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ABSTRACT. We consider the unique determinations of impenetrable obstacles
or diffraction grating profiles in R3 by a single far-field measurement within
polyhedral geometries. We are particularly interested in the case that the scat-
tering objects are of impedance type. We derive two new unique identifiability
results by a single measurement for the inverse scattering problem in the afore-
mentioned two challenging setups. The main technical idea is to exploit certain
quantitative geometric properties of the Laplacian eigenfunctions which were
initiated in our recent works [12,13]. In this paper, we derive novel geometric
properties that generalize and extend the related results in [13], which further
enable us to establish the new unique identifiability results. It is pointed out
that in addition to the shape of the obstacle or the grating profile, we can

simultaneously recover the boundary impedance parameters.
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1. Introduction.

1.1. Mathematical setup and main results for the inverse obstacle prob-
lem. Let 2 C R3 be a bounded Lipschitz domain such that R3\(2 is connected. Let
u® be an incident plane field of the form

u' = ul(x;k,d) = P x e R3, (1.1)
where k € R, denotes the wavenumber and d € S? signifies the incident direction.
Denote u® as the scattered wave field generated from the interruption of the prop-

agation of u’ by an impedance obstacle. Define u := u’ + u® to be the total wave
field. The forward scattering problem is described as follows:

Au+ k*u=0 in R3\Q,

u=u'+u® in R3\Q,

du+nu=20 on 01, (1.2)
lim r <8u — ikus> =0, r:=|z,

r—o0 or

where the last limit is known as the Sommerfeld radiation condition that holds
uniformly in % := x/|x| € S%. The Robin type boundary condition is referred to as
the impedance boundary condition for an impedance obstacle, where v denotes the
exterior unit normal vector to 02 and n € L*(0f2) represents the corresponding
boundary impedance parameter. If 7 # 0, €2 is said to be an impedance obstacle.
The wellposedness of the forward scattering problem (1.2) is known by [16,45]
and there exists a unique solution u € H} (R3*\Q) fulfilling the following expansion,
which holds uniformly for x:
ikr
w(xik,d) =
4mr

Uoo (X3 k,d) + O (;) as r — o9, (1.3)
where 1o, is known as the associated far-field pattern or the scattering amplitude.

The corresponding inverse obstacle scattering problem to (1.2) is to recover the
shape of the obstacle {2 as well as the associated impedance parameter n by the
knowledge of the far-field pattern uo.(X; k, d). By introducing an abstract operator
F which sends the obstacle to the corresponding far-field pattern, the aforemen-
tioned inverse problem can be formulated as

]'—(9777) = uoo(&’ kvd)v (14)

which is nonlinear and ill-posed (cf. [36,49]).

We first introduce the concept of “admissible” obstacles by presenting certain
a-priori conditions on the underlying obstacles in deriving our main unique deter-
mination results for the inverse obstacle problem.

Definition 1.1. Let Q C R? be an open polyhedron associated with the boundary
impedance condition (i.e. the third equation) in (1.2). Denote 9Q = UP 3, (p € N
and p > 4), where X, is a face of Q, and E(Q) = {l1,...,1,} is the set of edges of
Q. Q is said to be an admissible polyhedral obstacle, if the following conditions are
fulfilled:

(a) n € C(0%);

(b) for any face ¥, C 09, the surface impedance parameter n on %, is a real-

analytic function;
(¢c) for any edge l; € £(Q), n(xo) # 0 for any x¢ € 1;.
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Throughout this paper, for notational unification, we write an admissible polyhedral

obstacle as (Q,1n).

Remark 1.2. It is noted that the conditions on the impedance parameter 7 in
Definition 1.1 can be fulfilled when 7 is a non-zero constant on 0f2. That is,
n(x) = no € C\{0} for x € 9. Compared with the admissible polyhedral obstacles
introduced in [13, Definition 6.1], we completely remove the root assumption of the
associated Legendre polynomials on the dihedral angle between any two adjacent
faces of the underlying polyhedron, which may not be easily verified in practical
applications. Therefore, our new unique identifiability result in what follows for
determining the admissible obstacle as introduced above can be applied to more
general scenarios in the inverse obstacle scattering problem.

Following the notations in [13], we let II;,II5 be any two adjacent faces of a
polyhedron Q. Denote &(II1,II,1) to be an edge corner associated with II; and
II,. V({I1,}}_,,x0) signifies the vertex corner formulated by II;, Iy, - - - ,II,, at the
vertex xg € 0. It is clear that a vertex corner V({II;}}_,, %) is composed of finite
many edge corners, which intersect at xg, ; see [13, Definitions 1.2 and 1.3] for more
details. Now, recall the definitions for rational and irrational obstacles based on the
concept of the rational and irrational corners introduced in [13] as follows.

Definition 1.3. [13, Definition 4.1] Let E(I11,1a,1) be an edge corner associated
with I1; and Ily. Denote the dihedral angle of 111 and 11y by ¢ = -, a« € (0,1). If ¢
is an irrational dihedral angle, namely, a is an irrational number, then €11y, 15,1)
is said to be an irrational edge corner. Otherwise it is said to be a rational edge
corner. For a rational edge corner (11, 1y, 1), it is called a rational angle of degree
p of EIy, 1, 1) if o = q/p with p,q € N being irreducible.

Definition 1.4. /13, Definition 4.2] Let V({Il;}}_,,x0) be a vertex corner, where
n € N andn > 3. It is clear that V({II;}}_,,X0) is composed of the following n edge
corners:

5@ = 5(HfaH€+17l5)a gn = 5(Hn7H1aln)a HTL+1 = Hla = 1727"'7”_1)

where 1y is the line segment of Il N 1lyy1 and l,, is the line segment of 11, N 11y,
respectively. Denote

Ir={eN|1<{t<n, & isan irrational edge corner},

1.5
Ir={¢teN|1<{t<n, & is a rational edge corner}. (1.5)

If #Ig > 1, then V({II}}_,, X0) is said to be an irrational vertex corner. If #Ir =
0, then V({II}}_,X0) is said to be a rational vertex corner. For a rational vertex
corner V({IL¢}}_,,%x0) composed of edge corners & = E(Il;y,Mpiq,1;), the largest
degree of & (¢ =1,...,n) is referred to as the rational degree of V({II;}}_;,%o).

Next, we provide the definition for rational and irrational admissible obstacles.

Definition 1.5. Let (2,n) be an admissible polyhedral obstacle. If there exists a
rational vertex corner, then it is said to be a rational obstacle. If all the vertex
corners of § are irrational, then it is called an irrational obstacle. The smallest
degree of the rational corner of € is referred to as the rational degree of €.

We also introduce the admissible complex polyhedral obstacles as follows.
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Definition 1.6. Q is said to be an admissible complex polyhedral obstacle if it
consists of finitely many pairwise disjoint admissible polyhedral obstacles Q; (j =
1,...,1) such that Q; is simply connected and 0Q; NOY; =0 (Vi, j € {1,...,1} with
i # 7). That is,
1 l
(Q,n) = U(Qj,ﬂj), n= ZﬁjX@Qjmasz
Jj=1 J=1

where I € N and each (25,n;) is an admissible polyhedral obstacle. Moreover,
is said to be irrational if all of its component polyhedral obstacles are irrational,
otherwise it is said to be rational. For the latter case, the smallest degree among
all the degrees of its rational components is defined to be the degree of the complex
obstacle Q, which is denoted by deg(Q). Furthermore, Q is said to be convex if all
of its component polyhedral obstacles are convex.

With all the necessary notations and definitions introduced above, we are now in
a position to give the local unique identifiability results for an admissible complex
polyhedral obstacle by a single far-field measurement with respect to rational and
irrational cases, separately.

