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Abstract

This article is devoted to the construction of a family of universal extension operators for the Sobolev
spaces Hk(d, 2, Al) of differential forms of degree / (0 </ < d) in a Lipschitz domain 2 C R4 (deN,
d > 2) for any k € Nj. It generalizes the construction of the first universal extension operator for standard
Sobolev spaces H k), ke Ny, on Lipschitz domains, introduced by Stein [E.M. Stein, Singular Integrals
and Differentiability Properties of Functions, Princeton University Press, NJ, 1970, Theorem 5, p. 181]. We
adapt Stein’s idea in the form of integral averaging over the pullback of a parametrized reflection mapping.
The new theory covers extension operators for H k (curl; £2) and H k (div; £2) in R3 as special cases for
[ =1, 2, respectively. Of considerable mathematical interest in its own right, the new theoretical results
have many important applications: we elaborate existence proofs for generalized regular decompositions.
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1. Introduction

For a bounded Lipschitz domain £2 C R4 (d € Ng, d > 2), Stein [27, Theorem 5, p. 181]
constructed a celebrated extension mapping

E:C®(R2) > C®(RY),  Su(x) =u(x) Vx € 2,
which fulfills that for any m € Ny, 1 < p < oo,
IC=C(m, p,2)>0: |[Eullympga) < Cllullwmr2) Yu € C®(02). (1.1)

Thus, it can be naturally extended to a continuous extension operator for any classical Sobolev
space W™ P(£2), m € No, 1 < p < oo. Thanks to its “one formula fits all (Sobolev spaces)” prop-
erty, the operator & is called a universal extension operator. This makes it exceptional, because
other designs of extension operators for Sobolev spaces by, for instance, the successive reflection
method [15,30,26], or the singular integral method [7], rely on different formulas for different
orders m and may hinge on smoothness of the boundary. It goes without saying that universality
renders & a valuable tool in the theory of Sobolev spaces and their applications.

Beyond the classical articles, there are a few existing studies on extensions of general function
spaces in Lipschitz domains. Let us mention, e.g., [29], where a novel extension operator was
proposed to cover the most general cases, like Hardy, Sobolev, Besov, Triebel-Lizorkin spaces,
etc. Extension results can find wide applications to such as interpolation spaces and regularity
estimates in PDEs, see, e.g., [19,21].

The main purpose of this paper is to construct a new family of universal extension operators
for Sobolev spaces H k(d .02, Al ) of differential forms, for /, k € Ny, and 0 </ < d in Lipschitz
domains £2 C R?, see Section 2 for the precise definition. To keep our presentation succinct,
we study only Hilbert spaces, that is, the case p = 2. We would like to point out that Sobolev
spaces of differential forms are fundamental to the theoretical analysis of, e.g., electromagnetic
phenomena governed by Maxwell’s equation [3,16,20,22], the Navier—Stokes equation [14], and
interpolation theory [19].

The paper is arranged as follows. We first present some notations and basic auxiliary tools
in Section 2. In Section 3, we briefly recall Stein’s approach, i.e., an integral averaging method
based on local parametrized reflection mappings and then present our construction. Guided by
the commuting relationship of the pullback and the exterior derivative of differential forms, the
gist of our construction is to apply Stein’s integral averaging to the pullback operators induced
by the reflection mappings. This offers a natural generalization of Stein’s formula to differential
forms, see formula (3.9). With some technical effort, Stein’s original analysis can be adapted,
which is also done in Section 3 of this article, see Lemma 3.4 and Theorems 3.5, 3.6. From the
perspective of vector fields, we demonstrate the explicit construction of those extension operators
in terms of Euclidean vector proxies in R in Section 4. We point out that universal extension
operators for the Sobolev spaces H k(curl; £2) and H*(div; £2) of vector fields in R3 are covered
by our universal extension theorem as special cases for [ = 1, 2, respectively. These new theo-
retical results are not only of mathematical interest in their own right, but also have important
applications. We elaborate existence proofs for generalized regular decompositions in Section 5.
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Q= {X.y) |y = ¢(X)}
X —

Fig. 1. Sketch of a Lipschitz epigraph.

2. Notation and preliminaries

Throughout the paper, R? stands for the classical Euclidean space (d € N, d > 2), equipped
with the canonical orthonormal bases ¢;’s, 1 < j <d, and norm [x]| :=, /)c]2 + 4 xdz, if x=

(X1, ...,x4)" € R?. The canonical orthonormal basis of R¢ corresponds to a dual basis of (RY)*,
ie.,dxy,dx;, ..., dxg withdx;(ej) = 1if i = j and zero otherwise.

