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In this paper we study a nonlinear reaction—diffusion system which models an
infectious disease caused by bacteria such as those for Cholera. One of the
significant features in this model is that a certain portion of the recovered human
hosts may lose a lifetime immunity and could be infected again. Another important
feature in the model is that the mobility for each species is allowed to be dependent
upon both the location and time. With the whole population assumed to be
susceptible with the bacteria, the model is a strongly coupled nonlinear reaction—
diffusion system. We prove that the nonlinear system has a unique solution globally
in any space dimension under some natural conditions on the model parameters
and the given data. Moreover, the long-time behavior and stability analysis for
the solutions are carried out rigorously. In particular, we characterize the precise
conditions on variable parameters about the stability or instability of all steady-
state solutions. These new results provide the answers to several open questions
raised in the literature.

©2023 Elsevier Ltd. All rights reserved.

1. Introduction

In biological, ecological, health and medical sciences, researchers have a great deal of interest to establish

a suitable mathematical model for various infectious diseases. The current global COVID pandemic attracts

even more scientists to this field. There are many different mathematical models for an infectious disease in

the literature. Roughly speaking, these models can be divided by two categories: a data-based discrete model

and a continuous model based on a population growth (see [1-3]). Our approach is based on a continuous

model which provides a much more convenient tool to analyze the complicated dynamics of the interaction

among susceptible, infected and recovered patients. A continuous model is typically governed by a system

of ordinary differential equations (ODE model) or a system of partial differential equations (PDE model).

For an ODE model, a monumental work was done in 1927 by Kermack and McKendrick [4]. Since then,
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a significant progress has been made in modeling and analyzing various infectious diseases such as SIR,
SEIR models and their various extensions. An ODE model often provides a clear and precise description of
physical quantities and their relations. By using an ODE model, one can study detailed dynamical interaction
between viruses and various species as well as other qualitative properties such as reproduction numbers.
This type of ODE models is widely adopted and used by researchers in all fields, particularly those in
biological and health sciences. On the other hand, when one takes the movement of species across different
geographical regions into consideration, it is necessary to include a diffusion process in a mathematical model
to reflect the movement. This leads to modeling an infectious disease by using a system of partial differential
equations (PDEs), often called reaction—diffusion equations. A well-known work [5] discussed a number of
PDE models arising from biological, ecological and animal sciences and explained why the PDE approach is
more appropriate in those areas. There are a large number of research studies, conference proceedings and
monograph in both PDE and ODE models in the literature. We list only some of them here as examples,
e.g., [6-10] for the SIR ODE models and [5,11-15] for the SIR PDE models. Many more references can be
found in a STAM Review paper by Hethcote [16] and the monograph by Busenberg and Cooke [17], Cantres
and Cosner [18], Daley and Gani [8], Lou and Ni [14], etc. It is worth noting from the mathematical point
of view that the PDE models present significant more challenges for scientists to study the dynamics of the
solutions and to analyze qualitative properties of the solutions. Many important mathematical questions
such as global existence and uniqueness are still open for some popular PDE models. This is one of the
motivations for the current study.

In this paper we consider a mathematical model in a heterogeneous domain for an infectious disease
caused by bacteria such as Cholera without lifetime immunity. Without considering the diffusion-process of
the population, the ODE models have been studied extensively (see, e.g., [9,17,19,20]). The model considered
in this work is a direct extension of the ODE model. To describe the mathematical model, we introduce the
following variables:

S(x,t) = Susceptible population concentration at location x and time ¢
I(x,t) = Infected population concentration at location x and time ¢
R(z,t) = Recovered population concentration at location x and time ¢
B(z,t) = Concentration of bacteria at location z and time ¢

We assume that the whole population is susceptible to the bacteria. Moreover, the rate of growth for the
population, denoted by b(z,t,.S), depends on location, time and the population itself. A classical example
for b is that the population growth follows a logistic growth model with a maximum capacity k; > 0:

b(x,t,s) = bos(1 — k—),

s

1

where by > 0 represents the growth rate of the population.
The population reduction caused by infected patients is denoted by a nonlinear nonnegative function

g1(x,t, 5,1, B). A typical form of the nonlinear function g; is given by (see [21,22]):

B

91(2,1,5,1, B) = fuST + f2Sha(B), ha(B) = 5,

where (31,32 are positive transmission parameters and h;(B) represents the maximum saturation rate of
bacteria on human hosts, and k- is a positive contact.

The bacteria growth follows the same assumption as the growth of the population, denoted by go(x,t, s)
with a maximum capacity k3 > 0:

S
gQ(xatvs) = 908(1 - F)v
3

where gg > 0 is the growth rate of the bacteria.
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We also assume that the diffusion coefficients depend on location and time. By extending the ODE model
(see [9,17,23] etc.,), we obtain the following reaction—diffusion system:

Sy =V -la1(z, t)VS] = b(z,t,S) — g1(x,t,5,I,B) —d1S + oR, (
I =V - [ag(z, t)VI] = ¢1(x,t,S,1,B) — (d2 + )1, (
Ry —V - |as(z,t)VR] = vI — (ds + 0)R, (
B, —V - [as(z,t)VB] = €I + ga(x,t, B) — dsB. (

The biological meaning of various parameters and functions in the above model are given below
(see [20,24,25]):

= the diffusion coefficients, i = 1,2, 3,4,
v = the recovery rate of infectious individuals,
o = the rate at which recovered individuals lose immunity,
d; = the natural death rate of species or bacteria,

& = the shedding rate of bacteria by infectious human hosts.

To complete the mathematical model, we assume that the system (1.1)—(1.4) holds in Qr = 2 x (0,7
for any T > 0, where {2 is a bounded domain in R™ with C?-boundary 0f2. The initial concentrations for
all species are known and we assume that no species can cross the boundary 9f2. This leads to the following
initial and boundary conditions:

(V,S,V,I,V,R,V,B) =0, (x,t) € 02 x (0,7, (1.5)
(S(z,0),1(x,0), R(x,0), B(z,0)) = (So(x), Io(z), Ro(z), Bo(z)),x € £2, (1.6)

where v represents the outward unit normal on 9f2.

