posteriori error analysis for direct problems, but it fails
now as the optimality conditions contain a variational inequality associated with the Robin coefficient.

Because of the reasons above, we plan to consider the convergence directly by showing some
limiting solution given by a successive iteration of the process is an exact solution and derive
some computable quantities during the convergence analysis, and these quantities are used as the
error estimator in an adaptive algorithm. Moreover, this estimator is sufficient to guarantee the
convergence of the resulting adaptive algorithm. This is one of the major novelties of the work,
and it seems to be the first time to establish a posteriori error estimates from the perspective of
convergence analysis. And we think this approach works for other nonlinear inverse problems as
well.

Even though some of our arguments in convergence analysis follow partial existing principles
(cf. [22] [23] [24] [38] [41]), there are several new yet essential difficulties and technical differences due
to the strong nonlinearity of the inverse problem.

e The problems in [22] [23] [24] [38] [41] are all in the form of variational equations. However, the
formulation of the Robin inverse problem in this work is a nonlinear constrained optimization
problem, whose optimal conditions couple the state, the costate and the Robin coefficient
(control) in a saddle-point system, including a variational inequality.

e To prove strong convergence of a subsequence of discrete solutions by the adaptive process
to some minimizer to a limiting optimization problem we utilize some techniques from
nonlinear optimization, while the result for linear boundary value problems may be established
by the standard finite element convergence theory (see, e.g., [38] [41]).

e To assert the limiting triplet (state, costate and control) is also an exact solution, we prove
that it also satisfies the saddle-point system for the corresponding continuous optimization
problem as in [22] for an eigenvalue problem and [24] for a quasi-linear elliptic equation. But
unlike the existing works, the optimality conditions in the current situation include a variational
inequality, so we have to first establish the convergence of a subsequence of the error indicators
deduced from the relevant discrete inequality residuals of the adaptive discrete triplets and
then come to our conclusion by some density argument.

We shall establish our convergence results in two steps. First, the sequence of discrete triplets



(the approximate state, costate and Robin coefficient) produced by the adaptive algorithm is proved
to contain a subsequence that converges strongly to some limiting triplet. It this step, we need to
handle a nonlinear optimization problem with the system — as a constraint; see section 4. The
second step is to prove that the limiting triplet satisfies the saddle-point system of the Robin inverse
problem, which in turn leads to the desired result. Here we consider and study limiting behaviors
of residuals with respect to the approximate state, costate and Robin coefficient; see section 5. It is
noted that an a posteriori error estimator to drive an adaptive process for the Robin inverse
problem is obtained simultaneously.

The rest of this paper is organized as follows. In section 2, we give a description of the Robin
inverse problem in a variational formulation and its finite element method. A standard adaptive
algorithm based on an a posteriori error estimator is introduced in section 3 and it is proved to
generate a sequence of discrete triplets strongly converging to some limiting triplet in section 4.
Section 5 is devoted to the main result and the derivation of the error estimator. Two numerical
examples for the algorithm are presented in section 6. Finally, some concluding remarks are provided
in section 7.

Throughout the paper we adopt the standard notation for the Lebesgue space LP(G) and the
Sobolev space W™P(G) as well as H™(G) (p = 2) for integer m > 0 on an open bounded domain
G C R?. Related norms and semi-norms of W™?(G), H™(G) and the norm of LP(G) are denoted by
- llmp.cs | lm,Gs |- lm,e and || - || 1o(c) respectively. We use (-, )¢ to denote the L? scalar product on
a domain G C €. The subscript is omitted when G = ). Moreover, we shall use C, with or without
subscript, for a generic constant independent of the mesh size and it may take a different value at
each occurrence.

2 Mathematical formulation

The Robin inverse problem of our interest is severely ill-posed [30] [31]. For a stable estimation
of the Robin coefficient, we shall reformulate it as the following constrained optimization problem
with the Tikhonov regularization:

. 1 8
,YIQLJ('Y) = 5”“(7) —9gllor, + 5”7”(2),1““ (2.1)

where 8 > 0 is a regularization parameter, and u := u(y) € H*(f) solves the variational formulation

of (CD-[2):

(@Vu, V) + (yu, d)r, = (f,0) + (¢, 9)r, V¢ € H'(Q). (2.2)
There exists at least one minimizer to the problem (2.1)-(2.2)) [31]. We note that over H*(Q) the
norm (||V - |I2 + - ||37n-)1/ 2 is equivalent to the usual H'-norm due to the Poincaré inequality. For

efficient evaluation of the gradient in numerical simulation of the optimal problem ({2.1]) and (2.2)), we
often introduce a costate p(y) satisfying an adjoint problem for (1.1))-(|1.2)) with respect to u(vy) — g:

-V - (aVp)=0 in Q,

op

Qg = u(y)—g on Iy a@

on

With the help of this adjoint system, the Gateaux derivative of J(v) at v € & in the direction
A € L>®(T;) can be represented by (cf. [31])

T (MA = (By —u(y)p(), M, -

+vp=0 on I}



Now with the above preparations and the introduction of a costate p*(y*) € H'(f), the minimizer
(v*, u*(v*)) to the problem (2.1)-(2.2)) is characterized by the following optimality conditions:

(@Vu*, Vo) + (v'u*, ¢)r, = (f,0) + (¢, 9)r. ¥V ¢ € H'(Q), (2.3)
(aVp*, V) + (v*p*,v)r, = (v —g,v)r, Vve Hl(Q), (2.4)
By = (Y)W (V) A=), 20 VAe (2.5)

We note that the equation is the constraint for u* and the equation (2.4)) is the variational
formulation of the adjoint problem for - with respect to u* —g. Using the Gateaux derivative
of J(v) at v*, we find that the variational inequality is a necessary condition for the minimizer
~v* to the problem over a convex set .