Recall that a function f : D — R, D € R4~ ! is called Lipschitz if there exists a finite constant
C > 0 such that

|f(X)—f(Y)|<C|x—y| vx,y e D.

A Lipschitz epigraph 2 C R? is defined as a domain lying above the graph of a Lipschitz
function ¢ : R~ > R, ie., 2 = {(X, xg) | ¢(X) < x4} with X = (x1,...,x4—1). See [27] and
Fig. 1 for illustration.

A bounded Lipschitz domain £2 c R¢ is a bounded domain whose boundary 8£2 can be
covered by a finite number of open balls B;, 1 <i < m, so that, possibly after a proper rigid
motion, d§2 N B; is part of the graph of a Lipschitz function, above which 2 N B; lies, for all i’s,

Next, we introduce differential forms and associated Sobolev spaces. We will adopt some
standard notations, and refer to [3,5,8,9,12,13,16,18,23,25] for more details. For / € Ny and
0 <1 <d, we denote by Al the vector space of real-valued (or complex-valued), alternating,
I-multilinear maps on RY. In particular, A° and A! can be identified with R and R¢, respec-
tively. Given w € Al and n € A, the exterior product w A n € A!** is defined by?

(@Amr, ..., v4k) = Z sgN(@) @ (Vg (1) - -+ Vo (1)) Wo (141)5 - - - » Vo (1+k))
o

for any vy, ..., vi4x € R? where sgn(o) indicates the signature of o and the sum is taken over all
the permutations o of {1,...,/ +k}suchthato (1) <---<o()ando(l+1) <--- <o ( +k).

2 We adopt the convention that Roman letters denote scalar functions, and their associated spaces etc., while bold letters
represent vector-valued functions, and their associated spaces etc. In particular, bold Greek letters @, n, v and p, etc. are
reserved for differential forms, except that £ stands for the independent variable in the frequency domain R4,



R. Hiptmair et al. / Journal of Functional Analysis 263 (2012) 364-382 367

Given a vector a = (a1, aa, . .., ag)! and a basis [-form (I > 1) @ = dxj ndxj, N---Ndxj,
with j1 < jo <--- < ji, the interior product a1 € A= and is defined by

mw:Z(—l)k*lajkdle /\---Adx]‘k A-~-/\dle EAIi],

where " indicates that - is dropped.

For simplicity, we will frequently use the increasing /-permutation I = (iy, ..., i;), with 1 <
i1 <---<i; <d, and denote dx; =dx;, A --- Adx;,. ¥ always means the summation over all
the increasing /-permutations /. Therefore A’ can be viewed as a vector space of dimension (‘11)
with bases {dx;} for all increasing /-permutations /.

For a bounded Lipschitz domain £2 € R¢, spaces of differential forms are equivalent to those
in the componentwise sense. We use standard function spaces C” (2), C®(2), Cgo (£2), L*(£2)
and H%(£2), s € Rar (see [1] for more details).

A differential form w of degree /, / € Ny, and class C™, m € Ny, in £2 is an /-form valued
mapping

w:leldXI:erCRdr—Mu(x)eAl,

where all the components @;(x) € C™(£2). Hence we write @ € DFL™($2). In an analogous
way, we can define DFL®(R2) if all w;(x) € C®°(£2), and D}'g’oo(.s?) if all w;(x) € C3°(£2).
Note that the exterior and interior products can be extended as pointwise operations to differential
forms on domains in R?.

Likewise, H*(Q2; A!) (s € Rg ) denotes the space consisting of all differential forms with
each component in H*(£2), which can be viewed as the Hilbert space obtained by means of the
completion of DF 1,00 (2) with respect to the norm

el 55 . 11 Z lor 13 o)

In particulz’lf we use L2(£2; A!) instead of HO(2; A).
If 7 1 2+ £2,isa giffeomorphism between two manifolds in R, then the pullback 77* :
DFL®(2) > DFL®(R2) is given by

((ﬁ*w) (ﬁ))(vl, V) = (w(ﬂ(f()))(Dﬂ(f()vl, e Dy(f()vl),
where vy, ..., v; € R? and the linear map D.7 (X) : R? > R? is the derivative (Jacobian) of .7
at X.

For a differential /-form w = ) ; w;dx; € DF 1.20(2), its exterior derivative dw is defined
by

do _ZZ—dx, Adx; e DFIH1(R), @.1)

andifl >d, weletdw =0.
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We recall the fact that the pullback commutes with the exterior derivative, i.e.,
T*dw)=d(T*w), VYo eDF"* () 2.2)
and with the wedge product
T* @A) =T oA Ty, YeeDF-®(R2), ne DFF* (). (2.3)
The crucial Hilbert spaces of differential forms are
H'(d, 2, A'):=|wec H (2 A) |do e H (2 A1)}, seR{,
with the natural graph norms

V= el @ + 1ol

”w”%{S(d’_Q’AI (_Q’AHI)-
Specifically, we simply put H(d, £2, A') when s = 0.
Moreover, we define some important subspaces of H(d, R4, A! ) and H k(d .02, A ), keN,

respectively:

H(dO,R?, A"):={we H(d.R!, A') | dw =0},
Hg(d, 2, Al) := the closure of D}'SOO(Q) in the space Hk(d, 2, Al).