Theorem 1.7. Considering the scattering problem (1.2) associated with two admis-
sible irrational complex polyhedral obstacles (Q;,n;) in R?, j =1,2. Let vl (X; k,d)
be the corresponding far-field patterns associated with (25, n;) and the incident wave
u® is defined in (1.1). Let G be the unbounded connected component of R3\ (1 U Q).
Suppose that

ul (%5 k,d) = u2 (% k,d), for all x € S?, (1.6)
then (0Q1\002) J(0022\081) cannot possess an edge corner on 0G.
Moreover,
m =12 on 691 n 692 (17)

For any vertex x. of a polyhedron € € R3, we denote for r € Ry that Q,.(x.) =
B, (x.) NR3\Q. Define
1

L) = Jim iy [ 60 ax (L8)

if the limit exists for any f € L2 (R3\Q). It is easy to see that if f(x) is continuous
in Q,(x.) for a sufficiently small ¢¢ € Ry, then L£(f)(x.) = f(x.). According
to [13, Remark 6.11], (1.8) can be fulfilled in certain practical scenarios.

Using the technical assumption (1.8), the unique determination of rational ob-

stacles can be stated as follows.

Theorem 1.8. For a fited k € Ry, we let (Q;,1n;), 7 = 1,2, be two admissible
rational complex obstacles, with ul_(X;k,d) being their corresponding far-field pat-
terns associated with the incident field u' defined in (1.1), where d is the incident
direction. Assume that

deg(,) >3, j=1.2, (1.9)

where deg(€);) is the rational degree of Q; defined in Definition 1.6. We further
write G for the unbounded connected component of R3\(; U Qg). If

ul (% k,d) = v (%;k,d), X€S? and L(VW)(x.)#0, j=1,2, (1.10)
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for all vertices x. of Q, then the set (01\022) U (022\001) can not possess an
edge corner on 0G. Moreover,

m=mn2 on 00 NINs.

Remark 1.9. We would like to point out that the technical condition £(Vu/)(x.) #
0 in (1.10) can be satisfied under some generic conditions on 2. For example, if the
diameter of the obstacle € is relatively small compared with the wavelength in the
certain regime that k - diam(€Q2) < 1, then (1.10) can hold.

Theorems 1.7 and 1.8 actually reveal the unique determination for a certain kind
of impedance obstacles locally in the neighborhood of the corner. It is easy to verify
that if the underlying admissible complex obstacles are convex, then there holds the
global uniqueness results by a single far-field measurement accordingly. Indeed, one
has

Corollary 1.10. For a fized k € Ry, let (2,m) and (ﬁ,?ﬁ be two convex admissible
irrational polyhedral obstacles, with ul_(X;k,d), j = 1,2, being their corresponding
far-field patterns associated with the incident field u® defined in (1.1), where d is
the incident direction. If (1.6) is fulfilled, then

Q=0, n=17.

Compared with the unique identifiability study in [13, Section 6], the results
presented in this paper significantly relax the number of the measurements from “at
most two far-field patterns” to “only one far-field pattern”. This is made possible by
relaxing the technical condition u(0) = 0 in the vanishing properties of Laplacian
eigenfunctions in R3, which will be systematically investigated in the subsequent
sections. Moreover, the a-priori conditions imposed on “admissible obstacles” are
also relaxed by removing the conditions on the associated Legendre polynomials.
This is derived from the fact that the vanishing orders of the Laplacian eigenfunction
u at an edge corner can be determined by corresponding two intersecting adjacent
planes without any a-prior information of the other planes; see [13, Theorem 3.1]
for more relevant discussions.

1.2. Mathematical setup and main results for the inverse diffraction grat-
ing problem. First, we give a brief review on the mathematical setup of the diffrac-
tion grating profile. Assume that the diffraction grating involves an impenetrable
surface Ay which is 27-periodic with respect to x’ := (21, 2). Precisely speaking,
denote
Ay ={x:= (x,13) € R} 23 = f(X)}, (1.11)
where f is a bi-periodic Lipschitz function with period 27 with respect to x; and
Z2. Let
Q= {xeR*x e R? x5 > f(x)} (1.12)
be the unbounded domain filled with an isotropic homogeneous medium. Suppose
that the incident plane wave u’(x; k,d), where k € R, and

d :=d(04, dq) = (sin g cos b4, sin g sin b4, — cos ¢q),
04 €[0,27), ¢gq € (—7/2,7/2),

propagates to Ay from the top. The total wave field fulfills the following Helmholtz
system

(1.13)

Au+k*u=0 in Qp; Ou+nu=0 on Ay, (1.14)
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where 7 denotes the surface impedance parameter and n € L*(Ay). Throughout
the rest of the paper, we let

o = k(sin ¢ cos b4, sin ¢ sin6y).

To ensure the well-posedness of (1.14), the total wave field u is supposed to be
a-quasiperiodic with respect to x1 and xo, which can be defined more rigorously as

Definition 1.11. u is said to be a-quasiperiodic with respect to x' = (x1,2), if
there holds

i2ro-n

u(x' 4+ 2mn,z3) =€ u(x’, x3)

for any n = (ny,n2) € Z2.

The corresponding scattered wave u® satisfies the following Rayleigh series ex-
pansion

s ion X' +iB, T3 . i€, 'x /
= n®3 .= n > ma 1.15
u®(x) nézz Un€ néZQ Une'on ™ x3 x’E[U,Q}irV f(x), (1.15)

where uy 1= un(k) € C are the Rayleigh coefficients of v® and
€n = (n, By), With an:=n+«a,B2 = k? — |aa|?, (1.16)

where 38, > 0 if |an|? > k2. The existence and uniqueness of the a-quasiperiodic
solution to (1.14) for the sound-soft (n = oo) or impedance boundary condition
with a constant n fulfilling Sn > 0 can be seen in [1,9, 26, 28].
Define
[y = {(lexB);X/ € [Oa 27T)27x3 = b}v b> II[})&QX )2 |f(XI)‘ (117)
x’€[0,2m
The inverse problem associated with (1.14) is to determine A from the knowledge
of u(x|r,; k,d). By introducing an abstract operator F which sends the information
of Ay to the measurement u(x;k,d) on I'y, the inverse problem can be formulated
as

F(Ap,n) =u(x|r,; k,d). (1.18)

The unique identifiability for the diffraction grating with impedance boundary con-
dition by finite measurements has been an open problem for a long time. In order to
investigate this problem, similar to the study on the inverse obstacle problems, we
first propose the necessary definition of so-called “admissible” polyhedral gratings
considered in our work as follows.

Definition 1.12. Let (Af,n) be a bi-periodic grating as described in (1.11). It is
satd to be an admissible polyhedral diffraction grating if Ay is a polyhedral Lips-
chitz surface in R3, consisting of a finite number of planar faces in one periodic
cell 10,27) x [0,27), and the surface impedance parameter 1 satisfies the following
assumptions:

(a) n € O(Ay); B
(b) for any face ., C Ay, the surface impedance parameter n on 3., is a real-
analytic function;
(c) for any edge l; € E(Ay), n(x0) # 0 for any x¢ € 1;.
Henceforth, for notational unification, we write an admissible polyhedral diffraction
grating as (Ag,n).
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Following the definitions for irrational and rational vertex corners in Definition
1.4, we have the following concept for admissible irrational and rational polyhedral
diffraction gratings.

Definition 1.13. Let (Ay,n) be an admissible polyhedral diffraction grating. If there
exists a rational vertex corner in one period, then it is said to be a rational polyhe-
dral diffraction grating. If all the vertex corners of Ay in one period are irrational,
then it is called an irrational polyhedral diffraction grating. The smallest degree

of the rational corners of Ay is referred to as the rational degree of Ay, which is
denoted by deg(Ay).

We would like to point out that the vertex corner considered in Definition 1.13
includes the edge corner which is intersected by two adjacent planes as a special
case.

Now, we can provide our main unique determination results for the inverse diffrac-
tion grating problem (1.18) with respect to irrational and rational structures, re-
spectively.