Next we introduce a finite element method to approximate the continuous optimization problem
—. Let 7;, be a shape-regular conforming triangulation of {2 into a set of disjoint closed
simplices with diameter hy := |T|'/¢ for each T € Ty such that the coefficient o is Wh™ in each
element. Let V}, be the usual H'-conforming linear element space over Tj, Vi, = Vilr, be the
restriction of Vj, on I'; and @, := V), 1, () &/ be the discrete admissible set. Then we approximate

the problem (2.1)-(22) by

. 1 2 B 2
min == — + = _, 2.6
Vhelmfh T (Vh) 9 l|lun (vh) 9”0,ra 9 H%Ho,n (2.6)

where up, := up () € V}, solves the discrete problem

(aVup, Vo) + (Yynun, én)r, = (f,én) + (¢, ¢n)r, ¥ on € Vi, (2.7)

As in the continuous case, there exists at least one minimizer to (2.6)-(2.7) [31], and the minimizer
v, € <, the discrete state and costate uj € Vj, and p; € V}, satisfy the optimality conditions:

(aVuy, Vop) + (vpun, on)r, = (f, 0n) + (¢, 0n)r.. Y On € Vi, (2.8)
(aVph, Vup) + (WhPhs ), = (uf, — g, vn)r, YV vp € Vi, :
(BYh = wi (PR (V) Aw = i), 200 Y Ay € . (2.10)

We end this section with two uniformly stability estimates for finite element approximations up,

and (uf,pj), which are easily obtained from the problems (2.7)), (2.8) and (2.9):

Junlly + lluglls < CU[fllo + llgllor.), Pkl < CUIFllo + llallo.ra + llgllo.r.)- (2.11)

3 Adaptive algorithm

In this section, we propose an adaptive finite element for the problem —. For this purpose,
some more notation and definitions are needed.

The collection of all faces (resp. all interior faces) in 7} is denoted by Fj, (resp. Fx(2)) and its
restriction on I', and T'; by F,(Ty) and Fp(T';) respectively. The scalar hp := |F ]1/ (d=1) stands for
the diameter of F' € Fj, which is associated with a fixed normal unit vector np in the interior of
Q2 and np = n on the boundary I'. We use Dy (resp. D) for the union of all elements in 7;, with
non-empty intersection with element 7' € T, (resp. F' € Fp). Furthermore, for any F' € F,(Q) (resp.
F e Fp(Ty) UFr(T;)) we denote by wp the union of two elements in 7, sharing the common face F'
(resp. the element with F' as a face).

For any (¢p, vn, An) € Vi, X Vi X a7, we define two element residuals for each T' € T, and three
face residuals for each face F' € Fj by

Rr1(on) = f+V - (aVy), Rra(vy) =V - (aVuy,),



[V ¢y, -np] for F e Fn(Q),
Jri(On, An) =4 —a+aVe,-np for I € Fp(la),
r

Ao +aVon -np for F ¢ fh( Z‘),

[aVoup, - np] for F € Fr(Q),
Jr2(Vn, ¢n, An) = aVuy-np —(¢n—g)  for F e Fp(Ta),

Ap +aVu, - np for F € Fp(Ty),

and
Jr3(n, v, An) = BA\n — dpup, for F e Fp(Ty),

where [aV ¢y, - np] and [V, - np| are the jumps across F € F,(2). Then for any S, C Fp, we
introduce the error estimator

ni%(thv Uh, )‘ha f>Q7gaSh) + gh(thv Uh, )‘haSh)
= e Gnvn A Fa )+ Y Ern(Bhyvn, An)

Fesy FeSNFu(Ty)
= Z (n%’,h,l(thaAh?fa Q) +n%’,h,2(vha¢ha>\hag)) + Z gF,h(¢h7vh7)\h) (31)
Fesy FeSpNFn(Ty)
with
Mipt (Bns A £,0) = D BT R ($n) 157 + hell Tra(fn, An)IIG r
Tewr
U%,h,g(vh,%,)\hﬂ) = Z h2|| Rr2(én) aT + hFHJF,Q(vh,%,)\h)Hg,F
Tewr
and

£ (Bh vy An) = W Tp3(h, vy M)l ()

When §;, = F,, Sy, will be dropped in the parameter list of the error estimator above.

Generally speaking, the error estimator is supposed to admit an upper bound of the error u* —uj,
p* —pp and v* — v} in some norms as in the case of direct boundary value problems [45]. But in the
current situation, we are unable to achieve such a result directly due to the high nonlinearity of the
Robin inverse problem. Nevertheless, we shall utilize the estimator as an error measure in an adaptive
algorithm for the minimization problem — or the saddle-point system —. As we shall
see in section 5, this measure will ensure the convergence of the resulting adaptive algorithm.

Now we are in a position to state the adaptive algorithm based on the above error estimator.
JFrom now on we will write every dependence on triangulations by the number k& of the mesh
refinements, and always use, unless specified otherwise, the pair (uj,v;) for the minimizer of the

problem (2.6)-(2.7) with h replaced by k.
Algorithm 3.1. Given a conforming initial mesh Ty. Set k := 0.

1. (SOLVE) Solve the discrete problem (2.6)-(2.7) on Ty for (uy,v;) € Vi x .

2. (ESTIMATE) Compute the error estimator ni(uy,pis Vi, .4, 9) + &e(uf, pi,v;) as defined in
).

3. (MARK) Mark a subset S C Fj containing at least one face F in Fy, with the largest error
indicator, i.e.,

Uﬁk(uz,p};ﬁ;, f7Q>g) +£ﬁ7k(u27plt>’7lﬁ) = Fr%%(nF,k(ul;p#I;vVZv fa Q7g) +§F,k(u27p2a’>/;))' (32)



4. (REFINE) Refine each triangle T with at least one edge in Sy by bisection to get Tiq.
5. Setk:=k+1 and go to Step 1.

At the end of this section, we state a stability estimate of local error indicators, which will be
used in convergence analysis in section 5.