In the sequel, we denote by ¢ and C generic positive constants which may depend on the do-
main £2, space dimension d, the degree of differential forms / and the order of differentiability &,
but independent of the differential forms involved.

3. Universal extension of differential forms

In this section, we present in detail our construction of the universal extension operators for
Sobolev spaces of differential forms. After briefly recalling essential ingredients of Stein’s ap-
proach for constructing the universal extension operator for standard Sobolev spaces H*(£2)
(k € No) (cf. [27, Chap. VI]), we first show the extension for the case of a Lipschitz epigraph
with most key ingredients, and then generalize to bounded Lipschitz domains by the partition of
unity.

3.1. Some technical lemmas

For a closed domain 2, let §(x) := dist(x; £2) denote the distance of x € R? from §2. The
function § (x) vanishes in 2, and, in general, will only be Lipschitz continuous, as |§(x) —8(y)| <
|x —y| for x,y € Q°, the complement of £2. The next lemma introduces a regularized distance
with enhanced smoothness as a replacement for §(x).

Lemma 3.1 (Regularized distance). (See [27, Theorem 2, p. 171].) For a closed domain 2 eRY,
there exists a regularized distance function A(X) = A(X, §2) such that for x € §2°¢
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D). cd(x) <ARX) <Cé(x); ‘
ii). A(x) is C®-smooth in 2 and | Lz A(X)| < Co (8(x))' 71,

where ¢ and C are positive constants independent of 2 and C,, depends on the multi-index o3

The following two technical lemmas are key tools to construct universal extension operators.
The first lemma introduces a suitable weighting function, in terms of which the weighted aver-
aging integral for the construction of extension operators will be defined.

Lemma 3.2 (Weighting function). (See [27, Lemma 1, p. 182].) The weighting function®
1
e :=%Im<exp<§«/§(—l+i)(k— 1)1/4>> 3.1)
b4

is defined in [1, 00), and satisfies the decay property
Yy(A)=0(r"") ask— o0, VneN, (3.2)

and all its higher moments vanish

oo

& )1, fork=0,
/k w()\)dk—{o’ forkeN. (3.3)

1

Now we consider the special case that §2 is a Lipschitz epigraph with its boundary defined
by a Lipschitz function ¢ : R~ - R, see Fig. 1. We split position vectors according to x =
(X, y) € R4, where x € R and y € R.

Lemma 3.3 (Existence of smoothed distance function). (See [27, Lemma 2, p. 182].) For a Lip-
schitz epigraph $2, let A(X) be the regularized distance given in Lemma 3.1. Then there exists a
constant Cs = Cs(¢) > 0 such that for x = (X, y) € 2¢,

CsA(X) 2 p(X) — y. (3.4)

We define a scaled smoothed distance §*(x) := 2CsA(x) with smoothness inherited from
A(x). From (3.4) it is immediate to see that

§*(x) = 2(p (%) — y). (3.5)
3 a‘% stands for % with « = (¢, ..., «g) being a multi-index, «; > 0 for 1 <i <d, and |o|] = o1 +
X1y
s tag.

4 Imin (3.1) means taking the imaginary part.
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ZA(x) = (X,y + 26" (X))

Q

0Q ={(X,y) |y = ¢(X)}
X x = (X,y)

Q

Fig. 2. Parametrized reflection mapping.

3.2. Extension formula for epigraphs
The classical Stein extension formula [27] for compactly supported smooth functions f on
a Lipschitz epigraph £2 reads
oo
Ef)(x) = / F(& y+18* X))y (1) dA. (3.6)
1
To generalize this formula, let us first define a parametrized reflection mapping (see Fig. 2) for
x=(X,y) € 2°eRY,
X5 (X) = (f(, y+ AB*(X)) =X+ A" X)ey. (3.7)
Note that for points x = (X, y) € 2 we have, using the fact that §*(x) =0,
. (x) = (X, y +0) =x.

In other words, %, reduces to the identity operator in 2. However, for x = (X,y) € 0° with
y < ¢ (X), due to (3.5) and the fact that A > 1, we see that

YHM* X Zy+2(0R) —y) 2R + (¢(X) — y) > ¢(X).