We would like to give a short review about the existing results for the above model. For the ODE system
corresponding to (1.1)—(1.4), there are many studies for various interesting mathematical problems such
as global existences, dynamical interaction between the bacteria and species (see, e.g., [9,19,20,26]). The
stability analysis was also carried out by several groups (see [23,27,28] etc.). When the movement of species
is considered in the model, the corresponding PDE system is much more complicated to study. This is due to
the fact that the maximum principle can not be applied for a system of reaction—diffusion equations. It is a
challenge to establish the global well-posedness for the PDE system (1.1)—(1.6). Nevertheless, when the space
dimension is equal to 1, the global existence was established (see [21,24,25,29]) under certain conditions on
g1 and go. In the special case of n = 1, the total population is bounded in L!(2), which implies a global
boundedness for S(z,t) by using Sobolev embedding. However, this does not work when the space dimension
n is greater than 1. In a STAM review article [30], the authors considered the following system (with a and
b being two positive constants):

uy — alAu = f(u,v), ze, t>0,
vy — bAv = g(u,v), x €N, t>0,
subject to appropriate initial and boundary conditions. Suppose f(0,v),g(u,0) > 0 for all u,v > 0. Then

under the condition that
f(u,v) + g(u,v) <0,

the L'-norms of the nonnegative solutions « and v are bounded, i.e.,

sup/ (u+wv)de <C.
>0 J0

3
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However, the solution (u,v) may blow up in finite time when the space dimension is greater than 1 if no
additional conditions on f(u,v) and g(u,v) are made. Therefore, as indicated in [30], one must impose
some additional conditions in order to obtain a global bound for a reaction—diffusion system. There are
some interesting results for a general reaction—diffusion system when leading coefficients are constants.
In 2000, under certain additional conditions, Pierre-Schmitt [30] introduced a dual method to establish
such a bound for the reaction—diffusion system. In 2007, Desvillettes-Fellner-Pierre-Vovelle introduced
in [31] an entropy condition originated by Kanel in 1990 [32] and extended the dual method to a more
general reaction—diffusion system with constant diffusion coefficients and established the global bound with
a quadratic-growth reaction as long as a total mass is controlled (L'—boundedness). In 2009, Caputo-
Vasseur [33] extended the entropy method to establish a global existence for a reaction—diffusion system
where the nonlinear reaction terms grow at most sub-quadratically. One can see an interesting review by M.
Pierre in 2010 [34]. Caceres-Canizo [35] extended in 2017 to the case where the reaction terms grow at most
quadratically under certain conditions on the steady-state solutions. In 2018, Souplet [36] established the
global well-posedness for a reaction—diffusion system with quadratic growth in the reaction. Very recently,
some considerable progress was made for a reaction—diffusion system by Fellner-Morgan-Tang in 2019 [37]
and Morgan-Tang in 2020 [38]. They were able to derive a global bound for the solution of a reaction—
diffusion as long as the diffusion coefficients are smooth and nonlinear reaction terms in the system satisfy
a condition called an intermediate growth condition, which replaces the entropy condition. Their approach
is based on a combination of the dual method and the entropy method. In 2021, Fitzgibbon-Morgan-Tang-
Yin [39] studied a very general reaction—diffusion system with a controlled mass and nonsmooth diffusion
coefficients. They established the global well-posedness for the system with at most a polynomial growth
for reactions. Moreover, several interesting examples as applications arising from biological, health sciences
and chemical reactive-flow were studied in the paper. Those results made a substantial progress for a general
reaction—diffusion system with a controlled mass. However, due to the nonlinearity in Eq. (1.1), these results
do not cover the nonlinear system (1.1)—(1.4), particularly, we do not have the growth conditions here on gy
with respect to its key variables for the global existence (see Theorem 2.1, Section 2).

The purpose of this paper is twofold. The first one is to establish the existence of a global solution to the
generalized system (1.1)—(1.6) in any space dimension, without any restriction on parameters nor growth
conditions with respect to the key variables of g;. This extends a result obtained by the first author in his
recent work [22]. Our approach here will make use of some key ideas developed in [22], the special structure
of the system (1.1)—(1.4), as well as several important techniques from the theories of elliptic and parabolic
equations (see [40-42]). To derive an a priori bound, we use a crucial result for a linear parabolic equation
in the Campanato-John—Nirenberg-Morrey space from [43], which extends the DiGoigi-Nash’s estimate with
weaker conditions for nonhomogeneous terms. The other purpose of the current work is to present the
stability analysis of all steady-state solutions, which was not addressed in [22]. In particular, for the following
classical choices of the growth model [18]:

S B
b(x,t,S) = boS (1 — kl> 5 gl(l‘,t,S, I, B) = ,615]4-625%1(3), hl(B) = B +k2 (17)
92(B) = goB (1 - f) : (1.8)
2

we are able to precisely describe what conditions are needed for the steady-state solutions to be stable or
unstable. Roughly speaking, we shall demonstrate that under the conditions:

dl>b07 d2207 d3207 d4>907

the steady-state solutions are stable. On the other hand, if either d; < by or d4 < go, then we can choose a
set of suitable values for parameters o,~, 51 and (2 such that the steady-state solutions are unstable. This

4
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implies that our stability conditions are optimal. This stability analysis provides some important guidance
to practitioners and scientists in biological, ecological and health sciences.

The paper is organized as follows. In Section 2 we first recall some function spaces which are frequently
used in the subsequent analysis, and then state our main results. In Section 3, we prove the first part of the
main results on global solvability of the system (1.1)—(1.6) (Theorem 2.1 and Corollary 2.1). In Section 4
we focus on a general stability analysis and obtain the sufficient conditions on parameters which ensure
the stability of a steady-state solution. In Section 5, for a set of concrete functions b(z,t,s), hi(s) and
g2(z,t,s), we give precisely conditions on the model parameters, under which a steady-state solution is
stable or unstable. Finally, some concluding remarks are given in Section 6.

Throughout the paper, we shall use C, with or without subscript, for a generic constant depending only
on the given data in the model, including the terminal time T, and it may take a different value at each
occurrence.

2. Preliminaries and statement of main results

For reader’s convenience, we first recall some standard function spaces that are used frequently in the
subsequent analysis. For o € (0,1), we denote by C*(2) (or C*%(Qr)) the Holder space in which every
function is Hélder continuous with respect to @ (or (z,t)) with exponent a in £ (or (o, %) in Q7). For
T = o0, we write Qr = 2 x (0,T) as @ = 2 x (0, 00).

For p > 1 and a Banach space V' with norm || - ||, we define

LP(O,T; V) = {F(t) 1t e [OvT] — V; ||F||LP(O,T;V) < OO},

equipped with the norm . )
1Bl = ([ 17124)".
0

When V = LP(£2), we simply write LP(Qr) = LP(0,T; L?(2)), with its norm as || - ||,.
Sobolev spaces W ?(£2) and W} (Qr) are defined the same as in the classical references (sce, e.g., [40]).
Let Va(Qr) = {u € C([0,T); Wy °(2)) : |Jully, < oo} (see [42]) equipped with the norm

[ullv, = OféltaSXT ||U||L2(Q) + z_:l HU%HL2(QT)‘
We will also use the Campanato-John—Nirenberg-Morry space L?#(Q7), which is defined as a subspace
of L?(Qr) with its norm given by

lullp2ip) = llullL2gp) + [Ul2,uer < oo,

where L
2

[ul2,pr =  sup p‘“/ lu— ugp|dedt |
p>0,20€QT Qp(20)

with zg = (20, t0), @,(20) = By(0) x (to — p*, to], and u¢ representing the average of u over Q,(z9) for any
Qp(20) C Qr; see Troianiello [44] for its detailed definition and properties. An important fact of the space
is that L2#12(Qy) is equivalent to C*% (Qp) with o = Es=ifn < p < n+2 (Lemma 1.19 in [44]). We
shall write the norm of L**(Qr) as |jul|2,,.