Lemma 3.1. Let {(u},p},7;)} be the sequence of discrete solutions given by Algorithm . Then
there holds for the error indicator npy, defined in (3.1) that

n%’,k(u]t’p;;vfy;:;va qvg)
< CUlugllwp + IPRIR oy + PEN S

(2),wF + hFHgH(Z),FﬂFa + hrllq (2),F0Fa) VEFeF. (33)

Proof. By the inverse estimate, local quasi-uniformity of 7; and the constraints of o and ~;;, we get

Top HRENS

Mo (W Vs @) < C(max o} oo Il 18 wp + PrllgllE Far,),

N2 (P s vir 9) < O[04l o + max el oo 195 11F wpe + PENGIG £, ),
which, along with the definition (3.1)), leads to the estimate (3.3]). O

Remark 3.1. One may notice that only a general principle is given for possible marking strategies to
be used in Step 3 of Algorithm In fact, the condition there can be easily fulfilled by some
commonly used marking strategies, such as the maximum strategy, the equidistribution strategy and
the modified equidistribution strategy. In addition, the bisection in the module REFINE divides a
given tetrahedron/triangle into two subtetrahedra/subtriangles of the same size such that the shape-
regularity of {7} holds uniformly [39] [44]. In other words, all constants in our subsequent estimates
depend only on the initial mesh and the given data.

4 Limiting behavior

In this section, we study the limiting behavior of the sequence {(uy,p),v})} generated by Algo-
rithm It is noted that all results in this section are independent of any specific marking strategy
in the module MARK. We start with a limiting space and a limiting admissible set

Voo i= U Vi (in H'-norm) and o/, = U o, (in L*(I';)-norm),
k>0 k>0

where {V;} and {} are both induced by Algorithm It is worth pointing out that Vo, and
Ao are generally different from H'() and A respectively since the sequence of underlying meshes
is produced by the non-uniform refinement. To be precise, it is easy to check that V is a closed
subspace of H'(Q). For <7, we have the following lemma.

Lemma 4.1. @7, is a closed convex subset of <.

Proof. The strong closedness of @7, comes directly from its definition. Now for any A and p in
Ao, there exist two sequences {A\} and {pg} C Upso @k such that Ay — A and pgx — p in L2(T).
Therefore, noting the convexity of 7, we have {tA\x + (1 — t)u} C Upso @ and tAp + (1 — ) up, —
tA+ (1 — t)p in L2(I;) for any ¢ € [0,1]. As a result, the convexity follows. Furthermore, we have
A — A a.e. on I'; after (possibly) passing to a subsequence, which, together with the constraint
co < Mg < cq on Iy, implies that cg < A < ¢; a.e. on I';. This proves that 7, C 7. O



Now we introduce a counterpart of the minimization problem ([2.6))-(2.7)) over .o7:

. 1 B
Lot T() = 5llus(y) = allér, + G, (4.1)
where Uso 1= Uso(7y) € Vo satisfies the variational problem:
(OZVUOO, V¢) + (7“007 gb)l—‘l = (f7 ¢) + (qv ¢)Fa v d) € VOO (42)

Theorem 4.1. There exists at least one minimizer to the optimization problem (4.1))-(4.2).

Proof. Let {y"} C @/ be a minimizing sequence satisfying J (") — inf J (7). As @ is a closed
convex set in L?(I';), there exists a subsequence, still denoted by 7™, and some 7* € o7, such that

" — 4*  weakly in L*(T}). (4.3)
With v = 4™ in (4.2)), u" := u™(y") € V4 satisfies
(@Vu", Vo) + (v"u", ¢)r, = (f,¢) + (¢, 9)r, V¢ € V. (4.4)

Taking ¢ = u" in (4.4), we obtain by the norm equivalence and the trace theorem that |u"||; is
uniformly bounded independent of n. Therefore, there exists a subsequence, also denoted by {u"}
and some u* € V, as V. is weakly closed such that

u" — u* weakly in HY(Q); w" —u* in L*(T). (4.5)

Next we prove u* = u(y*). Letting n go to infinity and noting the assumption on 4" and u*,¢ €
LA(T;) due to the trace theorem, we deduce from the convergence results in (4.3) and (4.5)):

(aVu"™, Vo) — (aVu*, V),

(Y"u", ®)r, = (v"u", @), + (7" (v = u"), d)r, = (Y'u", )r,,
which imply
(@Vu', Vo) + (v'u', ¢)r, = (f,¢) + (¢, d)r, Vo€ Ve.

Finally, the standard argument, together with the strong convergence in (4.5) and the weak lower
semi-continuity of || - |[or,, yields that v* is a minimizer of the cost functional J(-) over /. O

To present the main results of this section, we need some auxiliary results in the following two
lemmas.

Lemma 4.2. Let {Vj, X @} be a sequence of discrete spaces and discrete sets generated by Algorithm
. If the sequence {v} C Up>o @k converges weakly to some v* € o, in L*(T;), then there exists a
subsequence {"y, }, such that for the sequence {uy, (Vk,)} C Up>o Vi produced by with h replaced
by ky and uso(v*) € Vo generated by with v = v* there holds that

Uk, (Yhy) = Uoo (") in L(T). (4.6)

If the sequence {vk} C Uyso @ converges strongly to some v* € oo in L?(T;), then for the whole

sequence {ug(vk)} C Upso Vi given by (2.7) with h replaced by k and us(v*) € Voo given by (4.2)
with v = ~* there holds

up (k) = Uso (YY) in HY(Q). (4.7)



Proof. Taking ¢y = wi(yx) in (2.7), we immediately know from (2.11) that |luj(y%)||1 is uniformly
bounded independently of k, hence there exists a subsequence, denoted by {ug, (V%,)}, and some

u* € HY(Q) such that
ug, (Y, ) — u* weakly in H(Q); ug, (V) — u* in L*(T). (4.8)
As Vo is weakly closed, u* € V. For any integer [ > 0, if we choose k,, > [ we know from (2.7)) that

(aVur, (Y, ), Vo) + (Ve Uk, Ve, )s P0)T; = (s 1) + (@, 0)r; ¥ o € V.