Thus, the parametrized reflection mapping %, always maps x € £2€ into £2 for any A € [1, c0).
It is straightforward to calculate the Jacobian of the parametrized reflection mapping

Id;_q 0
D = * .
%% (A gradg 5" (x)7 1+ 2% ) ’ 38
where grad, §*(x) = (36*(x)/dx1, ..., 38*(x)/dx4—1)" and O represents a column vector with
(d — 1) zeros.

The function f in (3.6) can be regarded as a vector proxy of a compactly supported 0-form w
on §2. From this perspective, X > f (X, y + A8*(x)) turns out to be the vector proxy of the

5 Itis understood in the sequel as functions or differential forms compactly supported in R? with restriction on £2.



R. Hiptmair et al. / Journal of Functional Analysis 263 (2012) 364-382 371

pullback 5 f. This immediately suggests the following generalization of (3.6) to a universal
extension operator for smooth compactly supported /-forms on £2:

w(X), Xe2;
Ew)(X) := — 3.9
(i) (x) {flw(%;w)(x)l//(x)dx, x € 2¢. (39)
For the remainder of this section we fix an increasing /-permutation I = (i1, ..., ;) with

1 <iy <--- <i; <d.For a compactly supported differential /-form w € DF>>°(2) we have

e ¢]

(&)1 (x) == (G@)(X) (€, - -, €)) = /(%i‘w)(X)(eil, seip)Y(d)da

1

/ %A(X) D%)L(X)e,‘l,...,D%A(X)eil)lp()») da.
1

From (3.8) we infer

3™ (x)

(DZ).(x))ei, = e, + A el for 1 <k<lI, (3.10)
Xiy
which yields
1
(G0 (x) = /&) + > (=D, ), (3.11)
k=1
where we have used the abbreviations
o
AX) = f(w[(%A(X)))I//(A) da, (3.12)
1
~ 38 (x) .
Ji(x) == P /(w,viu{d}(%(x)))w(,\) di, i=12,....d, (3.13)
1

and by I,k U {d} we designate the increasing /-permutation 1 <ij; <--- < ix < <ij <d with
ix dropped and d included. For i; = d, we have a simpler representatlon, viz.,

(E1w) 1 (x) = R(X) + Ja(X). (3.14)

For dw, using the commuting diagram property of exterior derivative and the parametrized re-
flection mapping %, used in &}, we derive

d(&w)(x) = / d(Z;@)(X) ¥ (1) dA = / Z (dw)(x)¥ (L) dA, (3.15)
1 1
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which implies
dodj=4&410d. (3.16)
Before we proceed, we have to verify that & provides well-defined differential /-forms.

Lemma 3.4. For a Lipschitz epigraph 2, the extension formula in (3.9) is well defined in the
sense that for compactly supported @ € DF">®(82),

Sw=0 in2 and &weDF>(RY).

Proof. The bounded support and smoothness of @ guarantee that &jw is well defined everywhere
in R?. In particular, &® = w in £2 due to the fact that the reflection mapping %), reduces to the
identity operator.

The smoothness of §* and w along with the compact support of @ ensures that & €
D}'l'oo(.Q U £2°). It suffices to prove, for every I, continuity of all derivatives of (&jw); €
C®(RY) across 952.

Since K from (3.12) is the standard Stein extension (3.6) of @/, this term enjoys the required
smoothness. For the J; terms from (3.13) we show that they vanish of infinite order on the
boundary 92. These J; terms are of the form

88*(X)/‘f(f(,y.p)\(s*(x)))\w(k)dk wherexeRY, feCP(2).  (3.17)

J(x) =

3)6,'

Thanks to Cgo(S_Z) and the decay properties of ¢ we conclude J € C*®(£2 U £2°). Moreover, by

Lemma 3.2 J(x) = 0 for x € £2. Hence we have to show 2 3 J (x) — 0 as §(x) — 0 (for x € £2°)
for any multi-index «. By the product rule, Leibniz rule and the chain rule of differentiation, we
can write a generic partial derivative

53 T oe (o8
dﬁsz__( <QNXy+M(mnwaQ
1

ox% ox¥
COM ()

/ Z (P A)— (X)G(X v+ A8* (X))))»Iﬁ()») da, (3.18)

where P.()) is a polynomial in A, G(X, y + A6*(x)) := aai; f X,y + A6*(x)), and M () is a

fixed integer depending on «. Taylor expansion of G w.r.t. A around A = 1 yields
lvrh—1 gm
S * _ s m.,  q\m S *
G(Ry+rs* @)= Y —[F®]"e-1 o G(X y+8"(x)

m=

1 8|Vr|1
ox |V‘

0

A
- - lvrlt vl . .
+/ﬂ%h—bi8@ﬂ @ - G(R,y+78*(x))de

(3.19)
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The first term on the right hand side of (3.19) is a polynomial in A and thus its substitution
into (3.18) vanishes on the boundary due to Lemma 3.2. Substituting the factor [6*(x)]7r!! in
the second term of (3.19) into (3.18) leads to the cancellation of the singularities of higher order
derivatives of the smoothed distance function §*, see Lemmas 3.1 and 3.3:

87’6*

— - [5* ®]"" < cs* ).