Next, we first make some basic assumptions on the diffusion coefficients and the known data involved
in our model (1.1)—(1.4). All other model parameters are assumed to be positive constants throughout this
paper. One can easily extend the well-posedness results to more general system when those parameters are

5



H.-M. Yin and J. Zou Nonlinear Analysis: Real World Applications 75 (2024) 103984

functions of (z,t) as long as the basic structure of the system is preserved. Then we state some main results
in this work, whose proofs will be provided in Sections 3 and 4.
H(2.1). Assume that a; € L°°(Q). There exist two positive constants ag and Ay such that

0 < ap <ai(x,t) < Ay, (z,t) € Qr, i =1,2,3,4.

H(2.2). Assume that all initial data Uy(x) == (So(x), lo(x), Ro(x), Bo(x)) are nonnegative on 2. Moreover,
VUy(z) € L*#o(2)* with po € (n — 2,n).

H(2.3).

(a) Let b(x,t,5),d;(z,t,s) and ga2(z,t,s) be measurable in @ x RT and locally Lipschitz continuous with
respect to s, and 0 < b(x,t,0), d;(x,t,0) € L>®(Q). Moreover, it holds for some M > 0 that

di(z,t,8) >do >0, bs(z,t,s) < b, (z,t,8) € Q X [M,00).
(b) Let g1(z,t, 51, 82, s3) be measurable in Q@ x (R*)3 and nonnegative, differentiable with respect to sy, s2, 53,
and
gl(x7t70752353) 207 52,83 = Oa
gQ(xata()) 207 ggs<$,t,8) Sg(h (I7ta8) EQXR+'

where k1, ko and k3 represent the maximum capacity of the general population, the infected population and
the bacteria, respectively.
For convenience, we define

X =Va(Qr) mLOO(QT),

and write U(x,t) = (u1, ug, us, uq) to be a vector-valued function defined in Qr, with
ui(z,t) = S(x,t), us(x,t) = I(x,t), us(z,t) = R(x,t), ug(x,t) = B(x,t), (x,t) € Qr.

The right-hand sides of the Egs. (1.1)—(1.4) are denoted by f1(z,t,U), fa(z,t,U), f3(x,t,U) and f4(z,t,U),
respectively. With the new notation, the system (1.1)—(1.6) can be written as the following reaction—diffusion

system:
’U/lt_V' [al(x’t)vul] :fl(xat7 U)7 (1‘71‘;) S QT? (21)
gy — V - [ag(z, t)Vus] = falx,t,U), (z,t) € Qr, (2.2)
Uzt — S [a/3(x’t)vu3] = fg(.T, t7 U)a (l‘,t) S QT7 (23)
ugy — V - [ag(z,t)Vuy] = fa(z,t,U), (z,t) € Qr, (2.4)
subject to the initial and boundary conditions:
U(I,O = Uo(l’) = (So(x),Io(.T),RQ(l’),BO(‘T)% x € .Q, (25)
Vv, U(x,t) =0, (x,t) € 002 x (0,T]. (2.6)

Definition 2.1. We say U(x,t) € X* is a weak solution to the problem (2.1)—(2.6) in Qr if it holds for all
functions ¢y, € X with ¢r; € L?(Q71), ¢x(x, T) =0 on 2 for k = 1,2,3,4:

T
/ / [—ug - okt + apVuyg - Vo | dadt
0o Jo

T
z/ uk(x,O)cék(x,O)dx—&—/ /fk(ac,t, U)r(x,t)dxdt.
1o 0 Jo

6
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Theorem 2.1. Under the assumptions H(2.1)-H(2.8), the problem (2.1)—~(2.6) has a unique weak solution
in X and the weak solution is nonnegative and bounded in Qr for any T > 0. Moreover, it holds that
ui(z,t) € C*%(Qr) fori=1,2,3,4.

Under some additional conditions on b and go, we can deduce an uniform bound of the weak solution to
the problem (2.1)—(2.6) in Q. We state such a result for the special case which is needed in the subsequent
asymptotic analysis.

Corollary 2.1. Under the conditions H(2.1)-(2.2), we further assume that there exists a constant Ao such
that

bs(z,t,8) —d> X >0, gos(x,8) —dg >N >0, (x,t,8) € Q x [0,00),

/ / bo(z, t)dxdt < oo.
0o Jo

Then the weak solution of the problem (2.1)—(2.6) is bounded globally in Q.

and

Remark 2.1. The weak solution obtained in Theorem 2.1 may blow up when ¢ grows if there are no
additional conditions imposed on b(x,t,S5), g2(x,t,s) and di(x,t,s),ds(z,t,s). On the other hand, if one
assumes that g; and go grow at most in a polynomial power with respect to si, so and sz, then one can
verify that the conditions in [39] hold. Consequently, a global bound in @ can be deduced. The next theorem
states our main stability results for the steady-state solutions to the problem (2.1)—(2.6).

Theorem 2.2. Under the condition H(4.1) (see Section 4), a steady-state solution is asymptotically stable if
di > BO7 dg > Go,

and the parameters 1, B2, 7y, 0 are appropriately small, where By and Gy are constants which depend on the
steady-state solution.

It turns out that the conditions in Theorem 2.2 are almost necessary in order to ensure the stability of
each steady-state solution. In Section 5, we will see that when b(z,t,s), g1 and go(x,t,s) are of the form
in (1.7)—(1.8), then we have a very precise set of conditions for the model parameters to ensure the local
stability or instability for each steady-state solution. To avoid repetitions, we will state this result only in
Section 5, since there are many specific cases we have to consider.

3. Global solvability and Proof of Theorem 2.1

In this section we first derive some a priori estimates for a weak solution to the system (2.1)—(2.6), then
show the existence of a unique weak solution. Finally, we establish the global boundedness and the Hoélder
continuity.

Lemma 3.1. Under the assumptions H(2.1)-(2.2), a weak solution of the system (2.1)—(2.6) is nonnegative.

This is a well-known result since each f;(x,t, uy, us, us, uq) is quasi-positive for i = 1,2, 3,4, and is also
locally Lipschitz continuous with respect to each uy, for k = 1,2, 3, 4. Interested readers may refer to [45] for
a detailed proof. Next, we apply the energy method to derive an a priori estimate in the space Vo(Qr).