Theorem 1.14. Let (Af,n5) and (Ag,ng) be two admissible irrational polyhedral
diffraction gratings and G be the unbounded connected component of 1y N Q,. Let
k € Ry be fized and d € S? be the corresponding incident direction defined in (1.13).
Let Ty be a measurement boundary given by (1.17) with

b>max{ max |f(n’)], max |g(n’)|}.

n’€[0,2m)? n’€[0,2m)?

Suppose that uy(x;k,d) and ug(x;k,d) are the total wave fields measured on T,
associate with (Ay,my) and (Ag,ng), respectively. If there holds that

up(x;k,d) = ug(x;k,d) for x €Ty, (1.19)

then OG\OA can not possess an edge corner of Ay and 0G\OA, can not possess
an edge corner of Ay. Moreover,

ng=mng on AfNAg

Similar to Theorem 1.8, if we assume the total wave field to (1.14) satisfies the
condition (1.8) on all the vertices of an admissible polyhedral diffraction grating,
the uniqueness results for admissible rational polyhedral diffraction gratings can be
stated as

Theorem 1.15. Let (Ap,ny) and (Ag,ng) be two admissible rational polyhedral
diffraction gratings and G be the unbounded connected component of Qy N§y. Let
k € Ry be fized and d € S? be the corresponding incident direction defined in (1.13).
Let Ty be a measurement boundary given by (1.17) with

! !/
b max{max 1) max o)}
Assume that

deg(Ay) > 3 and deg(A4) > 3, (1.20)

where deg(Af) and deg(Ag) are the rational degrees of Ay and Ay defined in Defi-
nition 1.13, respectively. Suppose that uy(x;k,d) and ug(x;k,d) are the total wave
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fields measured on Ty associate with (Ay,ny) and (Ag,ng), respectively. If there holds
that

up(x;k,d) = ug(x;k,d)  for x €Ty, L(Vup)(xd)#0, L(Vu,)(x9) #0,
(1.21)
where x! and xJ are arbitrary vertices of the admissible rational polyhedral diffrac-
tion gratings (Ay,ns) and (Ag,ng), respectively, then 0G\OAy can not possess an
edge corner of Ay and O0G\OA, can not possess an edge corner of Ay. Moreover

ng=mng on ArNAg.

Similar to Corollary 1.10, we have the following global uniqueness result for
convex irrational polyhedral diffraction gratings by a single measurement. Before
that, we first introduce the definition of a convex polyhedral diffraction grating.

Definition 1.16. Let Ay be an admissible polyhedral diffraction grating. If f is
convez in the periodic cell [0,27] x [0, 27], then we say that Ay is a convex polyhedral
diffraction grating. Otherwise Ay is said to be a non-convexr polyhedral diffraction
grating.

By virtue of Theorem 1.14, using Definition 1.16, one has the following corollary.

Corollary 1.17. For a fized k € Ry, let (Ag,n¢) and (Ag,ng) be two convex irra-
tional polyhedral diffraction gratings, with uy(x;k,d) and ug(x;k,d) being the cor-
responding measurements on Ty given by (1.17) associated with the incident plane
wave field u'(x; k,d), where d is the incident direction (1.13). If (1.19) is fulfilled,
then

Ap =247y, nfp=ng.

1.3. Background and discussions. Determining an impenetrable obstacle by a
minimal/optimal number of scattering measurements is a long-standing problem in
the inverse scattering theory. We refer to [17,27,43] for historical accounts as well
as surveys on some existing developments in the literature. This problem has been
resolved if a-priori geometric conditions are imposed on the underlying obstacle, say
e.g. smallness in size (compared to the wavelength), radial symmetry or polyhedral
shapes. We refer to [2,12-15,18,21-23,25,29,30,34-44,48-50] for existing theoretical
results and [31-33,47] for related numerical studies in the literature. In two recent
papers [12,13], a different perspective was proposed and the uniqueness study for
the inverse scattering problem is delicately connected to the geometric properties
of Laplacian eigenfunctions in certain specific setups. Within such a framework,
one can establish the unique determination of polyhedral obstacles of impedance
type by at most a few far-field measurements that were unable to be tackled by
other means developed in the previous studies. The corresponding studies have
been extended to solving a large class of inverse scattering problems associated
with electromagnetic and elastic waves as well [7,19-23]. The piecewise constant
refractive indices by a single far field pattern can be uniquely identified; see [5,11]
for more details. The unique determination for a scatterer with a high curvature
point by a single measurement is established in [6]. Recent progresses on uniqueness
results on the shape determination by finite far field measurements for the inverse
scattering problems within the polyhedral geometry can be found in [10]. As also
discussed in Section 1.1, we derive in this paper some novel uniqueness results which
extend the related results in [13] by relaxing certain technical conditions. This is
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made possible by exploiting the geometric structures of Laplacian eigenfunctions in
a less restrictive setup compared to that in [13].

There are also rich results on the unique determination of periodic structures.
It is known that in general a grating profile can be uniquely identified by infinitely
many quasi-periodic incident plane waves with a fixed phase-shift [3,28]. In [26],
it is shown that uniqueness by a finite number of incident plane waves could be
attained under the Dirichlet boundary condition if some a-priori information about
the height of the grating curve is known in R2. The global uniqueness can also be
established for the inverse scattering with a finite number of incident plane waves
if the grating profiles are piecewise linear; see [24]. Recently, in [12], the unique
recovery for the inverse diffraction grating with generalized impedance boundary
condition (including the Dirichlet and Neumann boundary conditions) has been
proved in a unified way by at most two far-field measurements under some mild as-
sumptions. The corresponding development for uniqueness results of inverse elastic
polygonal diffractive grating problems by finite many far field measurements can be
found in [22]. In this paper, we establish the unique identifiability of a periodical
diffraction grating with impedance boundary condition in R® by a single far-field
measurement, which makes a significant progress compared with the existing results.

The rest of this paper is organized as follows. In Section 2, we present the exten-
sion and generalization of our results in [13] on the geometric structures of Laplacian
eigenfunctions. Section 3 is devoted to the proofs of the unique identifiability results
for the inverse scattering problems.

2. Geometric properties of Laplacian eigenfunctions. In [13], certain geo-
metric properties of Laplacian eigenfunctions in R? were investigated. Specifically,
we studied the cases for edge corners and vertex corners respectively and derived
a rigorous characterization of the relationship between the analytic behaviour of
Laplacian eigenfunctions at the underlying corner point and the geometric quan-
tities of that corner. In fact, in the edge corner case, the vanishing order of the
eigenfunction is related to the rationality of the intersecting dihedral angle, whereas
in the vertex corner case, the vanishing order of the eigenfunction follows a more
complicated manner through the roots of the Legendre polynomials. In this section,
as an extension of the study in [13], we establish the vanishing properties of the
Laplacian eigenfunction by getting rid of the technical condition that u(x.) = 0 at
the intersecting point as well as relaxing the technical restrictions associated with
the Legendre polynomials.
Let Q be an open set in R?. Consider u € L*(Q) and A € R, such that

— Au = M. (2.1)

The solution u to (2.1) is referred to as a (generalized) Laplacian eigenfunction.

First, we introduce some notifications for the subsequent use. Let II be a flat
plane in R3. For any non-empty connected open subset ¥ @ II, it is said to be a cell
of TI. Denote IIx, to be the connected component of II N Q which contains 3.

Definition 2.1. Let 3 be a cell of II such that ¥ C Q and n € L*°(II). Consider
a Laplacian eigenfunction u to (2.1). If 9,u + nu = 0 on X, where v denotes any
unit normal vector that is perpendicular to X, then ¥ is said to be the generalized
singular cell in 2 and II is called the generalized singular plane. In particular, if
n=0on X (i.e. du = 0 on X), a generalized singular plane is called a singular plane
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and if n = co on ¥ (i.e. w = 0 on X), a generalized singular plane is also called a
nodal plane.