Letting n go to infinity and noting the convergence results in (4.8) as well as the weak convergence
of {7}, we find
(aVug, (W), Vi) = (aVu*, V),
(Vhen Uk, (Vhn )s D), = (V™5 )T + (VE, (U, (k) — w*), @01y — (Y705, 901y,
which imply
(@Vu*, Vo) + (v'u*, é)r, = (f, 1) + (¢, ¢)r, ¥V ¢ € V.

As [ is arbitrary and ¢; € V}, we easily see

(aVu', Vo) + (v'u', ¢)r; = (f,0) + (¢, 9)r; VY ¢ € Vo

Now the first claim holds with ©* = us(7*) in the second convergence result in (4.8)).
To show the second convergence (4.7)), we begin with an auxiliary discrete problem: Find uy(v*) €
V. such that

(aVur(v*), Vo) + (v'ur(v*), o)r, = (f,¢) + (¢, ¢)r, ¥V ¢ € Vi (4.9)

Subtracting (2.7)) from (4.9) with ¢ = ux(v*) — ux(vx) and using the generalized Holder inequality,
the Sobolev embedding theorem and the stability estimate (2.11)), we come to

lue(v*) = ur ()17 < C((v = ) un (k) ur(v*) — un ()
< Oy = vello,r, 1wk (i) Loy lluw (V°) = wa(vi) | zary)
< Cllv" = vellor llur(v*) = wr ()1
ie.,
Jur(v") = ur()lly < CllY" = el L2(ry)-
On the other hand, we note that is a finite element approximation of with v = ~* € 9,
so the Cea’s lemma admits an optimal approximation property

[too (7*) — ur(v)llr < C nf Jluco(v") = vlf1.
veEVY

Now the desired convergence (4.7)) is a consequence of the above two estimates and the density of
Uk20 Vk in Voo O

Next comes the first main result of this section.

Theorem 4.2. Let {Vi, x 2.} be a sequence of discrete spaces and discrete sets generated by Algorithm
and {v;} be the corresponding sequence of minimizers to the discrete problem (2.6)-(2.7). Then
the sequence {;} has a subsequence {7} } converging strongly in L2(T;) to a minimizer %, € s

of the problem (4.1])-(4.2).



Proof. Since {7;} is uniformly bounded in L?(I;) there exist a subsequence (still denoted by {v;})
and some v* € 7, such that
v =" weakly in LZ(Fi). (4.10)

Then we know from Lemma [4.2] by extracting a subsequence that
uy, (V) = Uso(7*) € Voo in L3 (T,). (4.11)
Furthermore, for any v € @ there exists a sequence {7} C Uy>o @k such that
lim It~ llor, =0, (4.12)
l—0o0
which, along with (4.7)) in Lemma and the trace theorem, implies
Jim e (ye) = 9lgr. = llusc(v) = 9l r, - (4.13)
—00

Noting the whole sequence {7} } are minimizers of J(-) over {7}, we know

. 1 B
T (i) < T(n) = Sl = gller, + 5l

when k > [ for sufficiently large I. Then a collection of (4.10)-(4.13)) gives

T = 5lluse(v") = glis.r, + 51715,
. 1 * : ° IB *
< Jlim llu, (4;,) = llir, +liminf 2, 5,
< liminf J (v, ) < limsup J(vz, ) < limsup J(v;) < limsup J () = J(7)
n—00 n—00 k—o0 l—o0
for any v € 4. This indicates that v* is a minimizer of the problem (4.1))-(4.2). The choice v = v*
in the above estimate yields equality lim J(v; ) = J(7*) = inf J (%), which, along with (4.11)),
n—00 n

implies that nh—>120 1VE, H(2),Fi = H'yZOHgn Now the desired strong convergence follows from (4.10). [

JFrom the above theorem, it can be observed that if the sequence {V} x 7} is given over
uniformly refined triangulations, the strong convergence of 7} to 7* holds directly since we have
naturally H'(Q) = Upso Vi in H'-norm and & = J;~, % in L?(I;)-norm. But this is generally
not true for a sequence of adaptively generated meshes. To achieve the desired convergence, we have
to show that % is also a minimizer of the problem —. Noting that Algorithm involves
the solution of the discrete saddle-point system -, we introduce a costate pi, € Vi like
the continuous case, then this costate, together with the minimizer 73, € @7 and the related state
us, € Vo of the problem — solves the following system:

(@VPee; V) + (YooPoos V)1 = (s — g,0)r, V0 € Vo, (4.15)
(B3 — s (V3 )50 (Vae): A = Vao)p, 20 VA € o (4.16)

It is easy to verify that the solution (u},,p%) to (4.14)-(4.15) admits the stability estimates:

lusolls < C(llfllo + llallora), llpsells < C(UIfllo + gl

ora + llgllor.)- (4.17)

Now we end this section with the second main result of this section for the above system.
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Theorem 4.3. Let {Vi, X9, } be a sequence of discrete spaces and discrete sets generated by Algorithm

then the sequence {(u}, py,v;)} of discrete solutions to the system (2.8])-(2.10) has a subsequence
{(ug Pk V%, )} which converges to (ul, pi, Va) € Voo X Voo X o, a solution of the problem (4.14)-
(4.16), in the following sense:

luk, — usolly =0, Pk, —psclli =0, I, —vallor; =0 asn — oo (4.18)

Proof. The last convergence in (4.18) follows directly from Theorem while the first one is a
consequence of Lemma[4.2] (cf. (4.7)). To demonstrate the second convergence in (4.18), we introduce
a solution py, € Vj, to the following auxiliary problem:

(aVDPg,, VU) + (VaePh,, )1, = (us — g,0)1, V0 € Vg, (4.19)
Combining (2.9) and (4.19) with v = pg, —pj, and arguing as in the proof of Lemma we obtain