7
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Lemma 3.2. Under the assumptions H(2,1)-(2.3), there exists a constant Cy such that

4
Z lurllvy(@p) < Ch-
k=1

Proof. We multiply Eq. (1.1) by u; and integrate over {2 to obtain

1d
e u%dw—i—ao/ |Vu1|2dx+/ gluldx+do/ utde
2dt Jq Q Q Q

S/ b(x,t,ul)uldaj+a/ uiusde
Q Q

SC/[1+uf]dx+C/[uf+u§]dz,
e} 2

where we have used the assumption H(2.3)(a) in the second estimate.
We can perform a similar energy estimate for Eq. (1.3) to deduce

1d
—— [ uidx + ao/ \Vus|*de < ’y/ uguzdr < C | [uj + uj]dz.
2dt Jg o 2 Q
In order to derive an estimate for us, we make use of the special structure of the system (2.1)—(2.4). T

do so, we define
v(x,t) = ui(x,t) + ua(z, t), (z,t) € Q.

Then it is easy to see that v(z,t) satisfies

v —V- [aQVv] =V- [(a1 —ag)Vu1]+f1(m,t, U)—‘rfg(.l?,t,U), (z,t) € Qr, (3.1
Vou(z,t) =0, (x,t) € 002 x (0,77, (3.2
v(x,0) = So(x) + Ip(z), x € 0. (3.3

We now multiply Eq. (3.1) by v and then integrate over {2 to obtain
1d
a0 /Q’UQdZL‘ + ao /Q Vol?dz
= —/ [(a1 — az)Vuy - Voldz —I—/ v[fi(z, t,U) + fa(x,t,U)]dx
Q Q
=J1 + Jo.
A direct application of the Cauchy—Schwarz’s inequality implies

|J1] SS/ \VU|2dac+C(5)/ Vs |*d.
7 0

On the other hand, using the fact that
fl('r7t7 U) + f2(937t, U) = b(l’,t, ul) - dlul + ous — (d2 + 7)”23

we readily derive that
2l = | [ ol 0) + folet, 0]
Q

<C [Pt +ude<C4C [ [0+ i+ e
2 2

8
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Now choosing € = %, we can readily derive from the above estimates that

d
7/ vzderao/ |Vl da

< C—l—C/ [v? + u? + ul]da.
o)
By combining the above energy estimates for u;,v and us, we can further deduce

d
a [u§+v2+u§]dx+/[|vu1\2+|vU|2+|vu3\3]dx
dt Jq o
§C/[u%+v2+u§]d:ﬂ,

0

then a direct application of Gronwall’s inequality implies

T
sup / [uf + v* + u3)dx +/ / (IVur|* + [Vl + | Vus|dzdt
o<t<T J2 o Ja
< C+C/ [S§ + 15 + R3)dx.

Q

Noting that v = u; + ue, we can write

/Qm\ da::/n[\Vuﬂ + Vs }dx+2/ﬂ[(Vu1)~(VuQ)]dx.

But using the Cauchy—Schwarz’s inequality, we can see
/ (Vuy) - (Vus)|de < g/ Vsl ?da + C’(e)/ Vs | da
Q Q Q
< / Vs |*dz + C(e) / w2 + u]dz.
Q Q
Using the above estimates and choosing € to be sufficiently small, we can obtain
/ (2 + 2 +u§]dm++// (Vs ? + [Vua|? + |Vus ) dadt
Q Qr
< C+C/ [Se + I5 + R3)dz.
Q

For u4, we note that
ha(,t, us)ug < ko(ul + 1).

Then we can readily derive from Eq. (2.4) that

d
% uiderao/ |VU4|2dx§C’/ [U§+UZ]dI.
Q Q Q

Now an integration over (0,7") implies

sup /uidz—&—// |VU4|2dxdt§C’—|—C/ Bgdx—FC// u3dxdt
0<t<T Jo Qr 17} Qr

§C+C/[S§+I§+R3+B§]dx.
2

This proof of Lemma 3.2 is now completed. [
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In order to derive more a priori estimates, we need a crucial result about the Campanato-John—Nirenberg-
Morrey estimate for a general parabolic equation. For reader’s convenience, we state the result in detail here
(see Lemma 3.3 below). Consider the parabolic equation:

up — Lu = Zfi(a:,t)zi + f(z,1), (z,t) € Qr, (3.4)
i=1
u(x,t) =0 or u,(x,t) =0, (x,t) € 002 x (0,77, (3.5)
u(z,0) = uo(z), x € 0.
where Lu = (a;;(z,t)us,)s; + bi(z,t)ug; + c(z,t)u is an elliptic operator. We assume there are positive

constants Aj, A and Aj such that A = (a;;(x,t)nxn is a positive definite matrix that satisfies
2 2
Aolé]” < ai&&5 < A€l §eR",

and

Z HbiHL‘X’(QT) + ||C||L°°(QT) < Ay < o0
i=1

Lemma 3.3 ([/3)). Let u(x,t) be a weak solution of the parabolic Eq. (3.8)~(3.10). Let ug € C*(£2) with
up(z) = 0 on 812, and Vug € L*H0(2) for some o € (n — 2,n). Then for any p € [0,n), there exists a
constant C' such that
IVl 2 @py < ClITU0l s art 1 + 1 a2y + D Wfillz2cam)
i=1

Moreover, it holds that u € L*>*T2(Qr) and

HUHL272+#(QT) < CH|VUOHL2,<W2)+(Q) + ||fHL2,<ufz)+(m + Z ”fi”L?’H(QT)]
i=1
for a constant C that depends only on Ay, A1, As,n and Q.

Lemma 3.4. Under the assumptions H(2.1)-(2.3), the weak solution of (2.1)—~(2.4) satisfies

4
a - < .
> Il gng gy < OT)

Proof. Let p € (0,n) be arbitrary. By Lemma 3.3, we have

||vu3||L2vN(QT) S C[HVROHLQ,(”_@‘F(Q) + ||u2||L2,(u—2)+ Q) + ||u3||L2,(H—2)+ (QT)] (37)
On the other hand, we note that v(x,t) = uy(x,t) + us(z,t) satisfies the system (3.1)—(3.3), so we can

apply Lemma 3.3 again to obtain

3
HV'UHLZH(QT) < C[”VUOHLz(Wzﬁ(m + Z ||ui||L21(N*2>+(QT)}' (3.8)
i=1

To derive the L%*-estimate for u;, we note that

urr — V]ar(x,t)Vuy] < b(x,t,ur) — dyug + oug = [bs(x,t,0) — di]uy + b(x,t,0) + ous,

10
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where 6 is the mean-value between 0 and wu;. Using the facts that bs(z,t,s) and b(z,t,0) are bounded, we
can use the same calculations as in Lemmas 3.2 and 3.3 to obtain

IVuill 2. p) < ClIVSollL2u) + llusll L2.m(gm]-

Now we can combine the L2 (Qr)-estimates for u;,v and us and note that v = u; +us to obtain for any
w € [0,n) that

3 3

Z ||vui||L27H(Q) S C[||VUO||L2,(H—2)+(Q) + Z ||ui||L2,(M—2)+(QT)] + C (39)
i=1 =1

Using the fact that u; € Va(Qr), we derive for any u; € [0,2) that

3 3
> IVuill 2 g < CIY_ IVuioll 120y + 11: (3.10)

i=1 i=1
Now we can apply the interpolation theory for the parabolic Eq. (2.3) (see Lemma 2.6 in [43]) to further
deduce
lusll 2 +2(0) < Cllluallpz ) + llusllL2(@) + IVusll 2] + C.