Next, we follow Definition 1.4 and Definition 1.5 in [13] to present the precise
definition for vanishing orders of the Laplacian eigenfunction w at a given point
associated with an edge corner or a vertex corner.

Definition 2.2. Let u be a Laplacian eigenfunction to (2.1). For a given point
xg € {, if there exists a number N € NU {0} such that

1
lim —/ lu(x)|dx =0 for m=0,1,--- , N+ 2, (2.2)
BP(XO)

where B,(xg) is a ball centered at xo with radius p € Ry, we say that u vanishes
at xo up to the order N. The largest possible N such that (2.2) holds is called the
vanishing order of u at xg and we denote

Vani(u; xg) = N.

If (2.2) holds for any N € N at xg € €, then we say that the vanishing order of u
at x¢ is infinity, i.e. Vani(u;xg) = co.

In particular, for any two intersecting generalized singular planes II;, I, C
such that II; NIy = I, if (2.2) is fulfilled for a point x € I associated with the
edge corner £(I11,115,1) € 2, then we say that u vanishes at x( associated with
E(I1;, I3, 1) up to the order N which is denoted as

Vani(u; X0, Hl; Hg) =N.

For a vertex corner xy € ) which is intersected by II; C Q, ¢ = 1,2,...n, the
vanishing order of u at x¢ is defined by
Vani(u; xqg) := max{ _ max 1Vani(u;xo,Hi,Hi+1),Vani(u; xo,Hn,Hl)}.
i=1,2,..n—
With the above definitions, we are now in a position to investigate the vanishing
properties of the Laplacian eigenfunction at corners intersected by at least two gen-

eralized singular planes. Since —A is invariant under rigid motions, we can assume
that the edge corner E(I1y, I1o, 1) fulfills

l={x=x,23) eR%x' =0, z3€ (—H,H)} € Q, (2.3)

for H € R™ throughout the rest of our paper. Indeed, this indicates that the edge
corner coincides with the zz-axis. For simplification, we further assume that II;
coincides with the (z1,x3)—plane and Iy possesses a dihedral angle of a - © away
from II; in the anti-clockwise direction. The considering point xg € [ is assumed to
be located at the origin xg = 0. Similar to [13], with the help of analytic continuation
property for u, we can restrict our discussion to « € (0, 1).

In order to utilize the spherical wave expansion method to discuss the vanishing
properties of u, we first introduce several propositions and lemmas based on the
spherical coordinates in R3. For any point x € R3, we denote

x = (x1, 2, x3) = (rsinfcos ¢, rsinfsin ¢, r cos ) := (r,0, ¢), (2.4)

where r > 0,60 € [0,7) and ¢ € [0, 27).
It is known that the Laplacian eigenfunction u possesses the spherical wave ex-
pansion as follows.
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FIGURE 1. A schematic illustration for an edge corner with the
dihedral angle ¢g.

Lemma 2.3. [16, Theorem 2.8/The solution u to (2.1) has the spherical wave
expansion in spherical coordinates around the origin:

u(x) =4 > > ital i, (VAY,(0, ¢), (2.5)
n=0m=—n

where §,(vV/Ar) is the spherical Bessel function of order n, and Y;™(0,¢) is the
spherical harmonics given by

Y, (0,0) = \/2n4;:__ ! EZ; :Z:;ianl(cos 0)em?

with P (cos ) being the associated Legendre functions.

See also [16, equation (3.92)] for detailed representations. In particular, the as-
sociated Legendre polynomials P fulfill the following orthogonal relation.

Lemma 2.4. [}6, Theorem 2.4.4] In the spherical coordinate system, the associated
Legendre functions fulfill the following orthogonality condition for any fired n € N,
and any two integers m > 0 and l < n:

0 ifl#m

T pm l ’
e~ R )
00 if m=10=0.

Furthermore, we know that the following recursive relations hold for P [8] and
for the spherical Bessel function j, (v/Ar) [4].

Lemma 2.5. In the spherical coordinate system, the associated Legendre functions
P fulfills the following recursive equations for any fized n,m € Z:

|m|
by (cos) 1 (0 + I — |+ )P (eos ) — Pyt cos)) . (26)

do 2
and
|m|
Py, ' (cost 1 m .
|m|# =3 (p}H\lH(cosa) +(n— |m| +1)(n — |m| +2)P" 1(0089)) ’

(2.7)
which can also be represented as

m|
Py (cos 0) L/ iml+1
| sin 6 2 (P

1 (cos 0) + (n -+ [m| = 1)(n + m]) P (cos9))
(2.8)
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with slight changes of the lower index. Besides, the spherical Bessel function j, (v \r)
satisfies that

j”(fr) = 27;/_51 (j"l—l(\/Xr) +jn+1(\f/\7")> . (29)

We proceed to present our main theorem regarding the theoretical study of the
vanishing properties of Laplacian eigenfunctions at any edge corner intersected by
two generalized singular planes. For simplification in the subsequent study, we as-
sume the impedance boundary parameter 7 to be a nonzero constant. Nevertheless,
it is pointed out that the same results hold for any real analytic function n satisfying
the admissible conditions (a) to (c¢) in Definition 1.1.; see Corollary 2.10.

Theorem 2.6. Let u be a Laplacian eigenfunction to (2.1). Consider an edge corner
E(I11, 1, 1) € Q associated with two generalized singular planes 11y and Iy, where
the corresponding surface parameter on 11y and Ils are two non-zero constants my
and ny. If the corresponding dihedral angle can be written as

4(]:[171_[2):@50:0['7(, OZE(OJ.)7
where « satisfies that for any N € N, N > 2,
a#g7 p:172a"'7N_17q:Oa1a27"'ap_1a (210)
p

and the corresponding surface parameters n; associated with I1;, 1 = 1,2, fulfill that
211 cos o + n2(1 + cos 2¢g) # 0, (2.11)

then u vanishes up to the order at least N at the edge corner 0.

In order to prove Theorem 2.6 more systematically and rigorously, we first give
the following lemmas in terms of the expressions of generalized singular planes and
the corresponding edge corner by recursive form.

Lemma 2.7. Let u be a Laplacian eigenfunction to (2.1). Consider an edge corner
E(I14,11s,1) € Q associated with two generalized singular planes 111 and Iy. Then
there holds the following recursive equations with respect to P, and ]n(m) (n,m €
N) on II; and 13, respectively:

= VA 2n+1 [(n—|m|)!
:n+1 m . .

ngzl ngw mag' o (]n_l(ﬁr) +]n+1(\[\r)> g !

m=#0

1 _
X S (P (cos8) + (n+ ] = 1)(n + [m) P} (cos6) )

N n s 2n+1 [(n—|m|)! ..
+771Z Z i"a™ g, (VAr)y/ y= HE”+ImB!Pn l(cos®)=0 on I,

n=0m=—n

(2.12)
and
_ N okl m VA ) n+1 [(n—|m|)! ime,
7;1 m;n T man oo 1 (]n—l(\/X'r) +.]n+1(\/X7")) e (n+ ‘mD!e
m#0
X N (P‘mH'l(cosH) +(n+|ml-1)(n+ \m|)P|m‘_1(c059))
2lm| \" "1 n—l
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; ) /2t l (n—mD! Sm im
+7722 Z i"al ju (VA y (n—|—|m|)!P7IL H(cos )™ =0 on .

n=0m=-n
(2.13)

Proof. Since I1; and II, are two generalized singular planes such that II; N1I; =1,
it can be seen that one has
ou ou
— +mu=0 onlIl;, —— +nu=0 onll,, (2.14)
oy Ovy
where v;, ¢ = 1,2, are the unit normal vectors perpendicular to II; and I, respec-
tively. 171 and 7y are the corresponding impedance parameters. Recall the spherical
wave expansion (2.5) of the Laplacian eigenfunction u in Lemma 2.3. Since we as-
sume that II; coincides with the (z1, z3)—plane, by taking ¢ = 0, we know that on
II;, it holds that