This key fact makes all the remainder terms vanish uniformly on the boundary in the limit
dist(x; 02) > 0. O

3.3. Continuity of extension operators

Theorem 3.5. Let 2 be a Lipschitz epigraph in R?, k € Nog and 0 <1 < d. Then the extension
operator (3.9) satisfies

||éol")||Hk(d,Rd,Al) SCl@ll gk o a1y Y compactly supported @ € DF-®(2),

with a constant C = C(82,d, k,1) > 0. Thus & can be extended to a continuous extension oper-
ator

&:H"d, 2, A"~ H(d, R, A').

Proof. The second assertion relies on a density argument since compactly supported differential
forms in DF-*(2) N H*(d, §2, A!) form a dense subset of H*(d, 2, A!).

It remains to show the continuity of the extension operator. We only show the case of k = 2.
Let us exemplify the estimate of the following second order derivative of a typical part K of
(&w) in detail:

x5 0xj0xyq 0x;

2q 00 X a2 *
2R v /( ((éf}w),)(%(x)))wwdx+/(8 ((&w)z)(%(x))))\aa ® 6y da
1

1

+

<32 (5160)1)@%(34)))( 9™ (x)

7, ) W) da

8xd

+

7
1
[ (0(Gw))(% 3%5*
f( (G A(X))) I, (3.20)
ax?

f J

Consider a boundary point (%%, y°) € 852, and assume without loss of generality that 0 =
y9 = ¢ (%%). Using the upper bounds of ¥ (1) < C1/A%, C2/A3, C3/A%, respectively, the terms on
the right hand side of (3.20) can be bounded as follows:
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| o ((P)Pon) [Pt
1 8x]2 0xjxq Bxd A2

9]

20 2 0% "0
/(aw,(%(x ,y))> 0 58( M o dal.
.X

0x, :
1 ¢ J

+

(3.21)

Only the last term has to be dealt with separately. Using the Taylor expansion with integral
residual, we have

y+28%&0,y)

3(1)1 3&)1 0 (04

oWy 20 _ 991 20 (50
iy O (0)) = 5 (8 y +87(% ) + 72
y+8*(X0,y)

()20, s) ds.

Substituting this in (3.21), we know that the integral term involving dw;/dxy4 &2,y +8*®°, y))
vanishes due to Lemma 3.2. Hence, it suffices to show the following bound (note that
|928%/0x31 < CISE”, )|~ < Clyl™h:
1
Iyl ™! f { / s}/\_3 a*
L2y @0y

o i r 3w (X, |1
=1y /: / R de}d

y+8*&0.y) T (s—y)/8*(&0,y)

oo, y+r8*R0 v)
wl(x k)

Bxd

T 2w (XY, ) 1
< —1 8* io, 2 / { wl X, s } ds
I (8 (%" ) | e
y+8* R0, y)
o0
w2 9] 1
<C|)’|/{ —d
)
[yl

where we have interchanged the order of integration for the first equality, and used that
§*&%,y) < Clyl, 8*®% y) > 2|yl and s — y > s when y < 0 for the second inequality. Now
we can appeal to the following Hardy inequality [27, p. 272]

00, 00 P 1/p 00 1/p
(f(/f(y)dy) X’_ldX> <§</(yf(y))py’_ldy> , Yfz20,p=1,r>0
0 X 0

for (3.21) and integrate over all X € R?~! to obtain

2 2
L2(R4; A1)

32(01 2

(&)1 )
L2(£2; A)

2
Bx‘ ;

820)1 82(»1

2
ij

2 ‘

. 2
Lx@;ah  119%Xa lp2e; an dxy
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Analogously by the commuting diagram property, we have

‘azd(é‘)w)l 2 <c< dw; |? ’ dw; |
8x12. LZ(Rd;AH—l) = 8)6]2. LZ(Q;A"H) 3)CjaXd LZ(Q;AI‘H)
82dw1 2
+ 3 .
Bxd Lz(Q;AlH)

This completes the proof of the case k = 2.