Next we go back to the system (2.1)—(2.3) and apply the same process for us = pu1 + 2 to obtain

3 3 3
Y Vil p.0r < CD - IVl 22 (o) + D Nilla,guy—2)+ 0p + C)- (3.11)
i=1 i=1 i=1
Then after a finite number of steps, we can deduce for any p € (0,n) that
3 3
>l < O3 Iz + [0l 00 )
3 3
<CD_ Nuillrz@py + D IVl 2 umzy+ - (3.12)
i=1 i=1
Now we apply the interpolation theory again (see Lemma 2.6 in [43]) to derive
3 3 3
> uillzporaer < CD il 2 + Y IVuioll 20 ]
i=1 i=1 i=1

But noting that ug € (n —2,n), we can then obtain by Lemma 1.19 in [44] that

3
D lhuill e gy <€
i=1
for a = W' The proof of Lemma 3.4 is now completed. [

Proof of Theorem 2.1. First of all, by using the energy method we see that the weak solution of (2.1)—(2.6)
must be unique since the solution is bounded and fj, is locally Lipschitz continuous with respect to u; for
all k,i € {1,2,3,4}. With the a priori estimates in Lemma 3.1-3.4, there are several approaches, such as
the truncation method and Galerkin finite element method, to prove the desired result (see, e.g., [22,39,45]).
Here we choose a different approach, the bootstrap argument (see [46]), for the proof. Let T' € (0, 00) be any
fixed number, it is easy to show that the system (2.1)—(2.6) has a unique local weak solution in X in Qr,
for some small T > 0. Let

T* = sup{Tp : the system (2.1)-(2.6) has a unique weak solution in Qr,}.

11
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Suppose T < T (otherwise, nothing is needed to prove). We note that the a priori estimates in Lemmas 3.1
and 3.4 hold for any weak solution. It follows that

4 4
Jim supY unllva@o + - lunl g ) < o0
k=1 k=1
By the compactness, we know that
we(z, T*) € HY(2), Vuy, € L>#=D7(Q) for any p € (n,n + 2).

Now, we use U(z, T*) as an initial value and consider the system (2.1)—(2.6) for ¢ > T*. Then the local
existence result implies that there exists a small ¢y > 0 such that the problem (2.1)—(2.6) has a unique weak
solution in the interval [T*,T* 4 to). Consequently, we obtain a weak solution to the system (2.1)—(2.6) in
the interval [0,T* + to). This is a contradiction with the definition of 7%, therefore we have T* =T. O

Next, we prove Corollary 2.1. Assume that there exists a constant Ay > 0 such that
dy(z,t,8) — bs(x,t,8) > Ao > 0,dy(z,t,8) — gas(x,t,8) > Ao, (x,t,8) € Q x [0,00).

With the above assumption, we take the integration over §2 for Eq. (2.1)-(2.3) to obtain

d
pn (u1 + us + uz)dz + min{dy, /\o}/ (uy + ug + uz)de < / b(x,t,0)dx.
tJo Q Q

Then it is easy to see

sup/ (u1 + ug + uz)de < C.
>0 J0

Now we derive a uniform estimate in L?(Q). By using the energy estimate for Eq. (2.1), we can see that

d
— [ uldx +/ |V, |*de < C’[/ b(x,t,0)%dx + C'/ uida.)
dat Jo Q Q Q
For v(z,t) := uy(z,t) + ua(z,t), we can derive from Eq. (3.1)—(3.3) that
d
= 2de +/ |Vl*dz < c/ V| da + c/ [b(z,t,0)% 4+ u? + ul]dzx
dt Jo Q Q Q
< C’[/ (b(z,t,0) + u? + u3)dx],
2

where we have used the estimate of u; at the second estimate.
Again, we can use the energy estimate for Eq. (2.3) to obtain

d
o u%dm—i—/ |Vu3|2dw§0/ uidz.
2 2 2

But we know from the Gagliardo-Nirenberg estimate for p = ¢ = 2,5 =1,0 = -*5 and ¢ > 0,

/ W2d ga/ VulPdz + C()ull 11 ),
2 2

then using the uniform boundedness of L!(§2)-norms of uy, us,u3, we get for sufficiently small &,

t
sup/[uf—l—u%—l—u%}dx—l—/ /[|Vu1|2+\VU2|2+|Vu3\2dx]
>0.J0 0o Jo

t
<y +02/ / b(x,t,0)%dzdt < Cs.
0 2

12
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Next we use the iteration method again as in the proof of Theorem 2.1. From Eq. (3.2) for v and ug, we

deduce, respectively,
[Voll2, < €+ Cllua iz, + Cllus|lz,p.

and
Vus|lz,, < C+ Cllual|2 .-

For uy, we see by noting that g; > 0,
Ut — V[al(x,t)Vul] S [bo(l’,t) - dl]ul + aus.
As u; > 0in @, we can follow the same argument as in [43] to obtain for pu € (n — 2, n),

Vsl

20 < C 4 Clllullz,n + [lusll2,p.]-
As uy,v,u3 are uniformly bounded in L?(Q), the interpolation for v and ug with p = 0 yields that
lvll2,2 + |lusll2,2 < C.
Hence, we can obtain the L?#(Q)-estimate for Vu; with pu = 2:

[Vuillz2 < C + Cl[Jur|2,2 + [[usz]

2,2]7

which is uniformly bounded.
We can now go back to the equations for v and uz with g = 2 to obtain

[vll2,4 + [usllz,a < Cllluallz,e + lluzll2,2 + [[usll2,2]-

By continuing the above iteration process, after a finite number of steps, we obtain for a = 0= that

+ sl e g

a <
10l o % g Gr) =

Consequently, we get
wil| oo () < Cyi=1,2,3.
Once we know that ug is uniformly bounded, then from Eq. (2.4), we can apply the maximum principle

to obtain
sup [|ual|poe 2y < C.
>0

With the a priori bound for each u;, we can extend the weak solution in Q7 to Q. O