- m; [2n+1 [(n—|m])! .,
rs1n0 Z Z T mal g 4 (n+|m|)!P" (cos 6)

n=0m=—n

+77147TZ Z i"a"V/Ary / g ”(n—l—\m\)!Prll l(cos) =0 onTl;. (2.15)

n=0m=—n

Combining with the recursive equations (2.8) and (2.9) in Lemma 2.5 with respect
to P™™ and j,(v/\r), we can deduce (2.12) from (2.15) directly.
Similarly, since Il possesses a dihedral angle of ¢y away from II; in the anti-

clockwise direction, rewrltlng = +n2u =0 in terms of (2.5) with ¢ = ¢y, it yields
that
LN N . [2n+1 [(n—|m])! -
4 n+1 i (VA P|m\ 0 imeo
rsiné TrnZ::Om;nl majja(VAr) 47 (n+m|) " (cos G)e

. . m.m 2n+1 n_ m m im
+77247rz Z i"ant jn( \FT\/ (D P‘ [(cosB)e™?  on II,.
n=0m=—n
(2.16)

Combining with (2.8) and (2.9), we can obtain from (2.16) the recursive equation
(2.13) in the same manner. O

Lemma 2.8. Let u be a Laplacian eigenfunction to (2.1). Consider an edge corner
E(IT1, M, 1) € Q associated with two generalized singular planes Iy and Ily. Then
there holds the following recursive equations with respect to P} and Jn(\/ﬁ) (n,m €
N) onl that

_ nz::l in2n\/—§1 (jn—l(ﬁr) + jn+1(\5\r)) \/T;n(n +1) H sin ¢

2n+1
47

X (ake? 4+ azeT200) 4+ (31 cos g + 12) 3 "ajn (VAP) —0, on L

Proof. From Lemma 2.7, we know that
Ou

ou
or +mu=0 onlIl; and +nu =0 on Il.
21 1)

vy
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Since II; locates in the (x1,x3)—plane and Iy possesse a dihedral angle of ¢y away
from II; in the anti-clockwise direction, without loss of generality, we can denote
v1 = (0,—1,0) and v = (—sin gy, cos ¢y, 0); seeing Figure 1 for the schematic
illustration in spherical coordinate system.

Thus, we can derive

ou
o0 Y b= s +mu =0, on IIy, (2.18)
0 ou
+ ot Y sin ¢o + =—— cos ¢g + nou = 0, on II. (2.19)
8 Vo a a T2
Substituting (2.19) into (2.18), we have
ou .
- % sin g + (m cospg +m2)u =0 on I =1II; NIl,. (2.20)
1

By utilizing the chain rule of spherical coordinate system, there holds

Ou Ou Or Ou 90  Ou 0¢

o1 Or a1 00 9m 09 Om
Ou cosfcos¢p Ou sing

%sm@cosqﬁ—i—ag Y 96 remé (2.21)
Restricting (2.21) on I, by taking § = 0 and ¢ = ¢p, we know that on I
Ou|  Ou cosgo . Ou sin ¢g
Ori|, 00|,y T 6=0 0 rsind|,_,
We first prove that
m Ou sin ¢g
00 0P rsinb|,_,

AT, xay e

x €% sin ¢

exists. Indeed, by the spherical wave expansion (2.5) of w in Lemma 2.3, we have

BTy P
b=do (n+|m|)! sind

n=0m=—n

@ sin ¢0
O¢ rsinf

x €m0 gin ¢.

Recall the recursive equation (2.7). Since

. Prllm‘(cose) 1 Im|+1 plml-1
fim = = g (PEE+ ( fml 4+ )~ + 2P (1))

(2.22)
where we can know from [8] that
PI™l(£1) =0, form #0, P%1)=1, (2.23)
it is easy to obtain

lim -
6—0 sin 6

P (cos ) _Jo if [m| # 1,
B —in(n+1) if[m|=1.
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Thus we can derive

:47T§: i: in+1 m-]" \FT‘ /2n+1 n_|m|
P=¢o n + |m|

n=0m=—n

lim 6—u sin do
0—0 0¢ sinf

X lim LLM.(COS %)
6—0 sin 0

> n( om+1
=21 31" (al —a;Y) J \Fr ﬂ/ n+ ,/ n(n +1
n=0
(2.24)

X €9 sin ¢by.

61T7L¢0 sin ¢0

Then, by restricting (2.21) on I, (2.20) can be rewritten in terms of (2.21) as

_Ou
20 |,_,

Substituting the spherical wave expansion (2.5) of the Laplacian eigenfunction u
into (2.25) again, with the help of the recursive equations (2.6) and (2.7) associated

cos ¢g i Ou sin ¢g
im —
r 6—0 O¢ rsinf

> -singg + (n1cosgo +m2)u =0 onl. (2.25)

with P,Lml in Lemma 2.5, we can obtain that

Z Z g mjn\fr /2n—|—1 [(n —|m|) 'dPIml 0050
n=0m=—n n+ ‘m‘ =
-n+1 mjnfr 2n + 1 |m| 1m¢>0 (COS QSO)
+Z Z i 1/ n—|—|m| smd) Sln¢0

n=0m=-—n

€m0 cog do

)

6=0

2n+1 [(n—|m|)!
47 (n+ |m|)!

X sin ¢ + (11 cos g + 12) Z Z i"a j, (VAr)

n=0m=-—n

« Pr\Lm\(l)eimqﬁo =0, (226)
where
dPsz‘ cosf 1 m m
A LeosO ] _ L (4 )~ ml + PP @) - P 227)
0=0

and is given by (2.22). Therefore, (2.26) can be further simplified as

sin 6

0=0
the following equation by virtue of (2.23) as

Fii"j”(fr) 20 L onln+ VP (1) + (ahe® 4 azte), [

= 47 (n+1)!

(n+1n g1 Jn( \FT 2”+1 (n=1! 1 i ~1-ig
X cos¢0 Zl CES] (a,€%° —a °)

. n(n+1 2n+1
XSIH¢O¥)SIH¢O+( 1.¢08 ¢g + 12) nzol a% i (VAF) p =0, (2.28)

where
—1)! 1
P = (M) = - 11)=0
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By substituting the recursive expression (2.9) of 4, (/) into (2.28), we can obtain
(2.17). O

With the help of Lemma 2.7 and Lemma 2.8, we are now in a position to give
the rigorous proof of Theorem 2.6 as follows.

Proof of Theorem 2.6. We apply mathematical induction by investigating the co-
efficients with respect to r™ for n = 0,1,2,--- in (2.17) on 1 ,(2.12) on II; and
(2.13) on IIy, separately, to prove our main results. For simplification of notations,
we denote O(r™),n =0,1,---, by the n-th order term of r.

(I). Comparing the coefficients of O(r?).