1Bk, — D1, 1T < Cl(Vi, = Vi Py Pl — Dib, )Ty + (U, — Uhe, Pr — Di, )T
< C(, — vsollo,ri 1Pk, s 1Pk, — Pk, 2oy + luk, — usollor, Pk, — Pk, lora)

< Ck, — vaollor; + llug, — usllor.) Pk, — Pk, 11,

which implies
1Pk = Pin 1 < CUIE, = Yoollor, + [luk, —ullh)- (4.20)
Furthermore, it is easy to see that the problem (4.19) is a discrete version of (4.15]). Hence the Cea’s

lemma gives
Ip% = Dol < € inf |[pZ, — 1. (4.21)
vEan

Now the desired result comes readily from (4.20)-(4.21]), the first and last convergences in (4.18)) and
the construction of V. O

5 Convergence

In this section, we shall present the main result of this paper: the sequence {(uy, p;,7;)} generated
by Algorithm has a subsequence {(u;, ,pj ,7j )} converging strongly to some true solution of
the problem (2.3)-(2.5). By Theorem this reduces to verifying that (uX,pk,, 7% ) satisfies the
system —. For this purpose, we shall first show that two sequences of the residuals with
respect to uy and pj have vanishing weak limits (see Lemma 5.2), with the help of which the
limiting triplet (u’,,pi.,7% ) is proved to satisfy the equations and (see Lemma 5.3). For
the variational inequality , the existing approaches for variational equations (see, e.g., [38] [41])
do not work. Instead, we shall relate it to &, (ug, ,pj 73, ) (cf. (3.1)) through some residual of the
discrete problem , then prove the error indicator tends to zero and apply a density argument
(see Lemmas 5.4-5.6). This new approach is one of the key ingredients in our arguments specifically
for the variational inequality featured by the Robin inverse problem. It is also worth mentioning
that the a posteriori error estimator ny + & (cf. ) in the module ESTIMATE of Algorithm [3.1|is a
natural consequence of the above arguments. This approach is completely different from traditional
ones for boundary value problems [1] [45]. Particularly, the existing standard way is to bound the
error in some norm from above by some computable quantities, while this is difficult to achieve for
the state, the costate and the control variable due to the strong nonlinearity of the current inverse
problem.

Before starting our proof, we state some properties of adaptively generated triangulations and the
error estimator first. Let T be the class of all possible conforming triangulations of Q refined from a
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certain shape-regular initial mesh by the successive bisections [39] [43]. We call T’ a refinement of T
for any 7 and 7' € T if 7' is produced from 7 by a finite number of bisections. For any triangulation
sequence {7} C T with 7xy1 a refinement of Ty, we define

=T, T=T\T" F=(\F F=F\F
1>k 1>k
and
= J Dr, 9= Dr.
TeT" TeT?

That is, 7? consists of all elements not refined after the k-th iteration while all elements in 7;0 are
refined at least once after the k-th iteration. The same is also said of faces in ]—"lj and F7. In addition,
we define a mesh-size function hy : Q — R* almost everywhere by hy(z) = hy for x in the interior
of an element 7' € Ty, and hy(z) = hp for z in the relative interior of a face F' € F. Letting x{ be
the characteristic function of QY, then this mesh-size function has the following property [38] [41]:

Jim 1Pax | oo () = 0. (5.1)
— 00

By virtue of Theorem and the property (5.1]), we can study the convergence behavior of the
maximal error indicator in the set of marked elements.

Lemma 5.1. Let {7y, Vi x @, (uy,pf,7;)} be the sequence of meshes, finite element spaces and
discrete admissible sets, and discrete solutions produced by Algorithm and Sy the set of marked
elements given by . Then for the convergent subsequence {(uy, ,py ,Vr )} given by Theorem
there holds for the error indicator defined in that

nh—>nolo FHEI‘%X NF k, ( Uk s Pleys Ve s f7 q, g) + £F7k'n (uknvpkna ’Ykn) =0. (52>

Proof. For each k,, we denote by F the face in Sk, with the largest error indicator. As Fe Sk, , we
know wp C Qon, from which and (5.1]) it follows that

|F| < C||hg, || =0, |wpl < CHhandm(an) —0 asn — oo. (5.3)

LOO(QO )
By means of the stability estimate (3.3)), inverse estimates and the triangle inequality, we have

77Fm( k,ﬂpkna,-Ykn f q, g) < C(Huknnl W + Hpanl W + h’2 Hf”o Wi + hF”gHO Fnry, + hﬁ”@“gfmpa)
< Cllug, — us I + lusl? wp T Ik, — il + Ip5lli Wi

+ | FP DR o+ IF g2 5+ IE D gl

OFF‘IF OFﬂF )

and
5 1 (W Pl ) < 2B omsy + W2 P 1 )
< (WBlvk, = Vaollrqrsy + MBIV 1 oy + hE Nk o 7, 1Pk o, Frr,)
< CIFY @D (||, — %OHLl(n-) + ol + (g, = usoll + lluselliw;)
x Ik, — Pl + 1P lliw,))-
Now the desired result comes from ([4.18)), and the absolute continuity of || - ||; and || - ||o,r with

respect to the Lebesgue measure. O
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As mentioned at the beginning of this section, we now introduce two residuals with respect to uj,
and p; respectively as follows:

(R(u), 6) := (aVui, Vo) + (vgug, &)r, — (£,6) = (¢, 9)r. ¥ ¢ € H'(Q),
(R(pr),v) = (aVp}, Vv) + (vipi, 0)r; — (uf — g,0)r, Vv e H(Q),
It is easy to see from (2.8) and (2.9)) that
(R(ug),¢) =0 YoeVi, (R(pp),v)=0 YovelV. (5.4)
Lemma 5.2. The following convergences hold for the convergent subsequence {(uy ,py .7V )} of
{(ug, 5, 7))} given by Theorem .'
lim (R(uj, ),¢) =0 and lim (R(p} ). ¢) =0 V¢ € H(Q). (5.5)

n— oo —00
Proof. The desired convergence can be proved in a standard way. And only the proof for the first
result is given, while the second one can be done in a similar manner. Let {(uy ,p} ,7; )} be the
convergent subsequence given by Theorem For notational convenience, the counter k, is replaced
with m. We write I,,, and I;;? for the Lagrange and Scott-Zhang interpolation operators respectively
associated with Vj, [40] and use the orthogonality and the definition to proceed for m > I

and any ¢ € C°(Q):