4. Linear stability analysis

In this section, we will analyze the stability of solutions to the model system (2.1)—(2.6). To illustrate the
main ideas, we assume that the two nonlinear growth functions b and g5 depend only on x and s, and focus
only on the following model cases:

s U U4 S
= 1 _ — = _ = 1 — —).
b(,t,s) = bo(w)s( ko )y g1 = Prurug + B2 ks %2 go(z)s( ks)

Moreover, we assume that all parameters o, 7, 81, B2, d;, k; are positive constants. The general case can be
carried out similarly as long as the functions are differentiable.
To study the stability, we need only to consider the steady-state problem in (2:

=V - [a1(2)Vu] = b(z,u1) — g1(x, uy, ug, uq) — dyug + oug, (4.1)
13
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—V - [az2(2)Vua] = g1 (2, ur, uz,us) — (dz + 7)uz, (4.2)
=V - [ag(x)Vus] = yus — (ds + o)us,
-V [a4(a:)Vu4] = §UQ + gg(l‘,U4) — d4U4

subject to the boundary conditions
Oyui(z) =0, dyua(z) =0, dyuz(z) =0, yus(z) =0, Ve dfl. (4.5)

Again, we write U(z) = (u1(x), uz(x), us(x), us(x)). It is clear to see directly from the above model system
that there is a trivial solution U(z) = (0,0,0,0) if b(z,0) = g1 (x,0) = g2(x,0) = 0. But we are interested in
nontrivial solutions, so we shall make the following assumptions:

H(4.1). (a) 0 < ag < a;(x) < Ag on §2;
(b) bo(z) > by > 0 and go(x) > g1 > 0, and both are bounded.

Lemma 4.1. Under the assumptions H(4.1), the elliptic system (4.1)—(4.5) has at least one nonnegative weak
solution U € WH2(0). Moreover, the weak solution is Hélder continuous in 2 for any space dimension.

Proof. Since the argument is very similar to the case for a parabolic system, we only sketch the proof.
The key step is to derive an a priori estimate in Holder space. As a first step, we know that a solution of
(4.1)—(4.5) must be nonnegative since every right-hand side of (4.1) to (4.4) is quasi-positive. Next we can

use the same argument as for the parabolic case to derive L!-estimate for u;(z) > 0,i = 1,2,3,4 on 2.
Indeed, by direct integration we have

1
/ [d2u2 + d3U3]dI + 7/ bo($)’d%dl‘ = / (bo — dl)uldaj.
0 k1 Ja 0
Then an application of the Cauchy—Schwarz’s inequality yields
/ [u% + doug + d3U3]d$ <C.
Q
On the other hand, we obtain from Eq. (4.1) that

g uidm < 5/ usdx + go/ (g0 — dg)ugdz < C + C/ ugdx,
7] o) o)

ks Je
2
/ uzdr < C,
2

Next step is to derive the L?(§2)-estimate for uy and ug. The idea is very much similar to the case for a

which implies

where C' depends only on known data.

parabolic system. The energy estimate for Eq. (4.1) yields that, for any € > 0,

/ |Vu1|2da:+/ ui’dng(s)—l—s/ u3de.
2 2 2

It is easy to see that, by adding up Eq. (4.1) and Eq. (4.2), v(z) := u1(z) + ua(z) satisfies that
—Vl]az(x2)Vv] = V(a1 (z) — az(x))Vui] + b(x,u1) — dyug — (do + y)us + ous.

Then we can get by the energy estimate that

/ |Vv|2dac+/ vzdeC(e)—l—Qe/ u3d.
Q Q

2
14
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From Eq. (4.3) we have by using Cauchy—Schwarz’s inequality that
ao/ |Vus|*dz + (ds —I—U)/ uidr
Q Q

d3+‘7/ 2 v / 2
< usugdr < usdr + ———— | wusdz,
_’Y/Q 2R = 2 ° 20ds+0) Jo °

/ |Vu;>,|2d$c+/ ugdeC/ uidz
7} 7} 7}

Now we can combine the above estimates for u;,v and w3 and choose € sufficiently small to conclude

4 4
S IVuill 2oy + Z/ Ww2dz < C. (4.6)
i=1 i=17%

To derive a further a priori estimate, we use the Campanato estimate for elliptic equations [44]) to obtain
that u; € C*(£2) and

which implies

4
Z [will gy < C
i=1

With the above a priori estimates, we can use the Schauder’s fixed-point theorem [47] to obtain the exis-
tence of a weak solution for the system (4.1)—(4.5) and the weak solution is in the space W12(2) (N C*(R2).
We skip this step here. [

Remark 4.1. The uniqueness is not expected in general since one can see that there are many nontrivial
constant solutions when by (x, s), g1, g2 have the special forms as stated in the Introduction.

Next, we shall consider the steady-state solutions to the system (4.1)—(4.5). Let Z*(x) = (ui(z), u3(z),
ui(x),u;(z)) be such a steady-state solution. For £ > 0, we consider a small perturbation near Z*(x) and
set

Z(x,t) = Z* () + eZ1(x, 1), (z,t) € Q,

where Z; = (Uy, Uz, Us, Uy), with U; = u; — uf(x) for i =1,2,3,4.
A direct calculation shows that Z; satisfies the following linear system:

Uiy —V [G1VU1] = F1(Z1), (€E7t) c Q, (47)
Usy — V [CLQVUQ] = Fg(Zl), (JL‘,t) S Q, (48)
Us; — V [G3VU3] = F3(Z1), (.%‘,t) c Q, (49)
U4t \Y% [CL4VU4} = F4(Zl), (I’,t) S Q, (410)
subject to the initial and boundary conditions:
Z1(x,0) = Z1(x,0), x € (2, (4.11)
V., Z(x,t) =0, (z,t) € 002 x (0,00), (4.12)

where the right-hand sides of the system (4.6)—(4.9) are given by

Fi(Z1) = [bs(x,uy) = frus — Boha(uf) — di]Ur — BruiUs + oUs — (Bauihiu})Us,
Fy(Z1) = (Brus + Baha (u30))Un + [Biu] — (d2 +7)]Us + Bauihy (u})Us,

F3(Z,) = 2*(d3+U)U3,

Fy(Zy) = EUs — hag(x, uy)Usy.