From (2.17), we can know that the coefficient of % on 1 fulfills

[3 ) . 1
_ 17 \/78111(;5 ei2¢0 4 a1—1€—12¢0) + (771 cos g + 772)0'8 E =0 onl,

(2.29)
by taking r — 0 in (2.17) under (1.2). Similarly, we can show that the coefficients
of 70 in (2.12) and (2.13) respectively satisfy

—(al —ai! f\/ \/7P0 cos ) +n1am/4 P{(cosf) =0 onTly, (2.30)

and

(ajel?0 —atemi%0 \/>1/ \/>P0 cosf) —|—n2a01/ P(cosf) =0 on I,. (2.31)

For simplification, we further rewrite (2.29), (2.30) and (2.31) more briefly as the
following system:

—i\/gsin ¢Oei2¢° —i\/X sin ¢oe_i2¢° 11 €OS ¢g + M2 1
6 6 al 0
-1
% *\/% - a; = 0
s I ag 0
\/;61‘7)0 - \/;e_“bo 72

(2.32)
It is easy to see that the determinant of the coefficient matrix of (2.32) with respect

to afl and aq fulfills

—i\/g sin gge!2®o —i\/g sin e 2%y cos ¢ + 12
A A
Ve e "

A . .. ..
=3 ((m1 cos ¢g + M2)2isin ¢g + N1isin 2¢g + 1221 sin gg cos 2¢g)

o
% sin ¢ (211 cos ¢g + N2 (cos 2¢g + 1)). (2.33)
By the condition (2.55), we can know that ¢y # 0, 7. Due to (2.11), one has

af! =ad = 0. (2.34)

(IT).Comparing the coefficients of O(r!).
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We proceed to compare the coefficients of r! on the both sides of (2.17), (2.12)
and (2 13), where we can derive that

\ / \/78111 do(ase®? +ay e 290) 4 (0 cos o+ )ial \z{\ / % =0 onl,

—i <2(a§ —ay )\/>3P1 (cosf) + ( — a21)\/g3P{)(0059)> ?? %
+ mi?\/g <(a} + all)\/;Pll(cos 6) + a9 Py (cos 9)) =0 onll, (2.35)

and
\f 2 i —2 i 1 i —1_—i
i 47r 2(a3el?? — a5 2e1200) JSPll(cos 0) + (ale'® — ayte™1%0)
1 1
X4/ §3P10(c089 ) + 7721—1/ le“b0 +ay e %)y gPll(cos 0)
+ al P} (cos 0)) =0 onll,. (2.36)

From (2.34), by substituting af' = ad = 0 into (2.35) and (2.36), we have

3\ ; ;
0 sin ¢ (asel2?0 4 ayte™1290) 4 (1 cos o + 12)ialV3 =0 onl,

_i<6(ag_a2 )\/4TP1(0059)+3( —ay )\/3TP1(0069)> \/5

+ miv3a?PP(cosf) =0 on IIy,

i\/§ (6(a§ei2¢° - a;ze_iz‘i’o)w P1 (cos @) + 3(as Leido _ as 16_1050)\ / %Plo(cos 9))

+ 12iV3a? PP (cos ) = 0 on TI,. (2.37)

After rearranging (2.37) in terms of P} (cos @) and P (cos f), we can know that there
holds respectively on I, II; and Il the following equations:

By . .
705" Po(a3e®? + ay teT2%0) 4 (1 cos do + m)ia] = 0, (2.38)

1 /A 1 /A
—i6 4|\/;(az a5 2) P} (cos 0)+i <\/§771a(1)—3( —ay") 30 5) PY(cosf) =0,

(2.39)
and

1 /A, 5 i
6 \/;m%el%o —ay%e 2%)Pl(cosb) + i(\/§772a(1)

4!
. : 1
+ 3(aze'? —ayteT%0), 3'\/§> Py (cosf) = 0.

(2.40)
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n (2.39) and (2.40), using the orthogonal property of the associated Legendre poly-
nomials in Lemma 2.4, we can obtain that

8~ az" =0, (2.41
771\[(11 31/ 31 \/g —a2 ) =0, A1)

a3ei?%0 — g5 %e~12%0 = (),
2.42
n2v3ad + 34/ 3 \/> alei®o — a5 tei%0) = 0. (2:42)

From the first equations in (2. 41) and (2.42), it is easy to see that under condition
(2.55), which indicates ¢ # 0, %, 7, the determinant of the coefficient matrix of a2i2
fulfills that

and

DR

1 —1

cido  o—ito | = 2isin 2¢g # 0,

and therefore we have a3? = 0. Now combining with (2.38), (2.41) and (2.42), we
can derive the deteminant of the coefficient matrix with respect to a?, aF! fulfills

(1 cos g0 +712) /2y sin e /X sin goeiZén
1 A
Van e NN
V3 3@\/%1% _3\/;\/%{1%

3\ .
= 5 sin $0(2n1 cos g + 12 + M2 cos 2¢g) # 0,

due to the fact that ¢o # 0, 7. Under the condition (2.11), we derive a9 = a3' = 0.
(IIT). Comparing the coefficients of O(r¥~!) by mathematical induction.
By utilizing mathematical induction method, we assume that a%_, = aﬁ”ﬁl =0
form=1,2,--- ,N — 1, where N > 3. Following the fact that
] 1
lim inl2) = ,
20 2" (2n+ !
by comparing the coefficients of 7V =1 on the both sides of (2.17), (2.12) and (2.13),
respectively, we can know that on I there holds:

Al (N —1)! (VA)N-? 2¢0 1,—i260
oYW (N+1)!(2]\771)Hm¢°(”‘Ne TN )
0 (VAN _
+ (mcos go + m2)ay_ V2N — 1m =0, (2.43)
and on IIy,
Im|)! |m|+1
P S N —1
Vv s N+|m|)’2|m|( w1 (cosf) + (N fm| = 1)
nL;éO

x (N + |m|) P Y (cos 6)) + m V2N — 1a%_, Py, (cosf) =0, (2.44)

as well as on Hg, we have

A m 1m 0 ( |m|) |m\+1 oS
Van+i Z mafje™ (N+|m|)'2|m|(P (cos 6)

wL;éO
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+ (N +|m| - 1)(N + \m\)PJVT'ﬂfl(COS 0)) +n2vV2N — 1a%_; PYy_ (cos ) = 0.
(2.45)
From the fact that
P =0 for |m|>n,
we can further deduce from (2.44) that

A 1 _
_ 1
x (aN = ay ™) [ (2N — 1) PY " (cos 6)

(2N —1)!

b3 magpy WD L it gy 4 (N 4 | = 1)+ )

m=—(N-2) (N + |m|)' 2|Tn“| B
m£0
X PJVT'ﬂfl(cos 0))] +mv2N — 1a%_ Py _1(cosf) =0 on II;. (2.46)
Rearranging terms in (2.46) by virtue of Pz‘v@p we have
N—1
A m—1 —(m—1) (N,erl)[ 1
— —1 - 1
mz:;[ av 1 MoV —an O N ey Y
X(CLN an ) (N+m—1)'2(m+1)( +m)( +m+ ))} N_l(COSQ)
A _ (N-=2)'1
- 2(a% — ay )| o = (N + 1)(N +2)| P}
+ =\ grg2ed — o) g + DY+ 2] P (eosd)
[ A oy (V=D 0
+ 2N+1(a ay ) 1) 2N(N+1)+771\/2N lafy_4]
x PY_(cosf) =0, (2.47)

where N > 3. With the help of the orthogonal property of the associated Legendre
polynomials in Lemma 2.4, we can derive from (2.47) that

NimjL]-)!(am—l 7a—(m—1))
\/2N+12 (N+m—1)N N

N m_l) m+1 —(m+1)\7 _
i m(mm)(“m“)(%* —aym =0, (248)

where m =2,3,--- N —1 (N > 3), and

\/E;\/HN“ YV +2)(ay - ay’) =0, (2.49)
)!
)

1 (V-1 .
2N+1§ N+1'N+1 (ay —ay') +mV2N —Tafy_, =0. (2.50)
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For further simplification of the expressions, we can deduce from (2.48), (2.49)
and (2.50) the following system

(N —m+1)!
(N+m—1)!

(N—m—1)!

m—1 _ —(m—1)
( @ SN w0

i€ N (N+m)(N+m+1)
% (ax+1 . a]—V(M-H)) -0,

a?\,faf:O,
[T X 1 [(N=1) _
~\3N 713 (N+1)!(N+1)N(a}v—aN1)+n1\/2N—1a9V71:0, (2.51)
where m =2,3,--- ,N —1 (N > 3).