For k = 0 or for general k > 0, differentiating (3.9) gives various order partial derivatives
of the components of @. Whenever the total differential order of @ is less than k, we always
use the Taylor expansion around the point (X%, y + §*(X°, y)) and carry it up to order k with
integral remainders and proceed the arguments as above. We note that the constant C involved
only depends on the domain £2, the dimension d, the order of differentiability k and the degree
of differential forms /. Thus the proof is done. O

The general situation of a compact Lipschitz boundary can be tackled by a partition of unity
subordinate to a finite cover of 952 in the usual way. This yields our main result:

Theorem 3.6. Let §2 be a domain with a bounded Lipschitz domain, k € No and 0 <1 < d. Then
there exists a universal extension operator

&:HYd, 2, A"~ H*(d,R?, A
satisfying

1. §Hiw=wa.e. in 2, and
2. the extension operator is continuous

”éal(‘)”Hk(d’Rd,Al) < C”w”H/‘(d’_Q’AI) Vo € Hk(d, £, Al)»

with the constant C = C(82,d, k, 1), but independent of the differential forms involved.

Remark 3.1. Theorem 3.6 also holds for a domain £2 whose complement £¢ is a bounded
Lipschitz domain. It is further pointed out that the commuting diagram property (3.16) no longer
holds for &; for general bounded Lipschitz domains due to the use of a partition of unity.

Remark 3.2. Costabel and Mclntosh have recently introduced some so-called smoothed Poincaré
liftings in [11]. Those offer an alternative way to define universal extension operators based on
standard extension for the Sobolev spaces H*(£2).

4. Vector field perspective

In three-dimensional Euclidean space, we may represent the differential forms in terms of
their so-called vector proxies, as shown in Table 1.

The concept of Euclidean vector proxies establishes a one-to-one correspondence between
Sobolev spaces of scalar/vector functions and Sobolev spaces of differential forms, see Table 2.
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Table 1
Relationship between differential forms and vectorfields (“vector proxies”) in three-dimensional Eu-
clidean space (v, v{, vy, V3 € R3). The operation - is the canonical inner product in Euclidean space.

Differential form Related function u/vectorfield u

X @(X) u(x) = w(x)

X {vi> o(x)(V)} u(x) - v:=w(x)(v)

x> {(v), v2) = @(X)(v1, v2)} u(x) - (vi x v2) ;== 0(X)(v], V2)

x> {(vq,v2,V3) > @(X)(V], V2, V3)} u(x)det(vy, v2,v3) == @(X) (v, V2, V3)
Table 2

Correspondence between Sobolev spaces of functions/fields and Sobolev spaces of differential forms
inR3.

1 Sobolev spaces of functions Sobolev spaces of differential forms
0 HF1(2) H*d, 2, A%

1 HF (curl; 2) H*d, 2, A"

2 HF (div; 2) H*d, 2, 4%

3 H*(2) H*d, 2, A3)

Now we give special incarnations of the extension operators &7, 0 </ < 3, for Lipschitz
epigraphs £2 C R? from (3.9) in terms of vector proxies in R3. Of course, for [ = 0 we recover
Stein’s formula (3.6).

In the case [ = 1, that is, for a covector field u € H¥ (curl; £2) (k € Np), we have

e ¢]

Eu(x) = / (D%,(x) u(x, o)y (1) dA

1

= /(u(f(, o) + Auz(X, o) grad 8*(x))1/r()\) dx 4.1)
1

forx=(X,y) € £2¢, where e stands for y + A8*(x) and u3 is the third component of u.
For [ = 2, that is, for a bivector field u € Hk(div; £2) (k € Ng), we have

o]

&SHu(x) = /(D%)L(X))_l det(D%’A (x))u(f{, o)y (A)dA
1

T 95" 0
= / <1 + k—(x))u(f(, °) — 0 Y (A)dAa “4.2)
1 0x3 Agrad§*(x) - u(x, o)
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forx=(X,y) € £2¢, where the occurrence of D%, (X)_l is merely formal. In fact, we need the
adjunct Jacobian matrix of the parametrized reflection mapping

1422000 0 0
det(D%, (%)) (D%, (0)) ' = 0 142280 o | 4.3)
—x 3(?;(3() —A 36*(x) 1
X1 dx2

Lastly, for any density function u € H k(£2) (k € Ny) we have

&3u(Xx) =/det(D%A(x))u(ﬁ, &)y (A)dA

/(1 —I—)L—(X)>u(x )Y (A)dA (4.4)
1

for x = (X, y) € Q°.

To the best knowledge of the authors, the three formulae (4.1), (4.2) and (4.4) seem to be
new to the mathematical community. Applying Theorem 3.6 for the Euclidean space R3 leads
immediately to the following “vector analytic” specializations.