15
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Theorem 4.1. Under the assumptions H(4.1), the steady-state solution Z*(x) to the system (4.1)—(4.5) is
asymptotically stable if the following conditions hold:

di — By >0, dy — Gy >0,
and By is suitably small, where By and Gg are given by

By = max|b (z,ul)], Go :mgx\hgs(m,uj;)\.
e

Proof. For any positive integer k, we multiply Eq. (4.1) by UF and integrate over {2 to obtain

1 d 4]6(10 21
k+ldt (k + /'VU1 | dz

+ / dy +ﬁlu; - Bahy (u3) — s, |US i < |71,
(93

Uf“d +

where J is given by

J= —ﬂl/ u*{Uszdera/ Ugdex—BQ/ wihh (U U de = J) + Jy + Js.
2 2 2

Let Uy = maxg uj(x), then we can use the Young’s inequality to readily get

k &
< +1
| 1] < ﬁon/ [k: 10 + i+ 1)

k k+1 1 k+1
< —U + d
|J2_U/Q[k’ U G 1)U x,

koo 1
< +1 k41 )
|J3\_62U0Go/ [k+1U +(k+1)U }dm

Ué”l] dzx,

Using these estimates, we easily see for sufficiently small o, 51, 82 that

1 d - 4dkag / ki 2
g dp + 240 T4
k—|—1dt/QU1 x+(k+1)2 Q|VU1 | T
T lds + B + Bl (u3) — b (e, ) / Uy

0

< C
~(k+1)

/ (U5t + Uyt + Uyt de
2

for a constant C' independent of k.
We can apply the same argument above for Us, Us, Uy from Eq. (4.2), Eq. (4.3) and Eq. (4.4), respectively,
to obtain (with constant C' independent k)

1 d k 4kag kt1 2
- ¢ U+1d / U de + (d _BU /Uk+1d
k+1dt 2 x+(k+1)2 QW o * | de+ (da +~ = B1lo) Uatde
k+1 UkJrl
S >/[  da
1 d 4k +1
Tdf k+1 ao |VU32 | dx+(d3+a)/ Uf"'ldx

k+1
S NCES) / Ua " dz

16
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1 d
k+1dt /,

c k1
< — .
- (Ichl)/QU2 du

We now study the quantity

4]@‘&0

k+1
U4 dl"" m

kt1 2
/ VU, ? | d:c+(d4—G0)/ Ukl dy
2 2

Y(t) = / [UFH + UGt + U + Uy da.
Q
Noting from Assumption H(4.1) that there exists a small number, denoted by Sy, such that

di — By > Bo, do+7v—p51Uo > Bo, dz+o> Py, da—Go > Po,

we can add up the above estimates for Uik‘H to derive for sufficiently large k that

L

This readily implies
Y(t) <Ck+1)Y(0).
Taking the kth-root on both sides, we obtain as k — oo that

4
Z sup |Ui|LOO(Q)Ss?zp|Zl<x’O)|Loo(Q)'

=1 0<t<oo

This implies that the solution Z;(x,t) is asymptotically stable near the steady-state solution Z*(z). O

5. Further stability analysis

In this section we investigate the stability of constant steady-state solutions corresponding to the system
(1.1)=(1.4). To illustrate the method and physical meaning, we further assume that the diffusion coefficients
and the death rate are constants:

H(5.1). (a) Let a; and d; be positive constants, and

ag = min{ay, asz,az,as}, do =min{dy,ds,ds,ds}.

(b) The functions b, hy and hsy are of the following forms for two constants by and gp:

S

S
b(I,t,S) = boS(l - 7)7 hl(s) = 8+K27

K,

ha(s) = gos(1 — ——).

Under the above setting, the steady-state system (4.1)—(4.4) reduces to

-V [al(x)Vul] = b(x,ul) - /81U1UQ — ﬁgul . hl(U4) - d1u1 + aus, (51)
=V - [az(2)Vua] = Brurus + Bour - ha(ua) — (d2 + 7)uz, (5.2)
=V - [az(2)Vus] = yuz — (d3 + o)us, (5.3)
=V - [ay(2)Vua] = Eua + ho(z, ua) — daus (5.4)
subject to the boundary condition
Oyur(x) =0, yuz(z) =0, dyus(x) =0, dyus(x) =0, Ve of. (5.5)

17
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We can easily derive from (5.1) to (5.4) that

b
(dl—bo)/ uldx—l—dg/ ugdx—i—dg/ ugdx—i——o/ uldr = 0.
Q Q Q K1 Jq

(d4—go)/ U4d$+970/ uidng/ usdx,
o Ky Jq 2

from which we readily see that there exists one trivial solution, i.e., u1 = us = uz = uqg = 0 if by < d; and
go < ds.
On the other hand, we can also see that there are two sets of steady-state solutions. The first set of

constant solutions requires by > dy and gg > dy:

_ _ _ (Ki(bo — d1) ) _ K3(go — da)
Zl_(070a070)7 ZQ_ (T707070)7 Z3_ (070707T)
The other set of constant solutions is given as follows:
Zi=4(S,I,RB):R=—L T
) ) ) d3 + o )
where S, I and B are the solutions of the following nonlinear system:
bo oo v
— 5% —(bp —d1)S d — I1=0 5.6
il (bo 1)+(2+7 Bt o : (5.6)
90 B2 — (go— da) B — €1 =0, (5.7)
K>
I
S = M (5.8)
pil + B2h1(B)

Lemma 5.1. The nonlinear system (5.5)—(5.7) has one nontrivial constant solution if and only if by >

di,g>dy.

Proof. We first derive a necessary condition which will ensure the existence of a nontrivial constant solution.
Note that

v
=d — 0
o 2+ &t o >0,
we express Eq. (5.6) as a function of S for I:
1[bo o
I=—|—/785"—(bp—d1)S
Q |:K1 ( 0 1) :|
1l g _t—dip Ki(bo — dv)?
« K1 2b0 4b0 ’

which is a parabola with the vertex s* = bozz(;h > 0 as long as by > d;. Hence,

Ky(bg —d
[>0es0<s< Balbo=d)
bo
On the other hand, we can see from Eq. (5.7) that
__(de ) d2+’7[1 _ Bu(B)
B11 + B2hi(B) B1 Bl + Bahi(B)™
If we consider S as a function of I, i.e., S = S(I), we get
da +

S(0)=0,5(I)>0,5"(I) <0,5(x) = 5

18
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Consequently, there exists a unique intersection for two curves in IS-plane from Eq. (5.6) and Eq. (5.7)
if and only if
bo > d;.

Moreover, the intersection point is unique since S = S(I) is a monotone function. Once I is found, we can

easily obtain exactly a positive constant solution B from Eq. (5.6) as long as go > d4. O

Proof of Theorem 2.2. Let A be the diagonal matrix formed by the diffusion coefficients a;. We can
calculate the Jacobian matrix for the nonlinear reaction terms from system (2.1)—(2.4):

i (§),
g x4

For Z, = (0,0,0,0), it is easy to see the 4 x 4 matrix:

bo - dl 0 g 0
0 —(d2 +7) 0 0
By (Z1) =
1(2) 0 v —lds+o) 0
0 ¢ 0 go — dy
Let 0 < Ay < X2 < --- be the eigenvalue of the Laplacian operator subject to the homogeneous Neumann

boundary condition.
It is easy to calculate the eigenvalues of A;(Z1) = B1(Z1) — A\ A:

p1j = bo —di — Njay, paj = —(dz2 +v) — Njag, u3; = —(ds + o) — Ajas, paj = go — da — Ajas.