Following the similar arguments above in the analyses of (2.44) on II;, from
(2.45), we can deduce that on IIy, there holds

(a%ilei(m—l)% _ a&(mfl)e—i(m—l)aﬁo) w

(N+m_1)!+(N+m)(N+m+1)

(N—=m—1)!

m-+1 _i(m —(m+1) —i _
m(aN+ elm+1)¢o _ ay e (m+1)q§0> =0,

form=2,--- ,N —1,
a?\[eﬂ(bo _ GJE2€*12¢0 — 0’

X1 (N —1)!

N+1§N(N+1) (N +1)!

(ale? —ayte™ %) 4 nov/2N —1a%_, = 0.

(2.52)

[\

Combining with (2.43), (2.51) and (2.52), we can directly see that since ¢g #
0, 5, m, the determinant of the coefficient matrix with respect to aﬁQ satisfies
1 -1

ei2¢0  o—i260 = 2isin2¢¢ # 0,

which indicates that aﬁg = 0. Moreover, denoting

B X N (N —1)!
(NN = o7 VD) NI

the determinant of the coefficient matrix associated with a3, and a9, _, fulfills

—ic(N, \) sin ¢gei2?0  —ic(N, \) sin gpe 12?0 (11 cos ¢g + 12)V2N — 1

—c(N, ) (N, \) mv2N —1
c(N, \)elto —c(N, N)e %0 mVv2N — 1
2 — 1)
= —2isin ¢ggv2N — 1LN—(N +1)? (V- 1)t (211 cos ¢ + M2(1 + cos 2¢y)) .

ON +1 4 (N +1)!

(2.53)
Therefore, under the condition (2.11), in view of ¢y # 0,7, we can obtain that

+1 _ o0 _
ay =an_;=0.
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Now, by substituting a%,_, = aﬁl = ajj\:,2 = 0 into (2.51) and (2.52), respectively,
we can deduce that for m = 2, there holds

1 -1 ay 0
ein)o _6713¢0 G;VB = 0 .

Since ¢ # % (¢ = 0,1,2,) under conditlo (2.55), we have a%?® = 0. Following
the similar argument by taklng aN = 0 into (2.51) and (2.52)7 we can generally
derive that for m = 2,3,---, N, since ¢g # = (¢ =0,1,2,--- ,m — 1), there holds
aﬁm:Oform:1,27~-~ N.

The proof is complete. O

Remark 2.9. If the impedance parameters 7); associated with II; (i = 1,2) fulfill

m=mn=n#0,

where 7 € C is a constant, then the condition (2.11) can be directly satisfied when
oo # 0,7/2, and 7. Indeed, we have

211 o8 g + n2(cos2¢g + 1) = 21 cos ¢o(1 + cos ¢g) # 0.

Corollary 2.10. Let u be a Laplacian eigenfunction to (2.1). Consider an edge
corner E(I11,Iy,1) € Q associated with two generalized singular planes 11 and
II5, where the corresponding surface parameters on I1y and Ily have the following
absolute convergence series expansion

Za(l) L)t and ny = Za(2) o)t Ole G(Ca #0,i=1,2.

If the corresponding dihedral angle can be written as .
M, y) =¢p=a -7, ac(0,1),
where o satisfies that for any N € N, N > 2,
a#%7p:LZ~WN—Lq:&LZ~Wp—L (2.55)

and the corresponding surface parameters n; associated with 11;, i = 1,2, fulfill that
204(()1) cos ¢o + aéZ)(cos 2¢00+1) #0, (2.56)
then u vanishes up to the order at least N at the edge corner 0.

Proof. Since the proof this corollary is similar to the proof of Theorem 2.6, in
the following we only give a sketched proof of this corollary. Recall the equations
(2.17), (2.12) and (2.13). Substituting (2.54) into (2.17), we can obtain that on I,
there holds

—;i”zﬁl (da (V30) + i (VAP)) \/T; (n+1) msingﬁo

X (a}leiwo + a;le_iwo) + ((agl) + Z a,gl)ré) cos ¢g + (a,(f) + Z af)ré)>
(=1

{=1

2n+1
X n :Oa
Zl a5 n e
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which can be written more explicitly as

g (A0 i) ;nmn éz;iigsiwo

x (ake??0 4 g tei2%0) 4 <(o¢§J ) cos do + a )+ Z ) cos do + a(2)) ))
=1

X Z "6l ju1 (VAr) = 0. (2.57)

Assume that
s =afm =0form=1,2,--- ,N - 1. (2.58)

The lowest order of r on the left side of (2.57) is N — 1. Comparing the coefficients
of rN~1 on both sides of (2.57), it yields that

A1 (N —1)! (VA)N-T
v NN E i er —on

ﬁ N-1
((2N )_ i = O (2.59)

Similarly, substituting (2.54) into (2.12) and (2.13), under the assumption (2.58),
comparing the coefficients of 7V ~! on both sides of the resulting equations, one has

|m|) [m|+1
P
Yy 2N+ 1 N+ (N +|ml|)! 2|m|( -1 (c0s0)

sin ¢q (a}veiwo + a;le_iwo)

+ (045J ) cos o + a(2)) apy_1V2N —1

'm#O
+ (N + |m| = 1)(N + |m]) x P (cos0)) + ol V2N = 1a%_, P§_(cos8) =0,
(2.60)
A m imeo (N — ‘m‘)' 1 [m|+1
e' —= (P 0 N -1
IN+1 Z man &+ ) g V-1 (05O (Vo fml = 1)
m;éO

x (N + |m|)P]‘\,m‘1 (cos ) + a(2)\/2N —1a%_{PY_,(cosh) = 0. (2.61)

By virtue of (2.59) , (2.60) and (2.61) , under the assumption (2.56) and a(()i) #0
(i = 1,2), following the similar mathematical argument in the proof of Theorem
2.6, we can prove this corollary. O

Remark 2.11. Compared with the study on the geometric structure of Laplacian
eigenfunctions in [13, Theorem 2.11], it is direct to see that our results in Corollary
2.10 are more general by relaxing the technical condition u|g_ o)~y = 0, which is
relatively hard to be fulfilled in the study on the application of inverse problems
for an edge corner. Moreover, the condition (2.11) implies that the rationality on
the dihedral angle of two intersecting adjacent planes is sufficient to determine the
vanishing orders of Laplacian eigenfunctions. Indeed, we need certain assumption
on the roots of the associated Legendre polynomials to study the vanishing order
of the underlying Laplacian eigenfunction at a vertex corner; see [13, Theorem 3.1]
for more details.
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3. Unique identifiability for inverse problems. In this section, we shall estab-
lish the unique identifiability results for the inverse scattering problems by using
the geometric results established in the previous section.

1. Unique recovery for the inverse obstacle problem. Recalling the math-
ematical setup for the inverse obstacle problem in Subsection 1.1, we are going to
present the proofs of the uniqueness results for the inverse problem (1.4) for certain
admissible complex polyhedral obstacles defined by Definitions 1.1 and 1.6.