[(R(up), )] = [(R(us), 0 = Tm®h)| = [(R(usy), ¥ = It = I3 (4 = L))
<C Y npma W v £ )16 = L1005

FeFm
= C( Z nF,m,l(u;fn7/7:n7fa Q)||¢—Im1/1 1,uDp + Z nF,m,l(u:(n’rY:;mfv Q)”U) _Imd}Hl,UDT)a
FeFm\F;" Fert

where UD7 is the union of D with T' € wp. In the third inequality, we also use the definition of
(R(ur,),-), elementwise integration by parts, error estimates for I3? [40] and the Cauchy-Schwarz
inequality. Noting Lemma and the stability estimate (2.11)) we have

2 * * 1/2
( Z nF,m,l(umvfym?fa Q)> < C
FeFu\F;"

and then by the error estimate for I,,, we are further led to

[(R(ug), )| < Crllball e oy 192 + Co( D Mt (s Vs £,0))
Fert

1/2

1112

Due to (5.1), for any given € > 0 we have Cl||hl||Loo(Q?)H¢||2 < ¢ for sufficiently large . Moreover,
the inclusions that ]:l+ C F C Fp for m > [ and the marking property (cf. (3.2)) imply that

1/2
(Y W v £:0) 7 < IFF| max npn 1 (9500 )
N FeF,
FerF,
< /|7 aX 1 (s Do Voo S35 9) F ERm (Uis Py Vi)

By Lemma [5.1, we can choose M > [ for some fixed [ such that the following estimate holds for
m > M:

(Y vl £.0) Tl <

FeF}t

13



This proves
lim (R(uf,),¥) =0 Ve =),

m
m— 00

which, in combination with the density of C*°(Q) in H'(2), yields the first vanishing limit. O

Lemma 5.3. The solution (ul,,pi,, %) of the problem (4.14)-(4.16|) also satisfies the variational

problems (2.3) and (2.4), i.e.,

(avuzw V¢> + (V;Outom ¢)Fz = (f? (b) + (q, ¢)Fa v (b € Hl (Q) (56)
(@Vpi, V) + (VaePhes 0)r; = (ul — g, 0)r, ¥ v € HY(Q). (5.7)

Proof. Let {(uy, ,p}. ,7; )} be the convergent subsequence given by Theorem For any ¢ € H'(Q),
we can easily deduce

[(@Vug, Vo) + (voouce: @)y — (f,8) — (¢, d)r.|
= [(@V (u = ug, ), VO) + (Vause = Vi, Uk,» D)r; + (R(ug,, ), 0)]
< anflug, — ug, [nlléll + [(voouse — Yk, vk, &)r:| + [(R(ug, ), 9)] - (5-8)

The second term above is further estimated by the generalized Hélder inequality, the Sobolev em-
bedding theorem and the trace theorem

((Vaotise = A O)1s] = (3 = Vi s S)rs + (3, (e — i, ), )1
< 7 = Yea o lugellLay ol Lacry) + erlluce —ug, llor;
< C(lhae = Tk, ZOH1+01Huoo—uan1 [6]1-
Theorem the stability (4.17)) and Lemma imply that the three terms in the right-hand side

of (5.8) all tend to zero as n goes to infinity, from which we conclude the first equation (5.6]).
As for the second equation (5.7)), it is not difficult to proceed as above for any v € H(Q) that

[(aVpL,, VU) + (VaePser )Ty — (Ude — 95 V)T,
= [(aV (Pl — pi,), VU) + (VDb — Vi Dk V)Ts — (Ul —uf 01, + (R(D,.), )|
< aallple — Pk, 1 llvllt + [(VaePho — Vi Pk, > V)T |+ luse — ug, llor, [0l + (R(PE,, ), )|

Then the proof is finished by using Theorem Lemma and same argument as for (5.8)). O

Next we turn our attention to the claim: the variational inequality (2.5) holds for the limiting
triplet (u’,,ph,,7v5). As in the proof of Lemma our approach still lies in a density argument.
Therefore, we need the following density result with respect to the admissible set <.

Lemma 5.4. Suppose I'; is split in L open faces/edges I'; 1,--- ,I'; 1, then o = IANe ZNCTY)|N €
C>=(T;1),1 <1< L} is weakly-+ dense in o with respect to L°(T;).

Proof. We only focus on d = 3 as the arguments for the two dimensional case are similar. Let us first
assume that I'; is the intersection of the whole boundary I' with a plane in R2, i.e. L =1. For any
A € &7, we define an extension of \in R2 as A := A in Lis A= co in T 3¢, 2\ X:=0inT; 3e0 \L'i,3¢0/2>
where €y > 0 is a positive constant and T;5 := {& € R?| d(z,T;) < §} with d(z,T;) denoting the
distance between  and I'; and § > 0. Recall ¢ is the lower bound of the Robin coefficient 7. Then
we make use of the standard mollifier p(z) in R? to construct a sequence {\,}n>0 C C°°(T;) with
A = (6,2p(x/en) * X”E’ where {€,} is a positive sequence of numbers decreasing to zero. Since
A = Aae inTjas e, — 0% (cf. [17]) and sup,, [[An|lzeo(r,) < c1, the upper bound of the Robin
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coefficient v, the Dominated Convergence Theorem admits A\, — A\ weakly-* in L>°(T";). Moreover
by the construction of {\,}, we find ¢y < A, < ¢; a.e. in I'; for all n.