Since A; = 0 is the first eigenvalue of the Laplacian and by > dy and gg > dy, it follows that Z; = (0,0,0,0)
is unstable unless by < dy, gg < dy.

Since A; > 0, the eigenvalues indicate that the stability of Z; is not affected by the diffusion processes.
This is clear since the birth rate is greater than the death rate. The population must be positive for a long
time.

For Zy = (%0““),070, 0), we can see the 4 x 4 matrix:

—(bo — dy) 7K151§f;0*d1) o 7521(;0(1;?;%)
Bl(Zg) _ 0 51K1§)l;0*d1) _ (d2 + ’Y) 0 ﬁQK;()(?;dl)
0 v —(ds + o) 0
0 ¢ 0 go — dy

Then we consider

and see its characteristic polynomial, denoted by P(u), is equal to

P(u) = (bo —di — Ajar — p)(ds + o + Ajaz + )
{ [1* = [(go — da — Njaa)] + mo — (da + v + Ajaz)p]
m
+ [mo — (d2 + v + )\jag)][go — d4 — )\ja4] — 5[(720 },

where
_ BaKi(bo — dy)
my = ——————~.
bo

We obtain the eigenvalues

p1 = —(bo —dy) — Aja,
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po = —(ds + o+ \jas),

My + /MZ — 4M,
- ; ,
My — /M2 =4},

2 )

pa =
where

My = mo — (do + v+ Njaz) + (go — da — Ajaa);
Emy
K>
It follows that Zs is locally stable if M7 < 0 and Ms > 0 and Z5 is unstable for either M7 > 0 or My < 0 or
M# — 4Ms5 > 0 when My > 0. On the other hand, we know

My = [mo — (d2 + 7 + Ajaz)][go — (da + Ajas)] —

Aj —+ 00 as j — oo,

and M? — 4M, > 0. Consequently, we conclude that Z5 is an unstable steady-state solution.
Now we calculate A;(Z3):
Aj(Zg) = Bl(Zg) — )\]A

For Z5 = (0,0,0, W), we can see the 4 x 4 matrix:

(bo — dy) 0 o 0
B2(go—ds)
Bl(Z3) = (290_d4) (d2 + 7) 0 O
0 gl —(d3z +0) 0
0 § 0 —(g0 — d4)

We know the characteristic polynomial for the matrix A;(Z3) = DF(Z3) — plyxa is equal to
P(p) = [A;(Zs)] = =[(g0 — da + Ajas) + p] Po(n),

where

ovBa2(go — d4)'

Po(i) = [(bo = du = Njas + ) (ds 0+ Njas + ) (da 7+ Njaz + )] + =12

Hence, the first eigenvalue is equal to
= —(go — d1 + Ajaa),

To see the rest of eigenvalues of P(u), we use a lemma from Yin-Chen-Wang [46]. O

Lemma 5.2. Let p > 0, ¢ and h be constants, and
Po(p) = pi* +pp® + qu+h = 0.

Then it holds that
(a) If h < 0, there exists a positive root;
(b) If 0 < h < pq, all roots have negative real parts;
(c) If pq < h, there is a root with positive real part;
(d) If pqg = h, the roots are p1 = —p, o = /—q, s = —/—q.
Let
Po(p) = 1 + pp® + qu + h,
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with its coefficients given by
p= (d2 +’Y+ )\jag) + (d3 + o+ )\jag) — (bo — dl — )\jal);
q = (do +v+Naz)(ds + 0+ Ajag) — (bo — di — Njar)[(d2 + v + Njaz) + (ds + 0 + Ajas)];
o —d
h = (di + Ajai — bo)(d2 + v+ Ajaz)(ds + 0 + Ajaz) — M~

2g0 — d4

Since A1 = 0 is one of the eigenvalues and di — by < 0,99 — dg > 0, we see h < 0 from the expression of
h, so Z3 is unstable.

Finally, we study the stability of Z4. Since vy always has positive solutions as long as usg is positive, it does
not affect the stability of other variables. We only need to focus on the stability of (u1,us,us). Furthermore,
since \1 = 0 is the first eigenvalue, the rest of eigenvalues have the same sign with d; which increases the
stability of the solution. Therefore, we only need to find the conditions for the stability when A1 = 0.

It is easy to calculate the Jacobian matrix

—Lg —B150 o
BY = | pilo+ p2h(By) —(d2+7) 0
0 Y —(d3 + 0')
where 900

Lo=(dy —bo) +

- + B1lo + B2h1(Bo).

The characteristic polynomial of BY is equal to
P(p) = 1 + pou® + qop + ho = 0.
where the three coefficients pg, qo and hy are given by

po = Lo+ (d2 +7) + (d3 + o) + Lo,
qo = (ds +0)(Lo+ da+ ) + Lo(da + ) + B150(B11o + B2h1(Bo)),
ho = (d3 + o)[Lo(d2 + ) + B1.S0(B11o + B2hi(Bo))] — oy(B1lo + B2hi(Bo)).

By Lemma 5.2, we can see the stability or instability of the steady-state solution precisely when parameters
vary. In particular, when Ly > 0, if 0,7, 51 and B2 are sufficiently small, we see the condition 0 < hy <
pogo holds. Consequently, the steady-state solution (So, Iy, Ro) is stable. This result confirms the result of
Theorem 2.2 about the stability analysis of the steady-state solutions. [

6. Conclusion

In this paper we have studied a nonlinear mathematical model for an epidemic caused by cholera without
life-time immunity. The diffusion coefficients are different for each species. Moreover, these coefficients are
allowed to be dependent upon the concentration as well as the space location and time. The resulting
model system is strongly coupled. We established the global well-posedness for the coupled reaction—diffusion
system under some very mild conditions on the given data. Moreover, we have analyzed the linear stability
for the steady-state solutions and proved that there is a turing phenomenon when the diffusion coefficients
are different. This result indicates that there are some fundamental differences between the ODE model and
the corresponding PDE model. These results show that the mathematical model is well-defined and can be
used by other researchers to conduct the field study. The theoretical results obtained in this paper lays a
solid foundation for other scientists in related fields to further study more constructive qualitative properties
of the solutions, and also provide scientists a deeper understanding of the dynamics of the interaction
between bacteria and susceptible, infected and recovered species. We have used several fundamental ideas
and techniques from the theories of elliptic and parabolic equations, particularly, the energy method and
various Sobolev’s inequalities. There are some open questions that remain to be understood, and further
studies are needed.
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