Corollary 4.1. Let 2 be a bounded Lipschitz domain in R3 and k € Ny. Then there exists a
Sfamily of universal extension operators & (1 =0, 1,2, 3) such that

Su=u, a.e.in $2, and
o H1(2) > H ()R tisfyi ’ ’
0 (£2) — (£2) satisfying lGoull w3y < Cllull gre (o)

P Hk( I 2) Hk( 1 R3) tisfyi Su=u, a.e.in$2, and
1 curl; — curl; satisfyin .
& ||éalu”Hk(curl;R3) < C”“”Hk(curl;SZ)’
&Su=u, a.e.in $2, and
& : H*(div; 2) — H*(div; R? tisfyi ’ ’
2 (div; 2) > ( v ) satisfying ”gZuHHk(div;ﬂ@) < C”u”Hk(diV;_Q);
Su=u, a.e.in $2, and
&30l gr 3y < Cllull g ()

& H}(2) — HF (]R3) satisfying

with all the constants C = C(k, §2) independent of the functions/fields involved.
5. Application: Regular decompositions

Regular decomposition results for H (div; £2) and H (curl; £2) and related spaces assert that
those can be split into the kernel of the underlying differential operator and a complement space
of H'-regular functions. Regular decompositions, pioneered in [4], have become a powerful tool
in mathematical analysis [10,6] and numerical analysis, see [16, Sect. 2.4] and the references
given there.

In this section, we apply the universal extension result to establish regular decompositions
of Sobolev spaces of differential forms. As a consequence, a well-known lifting lemma can be
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generalized to Sobolev spaces of differential forms. Throughout this section we only consider
d >3 and £2 C R? is always assumed to be a bounded Lipschitz domain.

As a tool for the subsequent analysis, we introduce the Fourier transform .# and its inverse
transform .%~!. For a differential /-form @ = > wrdx) € Lz(Rd; Al), we define its Fourier
transform componentwise by (cf. [28])

OE) =F (@& =) orE)dE,
1

where the component @ (£) is given by

1
F(w(E) = W/GXP(—lg X)wy (x) dx.
R4
Here 1 is the imaginary unit, & = (£, ...,£;)7 is the vectorial angular frequency in R? and

d§, =dé&;, N--- nd§;,, with ] being an increasing /-permutation.
It is easy to see that the Fourier transform converts the exterior derivative into an exterior
product. More precisely for any @ € H(d, $2, A'), we have

F(dw) =1E A F(0), 5.1

where é is the differential 1-form in the frequency domain, namely é = &d& + &dE +
e Eadgy.

The regular decomposition we are going to discuss relies on the existence of regular potentials

in R4,

Lemma 5.1 (Existence of regular potentials in R?). For 1 <1<d, [ € N and every k € Ny there
is a continuous lifting mapping

£ H(dO,RY, A"y n HN(RY, A > HH(RY, A7)
such that for all @ € H(d0, R, Aly n H¥(R?, Al),
dlw=w. 5.2)

Proof. We follow the idea in the proof of [2, Lemma 3.5, p. 837]. It boils down to straightforward
calculations with Fourier transforms of differential forms.

Let w € H(dO,RY, Ay N HX(R?, A'), i.e., dw = 0. We try to seek an € H}.t'(R?, A=)
such that for any compact D C R?,

dp=w® and ||7]||Hk+l(D’A171)gC”(x)”Hk(D’A]). (5.3)

Taking the Fourier transform on both sides of the equations dn = w and dw = 0, and using (5.1)
we derive

EAf=0, 1EAD=0. (5.4)
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This linear system (5.4) has a solution that can be explicitly expressed as (cf. [17] for details)

—1§10(§)

1) = —EE (5.5)

It remains to show thaty € H fotl (R?, A'=1). We will use the cut-off technique as in the proof

of [2, Lemma 3.5]. First we observe that for any increasing /-permutation / and any j with
1 < j<d, we get from (5.5)

&7, <D |@s®)]. (5.6)
J

Appealing to the Fourier representation of Sobolev norms on R?, we can conclude g% e HYRY)
J

for all combinations of [ and ;.
Next we can choose a cut-off function y € Cgo (R9) with v(E)=1for || < 1,and ¥ (&) =0
for |&| > 2. Then split & according to

&) =y & + (1 -y (©)n®). 3.7

Note that each component of the differential form v/ (§)# (&) has a compact support and belongs
to LY(R9) (d > 3!), so that its inverse Fourier transform is analytic. Hence, the restriction of
FYWOR) to any compact D C R4 belongs to H™ (D) for any m € Ny. It goes without
saying that the inverse Fourier transform of the second term (1 — (€))% (&) yields a form in
H*(R4, A'=1). Summing up, we have shown that 7 ~1(§()) € HE (RY, A'~!). This completes
our proof. O

The following theorem is a fairly straightforward generalization of the regular decomposition
lemma [16, Lemma 2.4]:

Theorem 5.2 (Lifted regular decompositions). For every k € Ny, 1 <1 < d, there exist contin-
uous maps R: HX(d, 2, AY) — H(Q2, AY) and N: H*(d, 2, A') — H*T1(2, A"=1) such
that

R+doN=1Id onH"(d, 2, 4A"). (5.8)

In addition, there are continuous maps Ro : Hé‘)(d,.Q,Al) > H](‘)H(.Q,Al) and Ny :
HE@, 2, AY > HETN (82, A1) such that

Ro+doNg=1Id on Hf(d,$2,A"). (5.9)

Proof. We first prove (5.8): pick w € H*(d, £2, A) and extend it to @ € H*(d,R?, A!) using
the universal extension of Theorem 3.6. Then set

Rw:= (Zd®)|o, Nw = (@ — ZLdd)|g. (5.10)

It is easy to check that d(® — R@) = 0 in £2 in view of (5.2). The continuity properties of these
operators and (5.8) are straightforward from Lemma 5.1.
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Next we show (5.9) following the proof of Lemma 2.4 in [16]: for any u € H'(;(d, $2, Al),
we extend it by zero to fi € Hk(d, R4, Al) and define & = dii e Hk(dO, R9, A'*1Y. There exist
from Lemma 5.1 5 € H{‘:C'] (R4, A"y and @ = dy, which implies that d (it — ) = 0. Applying
Lemma 5.1 again yields p € H{‘Otl R4, AY) satisfying jt —§ = dp. The fact that ji = 0 in R? \ £2
leads to p € HL'(d, RY\ £2, A"). By extending Plga\ g into the interior of §2 by Theorem 3.6,
denoted by p, we can define

Row:=n+dp.o € H*''(2,4"),  Nop:=p—peH" (2,47,

The identity (5.9) is a consequence of the construction. Continuity of the extension translates into
the asserted continuity properties of the operators. Finally, we note that p — p =0 on R% \ £2,
which implies the homogeneous boundary condition for Nou. Similarly, we have n +dp =0 in
RY\ 2, and n+dp € HETH(R?, Al), hence Rop € HT' (2, AD). O

Let us recall the classical version of a lifting lemma which is important in the analysis of the
Navier—Stokes equations, see Corollary 2.4 and Lemma 2.2 in [14].

Lemma 5.3 (Classical lifting lemma). Assume that §2 is a bounded Lipschitz domain in R3, then
for any p € L*(2) and p € L*(82) with fQ pdx =0, there exist ve H (£2) and v € Hé(.Q),
respectively, satisfying

divv=p and |Vlg o) <Clpli2g). (5.11)
where C is a positive constant independent of p.

It is remarked that the original proof due to Necas establishes an equivalent assertion by
showing that the range space of grad, the adjoint operator of div, is closed in H (1)(.{2), which is
the dual space of H~1(§2) (cf. [24]). Ne€as’ proof is rather lengthy and quite complicated for the
technical treatment of Lipschitz boundary. Lemma 5.3 is of crucial importance for the treatment
of the constraints of compressibility and incompressibility in mechanics and fluid mechanics.
With the regular decomposition lemma we have established earlier, a generalized version of
Lemma 5.3 can be deduced easily.

Corollary 5.4 (Generalized lifting lemma). Let k € Ny and 1 <1 < d, and consider a bounded
Lipschitz domain $2 € R? of full topological generality. Then for all @ € d H*(d, 2, A'"") and
dH(d, 2, A"=1) (1 <1 <d) with [ =0 for | =d, there are an n € H* (2, A'"") and
H ‘(Y)'H (82, A'=Y) respectively, and a positive constant C independent of y such that

dy = o, (5.12)

10l s @ a1y < Cllol gego. ary- (5.13)

Proof. By Theorem 5.2, we can define = Rw and n = Row to show (5.12) and (5.13), respec-
tively. O

It is natural to derive from Corollary 5.4 a similar result for the curl operator to Lemma 5.3.
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Corollary 5.5. Assume that 2 is a bounded Lipschitz domain in R3, then for any v e
curl H (curl; $2) and v € curl Hy(curl; £2), there existu € H 1 (2)andue H (1)(.9) respectively,
satisfying

curlu=v and ||u||H1(_Q) < C||v||Lz(_Q), (5.14)
where C is a positive constant independent of v.

Remark 5.1. Theorem 5.2 also holds for d = 2, but with a different proof invoking analyticity of
Fourier transforms (cf. [14, Sect. 1.3.1]).

Remark 5.2. We emphasize that Theorem 5.2 can also be deduced from [11, Theorem 4.6] by
appealing to the so-called Bogovskii operators.
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