For the general case that I'; = Ulefi,l, we extend any A € o7 on the whole boundary I" such that
X :=XonT;and \ := ¢y otherwise. As the boundary I is closed and Lipschitz continuous, there exist
finite open cubes {U; }1<;< covering I' and a corresponding Lipschitz continuous function sequence
{¢;}1<j< of 2 variables such that I' N U; is the graph of ¢; defined on some open square S; in R2.
Arguing as above, on each I' N U; we obtain a sequence {\;,(z, ¢;(x))} C C>°(S;) satisfying that
S\j,n — X weakly-* in L>®(T'N U;) when n — oo and ¢g < S\j,n < ¢y a.e. in 'NU;. Then using the
partition of unity {;}1<;j<s subordinate to {U;} and noting ¢; is smooth when (x, ¢;(x)) in some
Tig, A 1= (Z}Ll wjj\j,n)’fi € o and A, — A weakly-x in L*>(T;), which completes the proof. O

With Lemma in hand, we first prove the result in &/ and then extend to 7.
Lemma 5.5. The solution (ul,,pl, 7% ) of the problem (4.14)-(4.16]) satisfies
(BY5%0 — UsePaos = Yao)T, 20 V€ 4. (5.9)

Proof. As in the proof of Lemma we still denote the convergent subsequence {(uy ,p; ;7. )}
given in Theorem [d.3|by {(u,, pk,, Vi) }- Invoking the Lagrange interpolation operator .7, associated
with Vp,, r,, we note S, € 7, for any p € o/. Then the variational inequality (2.10) allows

(BYm = UpPrns 1t = o)1y = (B = UpPrs = Imb)r, + (BYim = UinPrs Imlt = Y1,
> (BYm = UpPrs b — Imp)r, ¥ p € . (5.10)
By the error estimate of .#,;, [15] and the definition of &,, in (3.1)) we know for m > 1
BV = WP 1 = Tmi)rsl < Y 1BYm = wiPill a1 = Fmptl| oo ()
Fe}—m(r‘i)

<C Z gF,m(u:q,apjn’7;;)”:““2,00,1—‘1‘
FeFn(Ty)

= C(&m (Ui Dy Yoy Fin \ i) A+ Em (W, D Vi i) | 1

By the definition of &,,, the constraint of ~ and the stability estimate (2.11)), we further come to

Q,OO,Fi .

Em (s Doy Yo Fn \ 1) < Cllhall T oy v — il 22 )
< Cllhall e gy (vl 2 ey + sz 23 22c,))
< Cllhallf e gy (1 T3l + T lallpiall) < ClAal o -

Therefore,

(B — e = Tt < Calull e gy 1l o, + Can (5, v Fi) il (5.10)
Now noting , we find that for any given € > 0 there exists a large [ such that
Cs |l oo 09y 1]l 2000, < & (5.12)
Since }T NS, = 0 the condition in the module MARK of Algorithm admits
Em (U Dy Vs F1) S |FTT max  Eppm (U, Dy V)
FeF; NFm(Ly)

< |F X N80 (Ui Prs Vo §9) + EFm (Wi Py Vi)
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Then using Lemma [5.1] we can choose M > [ such that

C4€m(u;knvpjn77;7ﬂ+)|’/1’||27007n <e (513)
for m > M. Summarizing (5.11))-(5.13) gives
(BYm = UmPps = Imp)r, = 0 as m — oo. (5.14)

On the other hand, recalling some elementary identities

*

(Up Py — U Do OT; = (U, — Ui )Py + (P — Pino ) Uinos KT 5

(Up P> Yo )Ts — (U P50 Yoo )T = ((UnuPm — UnoPio)s Y )T: + (UsoPoos Vi — Yoo )T

we know from the generalized Holder inequality, the stability estimates (2.11)), (4.17) and Theorem
that

i (B, = U Phs 1= i)y = (Vi — Usebles = Vi), Y pE o (5.15)
The proof is concluded by a combination of ([5.14]) and (5.15)) in ({5.10]). O

Lemma 5.6. The solution (ul,,pk,,vi,) of the problem (4.14)-(4.16) satisfies the variational in-
equality (2.5)), i.e.,

(872 = UsoPoos A = Vo)1, 20 VA€ . (5.16)
Proof. We argue by contradiction. If (5.16) fails, then there exists some v € &/ such that
(872 — UseP5er V — Yoo )Ty < 0. (5.17)

Lemma implies for any € > 0 there exists a p € o/ such that
(B0 = UsoPoor 1 = Voo )i = (BVo0 = UsePoos = V)1 + (BY50 = UsePo0r V' = Voo )T
<&+ (8750 — UscPoor V = Voo Ty
It follows from ([5.17)) that when ¢ < g( for some gy > 0,

(BY5 — UseDios 1t — Yoo )T; < 0.
This contradicts Lemma 5.5 O

Remark 5.1. As can be seen from the proof of Lemma and Lemma the residuals (R(ur,), ¢)
and (R(p},), ) associated with (2.8) and (2.9) are bounded by

[(R(), )] + (R (D)), 0| < Cttm (i, D7 Vs [0, 9|0V 6 € HY(Q)
and the residual (87, — u),pk,, 1t — 7V, )1, With respect to the variational inequality (2.10) leads to

|8V = Um s 1t — Fiat)T; | < C&m (i, s Vo)1l 2,000, ¥ 1 € 7.

The terms 7,, and &, (see for definition) in the right-hand side of the above two inequalities only
depend on the discrete solutions, the mesh size and the given data. Consequently, we use 1, + &m
as the estimator in Algorithm [3.I] More importantly, the proofs of the above lemmas show that the
estimator is sufficient for convergence of adaptive algorithm although it does not provide an upper
bound of the error ||u* —ujl1, ||[p* —p; |1 and ||v* =} |lo,r;. In terms of the a posteriori error analysis,
this is quite different from the existing works for direct partial differential equations.

Finally, by virtue of Theorem Lemma [5.3] and Lemma [5.6] we present the main result of the
current work.