Proof of Theorem 1.7(Irrational case). We prove the theorem by contradiction. As-
sume that there exists a corner x. on dG, which is either located at 9;\0€2 or
002\01. Without loss of generality, we assume that x. is a corner on 9o, i.e.
X. € Q\Qy. Suppose that Bj,(x.) is an open ball centered at x. with sufficiently
small h € R, fulfilling that By, (x.) € R3\Q;. Let

By (x.) N9y = UHZ, i=1,2, (3.1)

for n > 2.
Recall that G is the unbounded connected component of R3\(€Q; U Qy). From
(1.6), by the Rellich theorem (cf. [16]), we have

ut(x;k,d) = u*(x;k,d), x€G. (3.2)

Since By, (x.) € R*\Qy, in view of (3.1), we can claim that II; C 9G. Furthermore,
it can be directly to see that

— Au' = E*u! in By (x.). (3.3)

Combining with (3.2) and the generalized singular boundary condition defined on
0o, it is easy to know that

out +mut =0,u +mout=0 on II;, i=1,2,--- ,n. (3.4)

Pick up any fixed point xg € IIy N Il5. Since —A is invariant under rigid motion,
without loss of generality, we assume that xy = 0. Recall that (25 is an admissible
complex polyhedral obstacle, according to Definitions 1.1 and 1.6, we know that the
surface impedance parameter 7 on IT; (i = 1,2) is a real-analytic function with an
absolutely convergent series

n(x H_—ao —|—Za oW eC, m=0,1,2,..., (3.5)

where 1 = |x —xg| with x € II;. By the assumptions (a) and (c) in Definition 1.1, we
know that aél) = a((f) = ag # 0. Therefore the condition (2.11) in Corollary 2.10
is satisfied by Remark 2.9. It is clear that the impedance parameter with the form
(3.5) satisfies the assumption (2.54) in Corollary 2.10. Utilizing Corollary 2.10 for
the Laplacian eigenfunction u' to (3.3) in Bj(x.), since the dihedral angle of two
adjacent plane associated with x.. is irrational, we can obtain that Vani(u';0) = oo,
which implies

u'(x;k,d) =0 in Bp(x,). (3.6)
Here we use the fact that u! is analytic in Bj(x.). According to (3.6), each com-
ponent of 5 is simply connected and disjoint pairwisely, it yields by the analytic
continuation that

ur(x;k,d) =0 in R3\Q. (3.7)
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In particular, one has from (3.7) that

lim |u'(x;k,d)| = 0. (3.8)

|x|—o00
However, we know from the formulations of the forward scattering problem that

lim |u'(x;k,d)| = lim |9 +u’(x;k,d)] =1, (3.9)
|x|—o00 |x| =00
which induce the contradiction to (3.8).
Now, we show that 1; = 12. Suppose that I' C 923 N 925 is an open subset such
that 11 # 12 on I'. From (3.2), we have already known that u! = u? in R3\(Q; U Q»),
from which we can directly derive that

dut +mut =0, 9u?+mnu=0, v =u? 9J,u'=0,u> on T. (3.10)
After rearranging terms in (3.10), we have
(m —m2)u' =0 on T. (3.11)
Since 11 # n2 on I', we can deduce by direct computing that
ut=0,ut =0 on I.

By the classcial Holmgren’s uniqueness result (cf. [41]), it is easy to obtain that
ul = 0 in R3\Q. Therefore, we derive the same contradiction as in (3.8), which
leads to the conslusion. O

In the following, we shall give the detailed proof of Theorem 1.8 regarding the
unique determination for an admissible rational complex obstacle by a single far-
field measurement.

Proof of Theorem 1.8(Rational case). We prove the theorem by contradiction. As-
sume that there exists a corner x. on dG. Without loss of generality, we still assume
that x. is a corner on 9y, i.e. x. € Q5\Q;. Following the same notation of By (x.)
in Theorem 1.7 such that By (x.)NoQe = JII;,i=1,2,--- ,n, for n > 2. With the

K3
help of the condition (1.6) and the Rellich lemma, it is direct to verify that (3.2)
and (3.4) still hold. Moreover, we can know by Theorem 2.6 that u! fulfills (3.6)
and

ut(x.) =0, Vul(x.)#0. (3.12)

under the condition (1.10). However, for the admissible rational complex obstacle
g, under the assumption (1.9), we can know that x. is either an irrational corner or
a rational corner of degree p > 3. In either of the above case, by Theorem 2.6 we can
obtain that u! vanishes at least to the second order, which implies that there holds
Vul(x.) = 0, and this contradicts to (3.12). Similar to the proof of Theorem 1.7, if
we further assume that n; # 72, then the uniqueness for the impedance parameter
1 can be deduced immediately by the Holmgren’s uniqueness principle. O

Remark 3.1. The uniqueness results with respect to the admissible impedance
obstacles and the corresponding argument in Theorem 1.7 and Theorem 1.8 are
“localized” in the neighborhood of Bj(x.) based on the generalized Holmgren’s
principle obtained from Section 2. Therefore, the results are also applicable to other
different types of wave incidences such as the point source.
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Remark 3.2. In Theorem 1.7 and Theorem 1.8, if the considering adimissible
polyhedral obstacles are convex, then we can achieve the global unique identifiaility
results which indicate that Q; = Q9 and also 71 = 72 simultaneously by a single
far-field measurement. The detailed proof of Corollary 1.10 is omitted.

3.2. Unique recovery for the inverse diffraction grating problem. In this
subsection, we consider the inverse diffraction grating problem in determining a
diffraction grating profile as well as its surface parameter in R? by a single far-field
pattern.

Lemma 3.3. [12, Lemma 8.1] Let £, € R3, £ = 1,2,--- ,n, be n vectors which are
distinct from each other. Let U C R3 be any open subset. Then all the functions in
the following set are linearly independent:

{&*x cUl=1,2,--- ,n}.

Proof of Theorem 1.14(Irrational case). We prove this theorem by contradiction.
Without loss of generality, we assume that there exists a corner point x. of Ay lies
on G\Ay. By the wellposedness of the diffraction grating problem (1.14) and the
unique continuation property, we can know from (1.19) that

up(x;k,d) = ug(x; k,d) for xeG.

Indeed, define

v(x;k,d) = up(xs k,d) —ug(x; k,d).
Denote ¥ := G N {x € R3;x’ € R?,x3 > b} C R3, then it is obvious that v(x;k,d)
fulfills

Av+kv=0 inX¥; v=0onTy,
and the Rayleigh series expansion (1.15), where T'y, is the boundary of X. Thus, from
the uniqueness of the diffraction grating scattering problem (1.14), we can know that
v =0in 3. Since us(x; k,d) and uy(x; k,d) are analytic in G, it is direct to derive
that v(x;k,d) is analytic in G, which implies v = 0 in G. Therefore, we have
us(x;k,d) = ug(x;k,d) in G.

Since x. € Ay lying on G\Ay, for suffictiently small h € RT, suppose By (x.) €

24 such that

Bu(xe) N Ay =JI;, i=1,2,---,n, n>2. (3.13)

It is clear that II; C Ap\A, C 0G, i =1,2,--- ,n. Following a similar argument in
the proof of Theorem 1.7, we can obtain that

ug(x;k,d) =0 for x5 > xlerﬂ)?;)2g(xf)’

by utilizing Corollary 2.10. Moreover, we know that uy(x; k, d) satisfies the Rayleigh
series expansion as follows

ug(x; kyd) = eikdx Z uneiﬁn-x for x3 > x/en&)ag( )29()(/)7 (3.14)
nez? “r

where &, is defined in (1.16).
Combining with (1.13) and (1.16), it is easy to calculate that in (3.14),

kd = (ksin ¢g cos g, ksin ¢ sin @, —k cos ¢4) = (o, —Bg),

with
oy = a := (ksin@gcos by, ksin ¢gsinby).
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Clearly, kd ¢ {€,|n € Z?} since ¢ € (—7/2,7/2) and 6 € [0,27). Besides, from
(1.15) and (1.16), we can know that any two vectors of {¢,|n € Z?} are distinct
from each other. Therefore, we can deduce the contradiction in view of (3.14) by
Lemma 3.3.

The proof of the uniqueness of 7 is similar to the proof of Theorem 1.7 and we
skip the details here to avoid repetition. O

Finally, we sketch the proof of the unique determination results for admissible
rational polyhedral diffraction gratings as follows.

Proof of Theorem 1.15 (Rational case). We prove by absurdity. Following the same
notations and assumptions above in the proof of Theorem 1.14, we suppose that
there exists a corner point x, € Ay which lies on dG\A4 such that Bj(x.) € Q,
and (3.13) holds. Using (1.20), by Theorem 2.6, we know that uy(x;k, d) satisfies

ug(x.) =0, Vug(x.) =0,

which contradicts with (1.21). The uniqueness result can now be attained by a
similar absurdity as stated in the proof of Theorem 1.8. O
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