Theorem 5.1. The sequence of discrete solutions {(uy,pj,v;)} produced by Algorithm has a
subsequence converging to a solution (u*,p*,~*) of the problem (2.3))-(2.5)) in the following sense:

lug, —u*lln =0, llpk, =Pl =0, v, =7 llor; >0 asn— oc. (5.18)
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6 Numerical experiments

In this section, we shall provide some numerical experiments to verify the effectiveness of our
proposed adaptive finite element Algorithm In all the experiments, the general requirement
(3.2) in the module MARK is represented by a specific maximum strategy (see Remark , ie.,
mark a subset S, C F}. such that

nF,k(uZ7p]:7 727 f7 Q7g) + §F,k(u]t7p27 ’7;;) 2 0.5 Fqé%(nF’k(uszzj ’7]:7 f7 q, g) + gF,k(u27plt7 7;))

for any F' € Sk. The resulting discrete nonlinear optimization problems — are solved by
a conjugate gradient method formulated in [31] and the initial guess of the Robin coefficient for
reconstruction on I'; is set to be constants 0.1 and 0.2 everywhere for Examples 1 and 2 respectively.
These are very poor initial guesses for the concerned nonlinear inverse problem.

We will mainly focus on the difficulties arising from the challenging nature of two different types
of Robin coefficients. To make our examples more practical and reasonable, the true solution u(x) of
the diffusion system ([2.3) is assumed to be unknown in advance and is calculated in a very fine mesh
under the boundary conditions on 'y and I';, with coefficients « =1 and f =0in 2, and g =1
on I'y. In applications, the boundary data g on I'y is experimentally measured and thus inevitably
contaminated by measurement errors. In our examples, the simulated noisy data is synthesized as
follows:

g(x) = u(x) + du(x)rand(x) on T,
where u(x) denotes the true solution, d represents the noise level and is set to be 1%, and rand(x)
is a uniformly distributed random function in the range between —1 and 1.

The computational domain is designed to be an open domain lying between two circles centred
at the origin, with its outer boundary I'; being a circle with radius 2 and its inner boundary I'; being
a unit circle. The outer boundary I', is accessible while the inner boundary I'; is inaccessible.

For ease of visualization, the plot of the Robin coefficient on the inner boundary I'; is parametrized
in the order of left, bottom, right and top by its arc length so that the Robin coefficients can be
represented by a function of arc length in one dimension.

Example 1 (Robin coefficient with sharp spike) The true distribution of the Robin coefficient has
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Figure 1: True solution u (left) and the initial mesh with 480 nodes (right) in Example 1.
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(a) L*-norm error of v = 6.8835¢ — 03, 8 = 107" (b) Final mesh with 2406 nodes by adaptive Algorithm

Figure 2: Exact and numerically reconstructed Robin coefficients (left) and adaptively generated

final mesh (right) in Example 1.

a sharp spike at the point (0,1) and is given by
(x,y) = exp(=10(2? + (y — 1)*))

restricted on the inner boundary I';.
The true solution u is shown in Figure a). With Algorithm starting from the initial mesh

with 480 nodes in Figure[[{b), the reconstructed Robin coefficient (blue) approximates the exact one
(green) reasonably well as shown in Figure (a) and the corresponding adaptively generated mesh is
displayed in Figure b). We observe that the reconstructed coefficient has well captured the location
and height of the sharp spike. In addition, mesh refinements are correctly centered around the upper

point of the interior boundary due to the spike point of the Robin coefficient.

Example 2 (Discontinuous Robin coefficient) In this example, the true Robin coefficient is set to

NNy
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Figure 3: True solution u (left) and the initial mesh with 480 nodes (right) in Example 2.
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(a) L*-norm error of v = 5.9734e — 03, 8 = 107° (b) Final mesh with 9401 nodes by adaptive Algorithm

Figure 4: Exact and numerically reconstructed Robin coefficients (left) and adaptively generated
final mesh (right) in Example 2.

be highly discontinuous, which is expressed in the polar coordinate as

1 if sin(260) > 0.9,

1,0) =
7(1,9) 0.1 otherwise

restricted on the inner boundary I';. It behaves like two narrowly banded Delta functions; see
Figure [l(a) (green). Figure [3(a) provides a graphical representation of the true solution u. An
approximate Robin coefficient (blue) reconstructed by Algorithm starting from the initial mesh
in Figure (b)7 is depicted in Figure (a) and the corresponding adaptively generated final mesh
in Figure [4b). We observe that the reconstructed Robin coefficient has well detected the location
and height of the strongly discontinuous exact coefficient, in view of the severe ill-posedness of the
nonlinear inverse problem and the very poor constant initial guess of v = 0.2. Moreover, as one
expects, the mesh refinements are correctly centered around two highly spiky regions to resolve the
singularities of the strong discontinuities of the true Robin coefficient.

7 Concluding remark

We have proposed in this work an adaptive finite element method for recovering the Robin
coefficient and established its convergence. With a general yet practical assumption imposed in the
module MARK, discrete solutions produced by the adaptive algorithm are proved to converge to some
exact Robin coefficient, state and costate variables.

One of the major difficulties in the analysis is a lack of convexity in the objective functional 7 (7)
for the Robin inverse problem, so we are unable to establish a reliable bound of the error in terms of an
error estimator as in the existing theories for a posterior error estimates for direct partial differential
equations or PDE-constrained optimal control problems. To overcome the difficulty, we have made
use of some techniques in nonlinear optimization to study a limiting saddle-point system and the
solution of this limiting problem is proved to satisfy the optimality conditions for the continuous
problem. In our proofs a density argument is also utilized to handle a variational inequality. Then
some computable quantities are derived only from our convergence analysis and serve as the effective
estimator in our adaptive algorithm to guarantee the desired convergence. Numerical results show
that the adaptive algorithm is efficient in the reconstruction of Robin coefficients.
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We think the approach in this work can be extended for the convergence analysis of AFEMs for
other nonlinear inverse problems.
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